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1 Geodesics for the expanding universe 3 points
The metric for the expanding universe is given by
ds* = —dt* + a*(t)(dz® + dy® + d2?) (1.1)

Using the variational method, show that the non-vanishing Christoffel-Symbols are given by

. i a
[y = aadyj, Tjy = —0;. (1.2)
Write down the geodesic equations. Show that for a null geodesic in z-direction, i.e. a curve of the
form
() = (t\),2(1),0,0) (1.3)
one finds "
wo
= _ 1.4
P (1.4)
where wq is a constant.
2 The curvature of a sphere 5 points

We consider the two-sphere given by the equation

® +y* + 27 = R (2.1)
Introducing spherical coordinates
x = rcospsind, (2.2)
= rsingpsinb, 2.3
z = rcosb, (2.4)

compute the induced metric on the sphere. You should find the well-known result
ds® = R?(sin® 0dy? + d6?). (2.5)

Using the formula for the Christoffel symbols (i.e. NOT the variational calculus)

1
FZV = igap (a,ugup + al/gp/,L - pg,uu)a (2.6)



determine all Christoffel symbols. You should find that the only non-vanishing Christoffel symbols

are
P?w = —sinfcosf, Fg(p = Fie = cot 6.
In addition, compute the Riemann tensor

A A
RY,, = 0I5, — 8,T%, + T2, I, —T2,T7, .

as well as the Ricci tensor

RO’I/ - Rgpy
and the scalar curvature

R =¢°"R,,.

Be explicit in your calculations.

3 Some identities for Christoffel symbols
Given a diagonal metric g,,,. Show that the Christoffel symbols are given by

rﬁy = 0,
1

F;\m ) (QA/\) _18/\9/4“

Iy = 0u(Iny/]ganl),
Yy = h(Iny|gnl).

In this exercise there is no summing over repeated indices and we have that u # v

(2.7)
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