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H11.1 Modular invariance of the Ising model at criticality (10 points)
In this exercise we want to show that the modular invariance of the Ising model. Our first
task is to derive the modular properties of the minimal model characters, which are given
by

χ(m)
r,s (τ) = K(m)

r,s (q)−K(m)
r,−s(q) , K(m)

r,s (q) =
1

η(τ)

∑
n∈Z

q
(N n+λ(r,s))2

2N , (1)

in terms of
q = e2πiτ , N = 2m(m+ 1) , λ(r, s) = r(m+ 1)− sm ,

and the Dedekind’s η-function

η(q) = q1/24
+∞∏
n=1

(1− qn) . (2)

Recall that the η-function has the modular properties

T : η(τ + 1) = e
2πi
24 η(τ) , S : η(−1/τ) =

√
−iτ η(τ) . (3)

a) Given a function f(x) which approaches zero suitable fast for x→ ±∞, i.e., — to be
precise — we consider f(x) to be a Schwartz function. Then the Fourier transformed
function f̂(p) is given by

f̂(p) =

∫ +∞

−∞
f(x)e−2πixpdx .

Prove the Poisson resummation formula for a Schwartz function f∑
n∈Z

f(n) =
∑
n∈Z

f̂(n) .

Hint: Use the Fourier mode expansion of the periodic function F̂ (x) = F̂ (x+1) given
by F̂ (x) =

∑
n∈Z f(x+ n).

b) Use the Poisson resummation formula to derive a summation identity for the function

f(x) = e−ax
2+bx , Re(a) > 0 .
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c) Use the modular properties (3) of the η function to show that

T : χ(m)
r,s (τ + 1) = e2πi(hr,s(m)− c(m)

24 )χ(m)
r,s (τ) .

with

hr,s(m) =
λ(r, s)2 − 1

2N
, c(m) = 1− 12

N
.

d) Now we want to determine the transformation of the minimal model characters

χ
(m)
r,s (τ) under the S transformation, which we will do in two steps:

(i) First use eq. (3) and the result of b) to obtain

K(m)
r,s (−1/τ) =

1√
Nη(τ)

N−1∑
µ=0

∑
k∈Z

e
2πiλ(r,s)µ

N q
(Nk+µ)2

2N . (4)

(ii) Second, show that for the minimal model character

χ(m)
r,s (−1/τ) =

4√
Nη(τ)

∑
µ∈A

∑
k∈Z

sin
(π r µ
m

)
sin

(
π s µ

m+ 1

)
q

(Nk+µ)2

2N , (5)

where the summation of µ has been reduced to the set

A =
{
µ = 1, . . . ,m(m+ 1)− 1

∣∣ m - µ and (m+ 1) - µ
}
. (6)

Hint: Use the trigonometric identity cos(α + β) = cosα cos β − sinα sin β.

e) Let us now consider the m = 3 minimal model. Use the previous equation to find
the transformations

χ
(3)
1,1(−1/τ) =

χ
(3)
1,1(τ) + χ

(3)
2,1(τ) +

√
2χ

(3)
2,2(τ)

2
,

χ
(3)
2,1(−1/τ) =

χ
(3)
1,1(τ) + χ

(3)
2,1(τ)−

√
2χ

(3)
2,2(τ)

2
,

χ
(3)
1,1(−1/τ) =

χ
(3)
1,1(τ)− χ(3)

2,1(τ)
√

2
.

(7)

f) Determine the partition function ZIsing(τ) of the Ising model, and show with c) and
e) that it is modular invariant.
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