
Identities for Pauli–matrices

Define the “generalized Pauli–matrices” as

σµ ≡ (I, σp) ; (1a)

σµ ≡ (I,−σp) . (1b)

where σp stands for the three ordinary Pauli–matrices, and I is the 2–dimensional unit
matrix. σµ and σµ have one dotted and one undotted index each. These can be manipulated
using the “metric in spinor space” ǫ, with ǫ12 = −ǫ21 = −ǫ12 = ǫ21 = 1, ǫAA = ǫAA = 0:

σ̄µȦB = ǫȦĊǫBDσ
µ

DĊ
; (2a)

σ
µ

AḂ
= ǫACǫḂḊσ̄

µḊC . (2b)

We also need

σµν =
i

4
(σµσ̄ν − σν σ̄µ) ; σ̄µν =

i

4
(σ̄µσν − σ̄νσµ) = (σµν)† . (3)

The following identities follow directly from the properties of the Pauli–matrices:

σ
µ

AḂ
σµCḊ = 2ǫACǫḂḊ ; (4a)

σ̄µȦBσ̄ ĊD
µ = 2ǫBDǫȦĊ ; (4b)

σ
µ

AḂ
σ̄ ĊD
µ = 2δ D

A δĊ
Ḃ
; (4c)

(σµσ̄ν + σν σ̄µ) B
A = 2gµνδ B

A ; (4d)

(σ̄µσν + σ̄νσµ)Ȧ
Ḃ
= 2gµνδȦ

Ḃ
; (4e)

σµσ̄νσρ + σρσ̄νσµ = 2(gµνσρ + gνρσµ − gµρσν) ; (4f)

σ̄µσν σ̄ρ + σ̄ρσν σ̄µ = 2(gµν σ̄ρ + gνρσ̄µ − gµρσ̄ν) ; (4g)

tr (σµσ̄ν) = 2gµν ; (4h)

tr (σµσ̄νσρσ̄τ ) = 2(gµνgρτ + gµτgνρ − gµρgντ − iǫµνρτ ) ; (4i)

tr
(

σµνσαβ
)

=
1

2

(

gµαgνβ − gµβgνα + iǫµναβ
)

. (4j)
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Identities for spinors

Let ξ, χ, . . . be 2–component Weyl spinors in the (1
2
, 0) representation of the homogeneous

Lorentz group. The corresponding hermitean conjugated spinors ξ̄, χ̄, . . . then belong to the
(0, 1

2
) representation. The contraction of spinor indices is defined by

ξχ ≡ ξAχA = −ξAχ
A; ξ̄χ̄ ≡ ξ̄Ȧχ̄

Ȧ = −ξ̄Ȧχ̄Ȧ . (5)

If the components of these spinors are anti–commuting (fermionic) field operators, we have

ξχ = χξ = (ξ̄χ̄)† = (χ̄ξ̄)† . (6)

Moreover, let θA, θ̄Ȧ be anti–commuting Grassmann variables or coordinates. They can
also be collected in 2–component spinors. We then have the following identities:

ξσµχ̄ = −χ̄σ̄µξ ; (7a)

ξσµνχ = −χσµνξ, ξ̄σ̄µν χ̄ = −χ̄σ̄µν ξ̄ ; (7b)

θAθB = −
1

2
ǫABθθ ; (7c)

θAθB =
1

2
ǫABθθ ; (7d)

θ̄Ȧθ̄Ḃ = −
1

2
ǫȦḂ θ̄θ̄ ; (7e)

θ̄Ȧθ̄Ḃ =
1

2
ǫȦḂ θ̄θ̄ ; (7f)

θξ θχ = −
1

2
ξχ θθ ; (7g)

θ̄ξ̄ θ̄χ̄ = −
1

2
ξ̄χ̄ θ̄θ̄ ; (7h)

ξζ χ̄τ̄ =
1

2
ξσµχ̄ ζσµτ̄ ; (7i)

ξ̄ζ̄ χτ =
1

2
ξ̄σ̄µχ ζ̄σ̄µτ ; (7j)

θσµθ̄ θσν θ̄ =
1

2
gµνθθ θ̄θ̄ ; (7k)

ζξ χσµτ̄ = −
1

2
ζχ ξσµτ̄ + ζσµνχ ξσν τ̄ ; (7l)

ζξ χ̄σ̄µτ = −
1

2
τξ χ̄σ̄µζ − τσµνξ χ̄σ̄νζ ; (7m)

(σµθ̄)Aθσ
ν θ̄ = θ̄θ̄

[

1

2
gµνθA − i(σµνθ)A

]

; (7n)

