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Tutorial Dualities in Field and String Theory Sheet 9

1.) Nonrenormalization theorem for the holomorphic superpotential 2 pt

Consider the Wilsonian effective action Sµ0 [Φ] of a single chiral superfield Φ

Sµ0 [Φ] =

∫
d4x

(
ΦΦ̄
∣∣
θθθ̄θ̄

+ W (Φ, µ0)|θθ + W (Φ̄, µ0)
∣∣
θ̄θ̄

)
with

W (Φ, µ0) = µ2
0λ1Φ + µ0λ2Φ2 + . . .+ µ3−r

0 λrΦ
r

at a scale µ0.

a) Assign consistent charges to the coupling constants λr, such that Sµ0 [Φ] has a global
U(1) symmetry and a U(1)R symmetry.

b) Use superselection rules and demand a smooth limit as all λr → 0 in order to show
that W (φ, µ) is nonrenormalized at a scale µ (with 0 < µ < µ0).

2.) Nonrenormalization theorem for a superpotential of 2 chiral superfields 2 pt

Consider now the Wilsonian effective action Sµ0 [Φ1,Φ2] of two chiral superfield Φ1 and Φ2

Sµ0 [Φ1,Φ2] =

∫
d4x

(
2∑

A=1

ΦAΦ̄A

∣∣
θθθ̄θ̄

+ W (Φ, µ0)|θθ + W (Φ̄, µ0)
∣∣
θ̄θ̄

)

with

W (Φ, µ0) =
2∑

A,B=1

1

2
µ0λ

AB
2 ΦAΦB +

2∑
A,B,C=1

1

3
λABC3 ΦAΦBΦC

at a scale µ0. Use again superselection rules and demand smooth limits as the couplings
λAB2 and λABC3 approach zero so as to show that W (Φ, µ) is nonrenormalized at a scale µ
(with 0 < µ < µ0).

3.) Abelian N = 1 gauge theory coupled to a charged chiral super-multiplet 6 pt

a) The components of a vector super-multiplet are encoded in a real superfield V (x, θ, θ̄)
with

V (x, θ, θ̄) = V (x, θ, θ̄) (1)

Determine the constraints on the component fields

V (x, θ, θ̄) = a(x) + θρ(x) + θ̄ζ̄(x) + θθb(x) + θ̄θ̄c̄(x)

− θσµθ̄Aµ(x) + i(θθ)θ̄λ̄+ i(θ̄θ̄)θψ +
1

2
θθθ̄θ̄D(x)

arising from the reality condition (1).
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b) A super-gauge transformation shifts a real superfield V with respect to a chiral su-
perfield Λ according to

V → V + i(Λ− Λ̄) . (2)

Show that a general real superfield V (x, θ, θ̄) can be shifted to the Wess-Zumino-
gauge-fixed vector superfield

V (x, θ, θ̄) = −θσµθ̄Aµ(x) + i(θθ)θ̄λ̄+ i(θ̄θ̄)θψ +
1

2
θθθ̄θ̄D(x) ,

where Aµ is the gauge boson, λα is the gaugino and D is the auxiliary field of the
Wess-Zumino gauge-fixed vector superfield.

c) Argue that the action

S[V,Φ] =

∫
d4x
[

ΦeqV Φ̄
∣∣
θθθ̄θ̄

+
1

4

(
WαWα|θθ + W α̇W

α̇
∣∣∣
θ̄θ̄

) ]
, (3)

with

Wα = −1

4
(D̄D̄)DαV (x, θ, θ̄) W α̇ = −1

4
(DD)D̄αV (x, θ, θ̄)

is manifest supersymmetric and gauge invariant under super-gauge transformations,
if the charged chiral superfield Φ transforms as

Φ→ e−iqΛΦ

with respect to (2).

d) Determine the bosonic terms of the supersymmetric action (3) — that is to say
drop all terms that involve fermions. Integrate out the auxiliary fields D and F in
the resulting bosonic action and use integration by parts to obtain a conventional
Lagrangian of a charged complex boson, which is minimally coupled to the U(1)
gauge boson Aµ.
Hint: Derive the component expansion in Wess-Zumino gauge.
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