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1 Reissner Nordström black hole 4 point

In this problem you will derive the metric for a electrically charged black hole. It is called the
Reissner Nordström black hole. Instead of a vanishing energy momentum tensor, you will now have
the energy momentum tensor of the electromagentic field. This means, the Maxwell equations and
Einstein’s equations are coupled in this case.
Use the coordinates {r, t, θ, φ} and start with the following general metric for a spherically sym-
metric problem

ds2 = −e2α(r,t)dt2 + e2β(r,t)dt2 + r2dΩ2 . (1.1)

Even though the energy momentum tensor does not vanish, you still can simplify Einstein’s equa-
tion. Show that

Rµν = 8πGTµν (1.2)

holds for this problem.

1.1 The electromagnetic field strength tensor

In a spherical symmetric problem the only nonzero components of the electric and the magnetic
field are

Er = f(r, t) (1.3)
Br = g(r, t) (1.4)

Let ε̃µνσρ be the known Levi Civita symbol. This is not a tensor. We define a tensor ε by setting

εµνσρ =
√
|g|ε̃µνσρ . (1.5)

Write down the electrodynamic field strength tensor Fµν .

1.2 The energy momentum tensor

Compute the energy momentum tensor and show that its nonvanishing components are given by

Ttt =
1
2
e−2β(r,t)

(
f2(r, t) + g2(r, t)

)
(1.6)

Trr = −1
2
e−2α(r,t)

(
f2(r, t) + g2(r, t)

)
(1.7)

Tθθ =
1
2
e−2(α(r,t)+β(r,t))r2

(
f2(r, t) + g2(r, t)

)
(1.8)

Tφφ = sin2 θTθθ (1.9)
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Use Einstein’s equation to show
β(r, t) = β(r) . (1.10)

Knowing this find a convenient relation between Rrr and Rtt to show

∂rα(r, t) + ∂rβ(r) = 0 (1.11)

Use this knowledge to get rid of α entirely, by redefining the time coordinate like dt→ eh(t)dt.

1.3 Solving the Maxwell equations

Now take the Maxwell equations, with vanishing current Jµ, and replace the common derivatives
by covariant ones.

gµν∇µFνσ = 0 (1.12)
∇[µFµρ] = 0 (1.13)

Use the r-component of (1.12) to show that f is time independent, then solve the differential
equation you obtain from the t-component to find f . The constant will be the total electric charge
of the black hole and will be set to Q/

√
4π.

Now do the same using (1.13). This time the constant will be the total magnetic charge and will
be set to P/

√
4π.

1.4 The Reissner-Nordström metric

Now you are only left with the unknown function α(r). Use Einstein’s equation once again to show

e2α = 1 +
R̃

r
+
G

r2
(Q2 + P 2) . (1.14)

Compare this to the Schwarzschild solution to fix the constant R̃.

2 Tolmann-Oppenheimer-Volkov equation 3 points

Consider a perfect fluid in a static, circularly symmetric (2+1)-dimensional spacetime.

1. Derive the analogue of the Tolman-Oppenheimer-Volkov (TOV) equation for (2+1)-dimensions.

2. Show that the vacuum solution can be written as

ds2 = −dt2 +
1

1− 8GM
dr2 + r2dθ2 . (2.1)

3. Show that another way to write the same solution is

ds2 = −dτ2 + dξ2 + ξ2dφ2 (2.2)

where φ ∈ [0, 2π(1− 8GM)1/2].
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4. Solve the (2+1) TOV equation for a constant density star. Find p(r) and solve for the metric.

5. Solve the (2 + 1) TOV euqation for a star with equation of state p = κρ3/2. Find p(r) and
solve for the metric.

6. Find the mass M(R) =
∫ 2π
0

∫ R
0 ρ drdθ and the proper mass M̄ =

∫ 2π
0

∫ R
0 ρ
√
−g drdθ for the

solutions in 4 and 5.

3 Age of the universe 3 points

Consider a matter dominated universe. Calculate

• how long a positively curved universe would be and how long it would last. Set Ω0 = 1.1.

• how old a negatively curved universe would be. Set Ω0 = 0.9.

• how old a flat universe would be. Set Ω0 = 1.

Use H−1
0 = 14 · 109y. Useful parameterizations:

a(θ) =
1
2

Ω0

Ω0 − 1
(1− cos θ), Ω0 > 1 (3.1)

a(η) =
1
2

Ω0

1− Ω0
(cosh η − 1), Ω0 < 1 (3.2)

A Spherically symmetric metric.

Here the nonvanishing components for the Christoffel symbols, the Riemann tensor and the Ricci
tensor for the metric

ds2 = −e2α(r,t)dt2 + e2β(r,t)dt2 + r2dΩ2 . (A.1)

are given.

A.1 Christoffel symbols

Γttt = ∂tα Γttr = ∂rα Γtrr = e2(β−α)∂tβ

Γrtt = e2(α−β)∂rα Γrtr = ∂tβ Γrrr = ∂rβ

Γθrθ =
1
r

Γrθθ = −re−2β Γφrφ =
1
r

Γrφφ = −re−2β sin2 θ Γθφφ = − sin θ cos θ Γφθφ =
cos θ
sin θ
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A.2 Riemann tensor

Rtrtr = e2(β−α)[∂2
t β + (∂tβ)2 − ∂tα∂tβ] + [∂rα∂rβ − ∂2

rα− (∂rα)2]

Rtθtθ = −re−2β∂rα

Rtφtφ = −re−2β sin2 θ ∂rα

Rtθrθ = −re−2α∂tβ

Rtφrφ = −re−2α sin2 θ ∂tβ

Rrθrθ = re−2β∂rβ

Rrφrφ = re−2β sin2 θ ∂rβ

Rθφθφ = (1− e−2β) sin2 θ

A.3 Ricci tensor

Rtt = [∂2
t β + (∂tβ)2 − ∂tα∂tβ] + e2(α−β)[∂2

rα+ (∂rα)2 − ∂rα∂rβ +
2
r
∂1α]

Rrr = −[∂2
rα+ (∂rα)2 − ∂rα∂rβ −

2
r
∂rβ] + e2(β−α)[∂2

t β + (∂tβ)2 − ∂tα∂tβ]

Rtr =
2
r
∂tβ

Rθθ = e−2β[r(∂tβ − ∂tα)− 1] + 1

Rφφ = Rθθ sin2 θ
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