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—HOMEWORK—

1 Minkowski diagrams (10 pts.)
In the following we will work in 141 dimensional Minkowski spacetime and set ¢ = 1.

a) Draw a spacetime diagram (zx, t) and draw

a) an event.

b) a light-ray.

¢) the worldline of an object that travels with constant velocity v < 1.

)
)

d) the worldline of an object that travels with constant velocity v > 1.
)

e) the worldline of an accelerated object.
(2 points)

b) Draw a spacetime diagram (z, t) of an observer O at rest. Into this spacetime diagram
draw the worldline of an observer (' that travels with velocity v < 1 measured in the
rest-frame of @. Draw the coordinate axes of the spacetime diagram of O'.

Hint: What is her time-axis? How do you then construct the space-azis?

(2 points)



¢) You know that an object with length !’ in the frame of the observer O appears with length
[ to the observer O related to I’ by

l=+V1-v2". (1)

In the following we consider the so-called garage paradox. We consider a car and a garage
that have both length [ at rest. The garage has a front-door (F') and a back-door (B). It
is constructed in such a way, that it opens both doors when the front of the car arrives
at the front door, closes both doors, if the back of the car reaches the front-door and
opens both doors again, when the car leaves the garage (i.e. the front of the car arrives
at the back-door). From the point of view of the garage the car is length-contracted and
nicely fits into the garage. From the point of view of the car though, the garage is length-
contracted and the car will not fit into it, but one expects that it will be destroyed by the
doors. Resolve this paradox.

Hint: Draw a spacetime diagram in which the garage is at rest. What is the order in which
the events appear for both observers?

(4 points)

d) Draw the spacetime diagram for an observer O sitting at the origin and draw her light
cone. Mark the regions which are in space-like, time-like or light-like distance to him.
How does the light cone change when you increase the speed of light? How does it look
in the limit when ¢ — co0?

(2 points)

A voluntary group exercise is to grab a bottle of wine and discuss the implications of the absence
of a notion of absolute simultaneity for the concept of an objective progression of time. A good
starting point is https://en.wikipedia.org/wiki/B-theory_of_time. Note also Einsteins
words in a letter of condolence to the family of his friend Michele Besso: “Nun ist er mir auch
mit dem Abschied von dieser sonderbaren Welt ein wenig vorausgegangen. Dies bedeutet nichts.
Fiir uns glaubige Physiker hat die Scheidung zwischen Vergangenheit, Gegenwart und Zukunft
nur die Bedeutung einer wenn auch hartndckigen Illusion.”

2 The Lorentz group (15 pts.)

We consider four-dimensional Minkowski space R13, which is R* equipped with the Minkowski
metric 7. This is a symmetric, non-degenerate bilinear form 7 : R* x R* — R defined by

-1 forpu=v=0

(2)
+1 forp=v=1,2,3

77(% ey) = Nuy = {

for the standard orthonormal basis {eg, €1, €2, e3} on R*. Using linearity we then find
n(z,y) =x'-7-y forz,yeRH, (3)

where 7) is a matrix with entries 7,,. From now, we identify 7 and n with each other and do
not distinguish between them.

For z,y € RY3 we write 2 -y = n(z,y) and 22 = x - 2. The postulates of special relativity imply
that transformations A relating two inertial frames, so called Lorentz transformations, preserve
the spacetime distance, i.e.

(x—y)? = (A(x —y))* forall z,yec R, (4)



This leads to the definition of the Lorentz group

g)

O(1,3) = {A € GL(4,R) | A'nA = n}. (5)
Show that A € O(1,3) indeed fulfills eq. (4). (1 point)
Show that O(1, 3) indeed is a group. (3 points)
Show that A*nA = n written in components reads 1,5 AP, A%, = 1. (1 point)
Embed the group of three-dimensional rotations into O(1, 3). (1 point)

Show that |[A%]| > 1 and that |detA| = 1. With this argue that the Lorentz group
consists of four branches (which are not continuously connected to each other). Hint: Use
det(1 +€eX) =14 etr A+ O(€?). (3 points)

Show that the subset SOT*(1,3) = {A € O(1,3)| det A = 1, A% > 1} forms a subgroup
of O(1,3), called the proper orthochronous Lorentz group.

Hint: To show that A" > 1 for A" = AN with A, € SOV (1,3) use the triangle
identity for a product of euclidean vectors.

(2 points)
Identify the Lorentz transformations for time and parity reversal and relate them to the
respective branches. (1 point)

Consider two inertial frames, K and K’. When K’ moves in K with velocity v in positive x;
direction, the Lorentz transformation from K to K’ is (¢ =1,7 = V1 — v?)

¥ —y-v 0 0
—y v ol 0 0
0 0 01

Transformation of this type are called boosts. We introduce the rapidity ¢ by v = tanh ¢.

h)
i)

Rewrite Ay, (v) from eq. (6) in terms of the rapidity. (1 point)

Consider two succsessive boost, both in the z; direction but with different velocities. Find
the rapidity of the composite boost. Deduce the relativistic rule for addition of velocities.
(2 points)



