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1 Maximally symmetric spaces 1 point

One can argue that the Riemann tensor of a maximally symmetric space has the form

Rpo/u/ X GouYGov — YpvYGop - (11)
Show that the full expression is given by

R

7_1) (gp,ugaz/ - gpzxgau) . (1.2)

R =
PIRY n(n

2 Friedmann equations 7 points

Consider an (14 N + n)-dimensional spacetime with coordinates {t,z,4'}, where I =1... N and
t=1...N.
The metric is given by

ds® = —dt* + a®(t)dryda’ dz’ + b (t)vi; (y)dy'dy? (2.1)

where d7; is the Kronecker delta and v;;(y) is the metric in an n-dimensional maximally symmetric
spatial manifold. The metric « is normalized in a way such that the curvature parameter

R(v)

Sy

(2.2)

is either 1,0 or —1, where R(7) is the Ricci scalar corresponding to the metric 7.

1. Calculate the Ricci tensor for this metric. The nonvanishing components are

2 )
ROO = — <Z> N — (Z) n (23)
Rrj = (da + (N —1)a® + nadi) 517 (2.4)

Rij = ('Bb +nb? + Nbbg + b2k (n — 1)) Vi - (2.5)



2. Define an energy-momentum tensor in terms of an energy density p and pressure in the z!
and y* directions, p(™) and p(™:

Too =p (2.6)
Try = a*pMNépy
Tij = b*p™;; . (2.8)

Plug the metric, 7}, and the Riemann Tensor you derived into Einstein’s equations to derive
Friedmann-like equations for a and b. You will find three independent equations.

3. Derive equations for p, pN) and p(™ at a static solution, where @ = b=d=>b= 0, in terms

of k,n and N. Use these to compute w™N) = p(N)/p and w(® = p(”)/p , the equation-of-state
parameters.

3 Geodesics 2 points
Consider de Sitter space in coordinates where the metric takes the form
ds? = —dt? + 2t (da? + dy? + d2?) . (3.1)

e Solve the geodesic equation to find the affine parameter as a function of ¢t. To do this, you
should consult exercise 1 on sheet 3.

e Show that the geodesics reach ¢ = —oo in a finite affine parameter. What does this mean?
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