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–Homework–

1 Tangents to the sphere (15 pts.)

In the lecture you learned about the stereographic projection as a method to equip the sphere
via an embedding into R3 with an atlas consisting of two charts. The goal of this exercise is to
use this example to do some hands on calculations with charts, coordinates and tangent vectors.

1. Although you should think about a manifold as independent of an embedding we will
use the embedding of the sphere into R3 to construct coordinate charts and visualize the
otherwise intrinsic concepts. Consider the unit sphere S2 ⊂ R3 defined by x2+y2+z2 = 1.
Use the north pole pn = (0, 0, 1) and assign a point on p ∈ S2\np to the point in the plane
z = −1 which is the intersection of z = −1 with the ray connecting p and pn. Show that
in coordinates the map is given by

φ1 : U1 → R2

(x, y, z) 7→
(

2x

1− z
,

2y

1− z

)
,

(1)

with U1 = S2\pn. Do an analogue construction for the south pole and the plane z = 1
and give the corresponding map φ2 : S2\(0, 0,−1)→ R2.

(2 points)

2. Construct the inverses of φ1, φ2.
(3 points)

3. What is the condition for two charts to be compatible? Explicitly show that the charts
(U1, φ1) and (U2, φ2) are compatible on the intersection.

(3 points)

4. Consider the tangent space to the point φ−11 (p) in the chart U1. You know from the
lecture that the coordinate basis of tangent vectors is given by ∂x and ∂y. How do these
tangent vectors embed into the tangent space of R3 at φ−11 (p) for p = (0, 0), (1, 0) and
(2, 0)? Sketch the y′ = 0 plane of the sphere and draw the stereographic projection of
these points and the corresponding tangent vectors. What is the norm of these vectors
using the standard euclidean metric on R3?

(3 points)
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5. How do you need to restrict the domain of θ and φ so that the spherical coordinates

φ−1s (φ, θ) :

 sin θ cosφ
sin θ sinφ

cos θ

 7→
 x

y
z

 , (2)

provide a chart on the sphere?
(1 point)

6. Choose a domain for θ and φ such that φ−1s (0, π/2) is in the corresponding chart. Trans-
form the vector ∂θ at (φ, θ) = (0, π/2) into the coordinate basis corresponding to the chart
(U1, φ1) given above.

(3 points)

2 Differential forms and electromagnetism (10 pts.)

From the lecture you know that a differential p-form is a (0, p)-tensor field which is completely
antisymmetric. The space of all p-forms on a manifold M is called Λp(M). The exterior
derivative

d : Λp(M)→ Λp+1(M) (3)

acts on a p-form A = Aµ1...µpdx
µ1 ∧ ... ∧ dxµp as

dA = (p+ 1)∂[µ1Aµ2...µp+1]dx
µ1 ∧ ... ∧ dxµp+1 . (4)

Note that the action of the exterior derivative is independent of the metric.

1. Show that the exterior derivative of a p-form transforms as a (0, p+ 1) tensor.
(3 points)

On an n-dimensional manifold M the Hodge star operator

? : Λp(M)→ Λn−p(M) , (5)

acts like

?A =
1

p!
εν1...νpµ1...µn−pAν1...νpdx

µ1 ∧ ... ∧ dxµn−p . (6)

It depends on the metric due to the definition of the Levi-Civita tensor and the need to raise
and lower indices.

2. First consider 3-dimensional, flat euclidean space and write v = vxdx + vydy + vzdz.
Express the divergence

~∇ ·

 vx
vy
vz

 = ∂xvx + ∂yvy + ∂zvz , (7)

and the rotation

~∇×

 vx
vy
vz

 =

 ∂yvz − ∂zvy
∂zvx − ∂xvz
∂xvy − ∂yvx

 , (8)

as an action on v in terms of the exterior derivative and the Hodge star operator.
(3 points)
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3. We now move to 4-dimensional Minkowski space. The electromagnetic tensor F can be
written as

Fµν =


0 −Ex −Ey −Ez
Ex 0 −Bz By
Ey Bz 0 −Bx
Ez −By Bx 0

 . (9)

Show that the Maxwell equations can be written as

dF = 0, d ? F = ?J , (10)

with J = Jtdt + Jxdx + Jydy + Jzdz being the electromagnetic 4-current, written as a
(0, 1)-tensor.

(4 points)

3


