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Tutorial Conformal Field Theory Sheet 1

1.) Anharmonic ratios 4 pt

We consider conformal invariant ratios in Rd with d > 2.

a) Given four distinct points x1, . . . , x4 show that the two anharmonic ratios,

|x1 − x2| · |x3 − x4|
|x1 − x3| · |x2 − x4|

,
|x1 − x2| · |x3 − x4|
|x1 − x4| · |x2 − x3|

,

are conformal invariants.

b) Given N distinct points show that there are 1
2N(N − 3) independent anharmonic

ratios.

2.) Conformal transformations 6 pt

Let us examine the group of conformal transformations acting on the Euclidean space Rd
for d > 2. The Lie group SO(1, d+ 1) acts naturally on Rd+2. Consider the map

ι : Rd → RPd+1 , xµ →
[

1
2(1 + x2) : x1 : . . . : xd : 1

2(1− x
2)
]
,

which induces a SO(1, d+ 1) action on Rd.
a) Show that the (connected component with the identity of the) Lie group SO(1, d+1)

has the same number of generators as the conformal group of Rd.
b) Check that ι maps points in Rd onto the projective light cone of PRd+1.

c) Demonstrate that the SO(1, d+ 1) matrices1
Λd×d

1

 ,

1+r2

2r 0 1−r2
2r

0 1d×d 0
1−r2
2r 0 1+r2

2r

 ,

1 + a2

2 −~a a2

2
−~a 1d×d −~a
−a2

2 ~a 1− a2

2

 ,

1 + b2

2 −~b − b2

2

−~b 1d×d ~b
b2

2 −~b 1− b2

2

 ,

with Λd×d ∈ SO(d), r > 0 and ~a,~b ∈ Rd, map to rotations, dilatations, translations
and special conformal transformations on Rd, respectively.
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