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Tutorial Dualities in Field and String Theory Sheet 3

1.) Soliton/anti-Soliton force – φ4 theory in two space-time dimensions 6 pt

a) Consider a d-dimensional Lagrangian L invariant under translations xµ → xµ + εµ.
The conserved Noether currents associated with the translation symmetry are com-
prised in the energy momentum tensor and its components are denoted by Tµν . Com-
pute the components of the energy momentum tensors and verify that the Noether
charges take the form:

E =

∫
ddxT 0

0 =

∫
ddx (

δL
δ(∂0φ)

∂0φ− L) ,

Pi = −
∫
ddxT 0

i = −
∫
ddx

δL
δ(∂0φ)

∂iφ .

Apply the result to determine the currents T 0
µ for a scalar theory with Lagrangian

L = 1
2∂µφ∂

µφ− U(φ).

b) Compute the approximate interaction energy between a well-separated pair of (static)
solitonic and anti-solitonic solutions in the φ4 theory in two space-time dimensions.
As one might expect the force will turn out to be attractive. The Lagrangian density
is given by

L =
1

2
φ̇2 − 1

2
φ′2 − U(φ) with U(φ) =

λ

2

(
φ2 − a2

)2
To find the interaction energy make an appropriate superposition ansatz for the
soliton/anti-soliton pair. The ansatz needs to solve the equation of motion only
approximately, as the the two solitons are assumed to be very well separated. Then
compute the force as the time derivative of the momentum of this soliton/anti-soliton
field configuration for large separations.
Hint: Use the solitonic solution of exercise 2/sheet 2. Use an appropriate cut-off for
computing the force.

2.) Solitons in the Sine-Gordon Theory 4 pt

a) Show that

s
(2)
++(x, t) =

4

β
arctan

(
v sinh(

√
αγx)

cosh(
√
αγvt)

)
with γ =

1√
1− v2

,

is a (dynamical) solution to the Sine-Gordon Theory:

L =
1

2
φ̇2 − 1

2
φ′2 − U(φ) with U(φ) =

α

β2
(1− cosβφ)

Calculate the topological charge Q and the energy E of the solution s
(2)
++, and compare

with the energy and topological charge of the static solitonic solution.

b) Compute the asymptotic behavior of the solution s
(2)
++ for t → ±∞. Show that it

decomposes into a sum of two solitonic solutions and a vacuum solution. Interpret
the parameters in the result and study the limit v → 0.

c) Illustrate and describe the dynamics of the solution s
(2)
++ by sketching its energy

density for suitable times.
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