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8.1 Symmetry Generators of the Galileo Group in 3d

Consider the Galileo group Gal(3) in 3 dimensions. Let S ∈ Gal(3) with the action on the
coordinates (~x, t)

S(R,~v,~s, τ) : (~x, t) 7−→ (~x′, t′) = (R~x− ~vt− ~s, t− τ) , (1)

with RT = R−1. In the lecture we derived the commutation relations

U(S′) · Ĵij · U(S′)−1 =
∑
k,l

(
Ĵkl + v′kK̂l − v′lK̂k + (s′k + v′kτ

′)P̂l − (s′l + v′lτ
′)P̂k

)
R′kiR

′
lj ,

U(S′) · K̂i · U(S′)−1 =
∑
k

(
K̂k + τ ′P̂k

)
R′ki ,

U(S′) · P̂i · U(S′)−1 =
∑
k

P̂kR
′
ki ,

U(S′) · Ĥ · U(S′)−1 = Ĥ +
∑
k

v′kP̂k ,

(2)

where Ĵij , K̂i, P̂i, Ĥ are the generators for an infinitesimal unitary transformation, i.e.,

U(ωij , vi, si, τ) = 1− i

2~
∑
i,j

ωij Ĵij +
i

~
∑
i

viK̂i +
i

~
∑
i

siP̂i −
i

~
τĤ . (3)

a) For S(R,~v,~s, τ) ∈ Gal(3) show that

S(R,~v,~s, τ)−1 = S(R−1,−R−1~v,−R−1(~s+ ~vt),−τ) . (4)

State the infinitesimal inverse transformation. (2 Pts)

b) Derive from (2), by inserting for S′ an infinitesimal group element, the commutation
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relations

[Ĵi, Ĵj ] = i~
∑
k

εijkĴk , [P̂i, P̂j ] = 0 ,

[Ĵi, K̂j ] = i~
∑
k

εijkK̂k , [K̂i, K̂j ] = 0 ,

[Ĵi, P̂j ] = i~
∑
k

εijkP̂k , [K̂i, P̂j ] = 0 ,

[Ĵi, Ĥ] = 0 , [P̂i, Ĥ] = 0 ,

[K̂i, Ĥ] = −i~P̂i ,

(5)

where Ĵij =
∑
k

εijkĴk. (6 Pts)

c) We want to extend the commutation relations by central extensions, eg.,

[Ji, Jj ] = i~
∑
k

εijkJk + i~ c(JJ)ij · 1̂ . (6)

Show that only the central extensions c
(JJ)
[ij] , c

(JP )
[ij] , c

(JK)
[ij] , c

(KH)
i and c

(KP )
ij = c(KP ) · δij are

compatible with the Jacobi identity. Here T[ij] denotes the antisymmetric part of the

tensor Tij . Furthermore, use the Jacobi identity between Ĵ , K̂, Ĥ to derive a relation
between c(JP ) and c(KH). (3 + 5(Bonus) Pts)

d) Find a redefinition of the generators Ji, Pi,Ki such that all the central charges vanish ex-

cept for c
(KP )
ij . Argue that the central extension c

(KP )
ij cannot be removed by a redefinition

of operators. (3 Pts)

8.2 The 1d Galileo Group Gal(1) and the free particle

Consider a free particle in 1d with the Hamiltonian

Ĥ =
1

2m
P̂ 2 . (7)

In the lecture we derived for the boost generators the operator

K̂ = tP̂ −mx̂ . (8)

a) Consider the transformed wave function

ψ′(t, x) = exp

(
i

~
vK̂

)
ψ(t, x) . (9)

Show that

ψ′(t, x) = exp

(
− i
~
m

(
1

2
tv2 + vx

))
ψ(t, x+ vt) . (10)

(3 Pts)

b) Let ψ(t, x) be a physical wave function, i.e., ψ(t, x) fulfils the 1d (free) Schrödinger equa-
tion, then show that the transformed wave function ψ′(t, x) also fulfils the Schrödinger
equation. (3 Pts)
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