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1 Geodesics for the expanding universe 3 points

The metric for the expanding universe is given by

ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2

)
(1.1)

Using the variational method, show that the non-vanishing Christoffel-Symbols are given by

Γ0
ij = aȧδij , Γij0 =

ȧ

a
δij . (1.2)

Write down the geodesic equations. Show that for a null geodesic in x-direction, i.e. a curve of the
form

xµ(λ) =
(
t(λ), x(λ), 0, 0

)
(1.3)

one finds
dt

dλ
=
ω0

a
, (1.4)

where ω0 is a constant.

2 The curvature of a sphere 5 points

We consider the two-sphere given by the equation

x2 + y2 + z2 = R2. (2.1)

Introducing spherical coordinates

x = r cosϕ sin θ, (2.2)
y = r sinϕ sin θ, (2.3)
z = r cos θ, (2.4)

compute the induced metric on the sphere. You should find the well-known result

ds2 = R2(sin2 θdϕ2 + dθ2). (2.5)

Using the formula for the Christoffel symbols (i.e. NOT the variational calculus)

Γσµν =
1
2
gσρ
(
∂µgνρ + ∂νgρµ − ∂ρgµν

)
, (2.6)
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determine all Christoffel symbols. You should find that the only non-vanishing Christoffel symbols
are

Γθϕϕ = − sin θ cos θ, Γϕθϕ = Γϕϕθ = cot θ. (2.7)

In addition, compute the Riemann tensor

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ, (2.8)

as well as the Ricci tensor
Rσν = Rρσρν (2.9)

and the scalar curvature
R = gσνRσν . (2.10)

Be explicit in your calculations.

3 Some identities for Christoffel symbols 2 points

Given a diagonal metric gµν . Show that the Christoffel symbols are given by

Γλµν = 0, (3.1)

Γλµµ = −1
2
(
gλλ
)−1

∂λgµµ, (3.2)

Γλµλ = ∂µ
(

ln
√
|gλλ|

)
, (3.3)

Γλλλ = ∂λ
(

ln
√
|gλλ|

)
. (3.4)

In this exercise there is no summing over repeated indices and we have that µ 6= ν 6= λ .
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