(θσµ)Ȧθ̄σ̄
νθ = −θθ

[

1

2
θ̄Ȧg

µν + i(θ̄σ̄µν)Ȧ

]

. (7o)

(7 g-o) are Fierz identities for 2–component spinors.
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Relations involving 4–component spinors

Later we’ll want to write Feynman rues using the usual 4–component (Dirac– or Majorana)–
spinors. We’ll use the “chiral” or “Weyl” representation of the Dirac matrices, defined by:

δab =

(

δ B
A 0

0 δȦ
Ḃ

)

, (γµWaµ)ab =

(

0 σ
µ

AḂ

σ̄µȦB 0

)

aµ . (8)

Here aµ is an arbitrary 4–vector, and die indices a, b run from 1 to 4. Indices A, Ȧ, . . . run
from 1 to 2, as before. γ5 then has the form

γ5 =
(

−I 0
0 I

)

. (9)

A Dirac spinor in this representation can be written as

ψ =







ξ+A

ξ̄Ȧ−





 , ψ̄ =
(

ξA− ξ̄+Ȧ

)

, (10)

i.e. the (1
2
, 0) spinor ξ+ is the left–handed component of the Dirac spinor ψ, while the (0, 1

2
)

spinor ξ̄− forms the right–handed component. In a Majorana spinor these components are
by definition related by hermitean conjugation, i.e. a Majorana spinor can be written in
terms of a single Weyl spinor:

λM =







λA

λ̄Ȧ





 , λ̄M =
(

λA λ̄Ȧ

)

. (11)

This yields the following identities for products of Dirac spinors:

ψ̄1ψ2 = ξ1−ξ2+ + ξ̄1+ξ̄2− ; (12a)

ψ̄1γ5ψ2 = −ξ1−ξ2+ + ξ̄1+ξ̄2− ; (12b)

ψ̄1γ
µψ2 = ξ1−σ

µξ̄2− + ξ̄1+σ̄
µξ2+ ; (12c)

ψ̄1γ
µγ5ψ2 = ξ1−σ

µξ̄2− − ξ̄1+σ̄
µξ2+ ; (12d)

ψ̄1Σ
µνψ2 = ξ1−σ

µνξ2+ + ξ̄1+σ̄
µν ξ̄2− ; (12e)

ψ̄1ψ2L = ξ1−ξ2+ ; (12f)

ψ̄1ψ2R = ξ̄1+ξ̄2− ; (12g)

ψ̄1γ
µψ2L = ξ̄1+σ̄

µξ2+ ; (12h)

ψ̄1γ
µψ2R = ξ1−σ

µξ̄2− ; (12i)

ψC
1 ψ2 = ξ1+ξ2+ + ξ1−ξ2− ; (12j)

ψC
1 γ5ψ2 = −ξ1+ξ2+ + ξ1−ξ2− . (12k)
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The analogous results for two Majorana 4–spinors λ1M and λ2M are:

λ̄1Mλ2M = λ1λ2 + λ̄1λ̄2 = λ̄2Mλ1M ; (13a)

λ̄1Mγ5λ2M = −λ1λ2 + λ̄1λ̄2 = λ̄2Mγ5λ1M ; (13b)

λ̄1Mγ
µλ2M = λ̄1σ̄

µλ2 + λ1σ
µλ̄2 = −λ̄2Mγ

µλ1M ; (13c)

λ̄1Mγ
µγ5λ2M = λ̄1σ̄

µλ2 − λ1σ
µλ̄2 = λ̄2Mγ

µγ5λ1M ; (13d)

λ̄1MΣµνλ2M = λ1σ
µνλ2 + λ̄1σ̄

µν λ̄2 = −λ̄2MΣµνλ1M ; (13e)

λ̄1Mλ2M(L,R) = λ̄2Mλ1M(L,R) ; (13f)

λ̄1Mγ
µλ2M(L,R) = −λ̄2Mγ

µλ1M(L,R) ; (13g)

λ̄Mγ
µλM = 0 . (13h)

Finally there are “mixed” identities:

λ̄MψL = λξ+ ; (14a)

λ̄MψR = λ̄ξ̄− ; (14b)

ψ̄LλM = λ̄ξ̄+ ; (14c)

ψ̄RλM = λξ− . (14d)

Another useful identity for the product of 4 Majorana spinors is:

λ̄Mγ
µγ5λM λ̄Mγ

νγ5λM = gµν(λ̄MλM)2 = −gµν(λ̄Mγ5λM)2 , (15)

which holds for Majorana spinors λM at a fixed space–time point x.

