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H 2.1 Correlation functions of quasi-primary fields (7 points)
Let us consider correlation function of quasi-primary fields φk(~x) with scaling dimension
∆k in d dimensions (d > 2). We consider conformal invariant ratios in Rd with d > 2.

a) Show that the three-point correlations function is given by

〈φ1(~x1)φ2(~x2)φ3(~x3)〉 =
C123

|~x1 − ~x2|∆1+∆2−∆3|~x1 − ~x3|∆1+∆3−∆2|~x2 − ~x3|∆2+∆3−∆1
,

(1)
with an undetermined real constant C123.

b) Show that the four-point correlation function takes the form

〈φ1(~x1)φ2(~x2)φ3(~x3)φ4(~x4)〉 = f(A1, A2)
∏

1≤k<l≤4

|~xk − ~xl|∆/3−∆k−∆l , (2)

where ∆ = ∆1 + . . .+ ∆4 and f is an undetermined function of the two anharmonic
ratios

A1 =
|~x1 − ~x2| · |~x3 − ~x4|
|~x1 − ~x3| · |~x2 − ~x4|

, A2 =
|~x1 − ~x2| · |~x3 − ~x4|
|~x1 − ~x4| · |~x2 − ~x3|

. (3)

Note: The representation of the four-point function given on the right-hand side of
eq. (2) is not unique. One could, for example, replace the function f by f/A1 and
absorb the factor A1 into the product of |~xk − ~xl|, thus changing their exponent.

H 2.2 Special conformal transformations (3 points)
The action of the conformal group on a field φ(x) is defined by specifying the eigenvalues
of φ(0) under Lµν , D and Kµ, which generate Lorentz transformations, dilatations and
special conformal transformations, respectively:

Lµν φ(0) = Sµν φ(0) , D φ(0) = −i∆φ(0) , Kµ φ(0) = −κµ φ(0) . (4)

Now we use the generator of translations, Pµ, to write φ(x) = exp(−ix · P )φ(0). Together
with the conformal algebra

[D,Pµ] = iPµ , [D,Kµ] = −iKµ , [Kµ, Pν ] = 2i (ηµνD − Lµν) ,

[Kρ, Lµν ] = i (ηρµKν − ηρνKµ) , [Pρ, Lµν ] = i (ηρµPν − ηρνPµ) ,

[Lµν , Lρσ] = i (ηνρLµσ + ηµσLνρ − ηµρLνσ − ηνσLµρ) ,

(5)

equation (4) thus defines the action of Lµν , D and Kµ on φ(x).
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a) Use the Backer–Campbell–Hausdorff formula,

e−ABeA = B + [B,A] +
1

2!
[[B,A], A] +

1

3!
[[[B,A], A], A] + . . . , (6)

to deduce that

Kµ φ(x) =
[
− κµ − 2ixµ∆− 2xνSµν + 2xµ(x · P )− x2Pµ

]
φ(x) . (7)
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