Calculus with Grassmann variables

Derivatives w.r.t. a Grassmann variable are defined as ∂A ≡
∂

∂θA
, ∂A ≡

∂

∂θA
, ∂̄Ȧ ≡

∂

∂θ̄Ȧ
,

∂̄Ȧ ≡
∂

∂θ̄Ȧ
. This immediately leads to the following identities:

∂Aθ
B = δ B

A ; (16a)

∂AθB = δAB ; (16b)

∂̄Ȧθ̄
Ḃ = δ Ḃ

Ȧ
; (16c)

∂̄Ȧθ̄Ḃ = δȦ
Ḃ
; (16d)

∂AθB = −ǫAB ; (16e)

∂AθB = −ǫAB ; (16f)

∂̄Ȧθ̄Ḃ = −ǫȦḂ ; (16g)

∂̄Ȧθ̄Ḃ = −ǫȦḂ . (16h)
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Moreover, we obviously have 0 = ∂Aθ̄Ḃ = ∂Aθ̄Ḃ = ∂Aθ̄
Ḃ = ∂Aθ̄Ḃ = ∂̄ȦθB = ∂̄ȦθB = ∂̄ȦθB =

∂̄Ȧθ
B.
Note that raising or lowering of an index gives an extra minus sign in case of Grassmann

derivatives. The following identities hold for Grassmann derivatives of an arbitrary function
of θ and θ̄:

ǫAB∂B = −∂A ; (17a)

ǫAB∂
B = −∂A ; (17b)

ǫȦḂ∂̄
Ḃ = −∂̄Ȧ ; (17c)

ǫȦḂ∂̄Ḃ = −∂̄Ȧ . (17d)

All components of ∂, ∂̄ anti–commute, i.e. 0 = {∂A, ∂B} = {∂̄Ȧ, ∂̄Ḃ} = {∂A, ∂̄Ḃ} etc.
Grassmann derivatives of products of fermionic fields ψ, χ etc. and/or Grassmann coordi-
nates can be evaluated using the chain rule, which however contains an additional minus
sign. E.g. ∂(ψχ) = (∂ψ)χ − ψ(∂χ) etc. This leads to the following identities for second

Grassmann derivatives ∂∂ ≡ ∂A∂A and ∂̄∂̄ = ∂̄Ȧ∂̄
Ȧ:

∂∂(θθ) = ∂̄∂̄(θ̄θ̄) = 4 . (18)

Clearly the product of three or more derivatives w.r.t. θ or θ̄ vanishes.
An integral over a Grassmann variable is almost the same as a derivative w.r.t. this

variable. In particular:
∫

dθAθB = δAB . (19)

An analogous relation holds for the integral over θ̄Ȧ. When generalizing to higher–dimensional
integrals it is convenient to require

∫

d2θθ2 = 1. This leads to the following definition of the
measure of integration:

d2θ = −
1

4
dθAdθA ; (20a)

d2θ̄ = −
1

4
dθ̄Ȧdθ̄

Ȧ ; (20b)

d4θ = d2θ̄d2θ . (20c)

Moreover, the integral over “unsaturated” Grassmann variables vanishes, i.e.
∫

dθAf = 0
if f does not depend on θA. This implies:

∫

d2θ =
∫

d2θ̄ =
∫

d2θθA =
∫

d2θ̄θ̄Ȧ = 0 . (21)

These defining properties lead to the following identities:

∫

d2θθAθB = −
1

2
ǫAB ; (22a)

∫

d2θ̄θ̄Ȧθ̄Ḃ = −
1

2
ǫȦḂ ; (22b)

∫

d2θθθ =
∫

d2θ̄θ̄θ̄ = 1 ; (22c)
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∫

d4θθθ θ̄θ̄ = 1 . (22d)

Occasionally it is useful to introduce δ−functions of Grassmann variables:

∫

d2θδ(2)(θ) =
∫

d2θ̄δ(2)(θ̄) = 1 ; (23a)

δ(2)(θ) = θθ, δ(2)(θ̄) = θ̄θ̄ . (23b)

Finally, the following identities involving integration and differentiation can be shown to
hold:

∫

d2θf(θ, θ̄) =
1

4
∂∂f(θ, θ̄) ; (24a)

∫

d2θ̄f(θ, θ̄) =
1

4
∂̄∂̄f(θ, θ̄) ; (24b)

∫

d2θ ∂Af(θ, θ̄) =
∫

d2θ̄ ∂̄Ȧf(θ, θ̄) = 0 ; (24c)

∫

d4θ f(θ, θ̄) =
1

16
∂∂ ∂̄∂̄f(θ, θ̄) . (24d)
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