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–Homework–

1 Chiral anomalies l̀a Fujikawa (12 pts.)

Consider the standard QCD lagrangian for a massless quark

L = −1

2
tr [FµνF

µν ] + iq̄ /Dq, (1)

with /D = γµDµ = γµ(∂µ + igAµ), Aµ = AaµT
a and Fµν = F aµνT

a, where

F aµν = (∂µA
a
ν − ∂νAaµ)− gfabcAbµAcν , (2)

and T a being the generators of SU(3), for which the Lie-bracket reads [T a, T b] = ifabcT c.

1. Show that a chiral transformation q → exp
[
iαγ5/2

]
q leaves the lagrangian unchanged.

1pt.

2. Now let us consider the more general case in wich the chiral transformation is local, i.e.
α = α(xµ). Show that in this case

L → L+ α(xµ)∂µj
µ
5 , with jµ5 = q̄γµγ5q. (3)

1 pt.

Now consider the path integral

Z =

∫
DAaµDqDq̄ exp

[
i

∫
d4xL

]
. (4)

3. Argue that the path integral measure DqDq̄ is not invariant under chiral transformations.
1 pt.

To study this in more detail we expand q and q̄ in the basis of eigenstates of the Dirac operator

q =
∑
n

anφn(xµ), q̄ =
∑
n

ânφ̂n(xµ), (5)

with

(i /D)φm = λmφm, φ̂m(i /D) = λmφ̂m (6)

and an, ân being Grassmann coefficients. With this we can write the path integral measure as

DqDq̄ =
∏
m

damdâm. (7)

1



4. Show that chiral transformations act on the Grassmann coefficients according to

am →
∑
n

δn,m +
1

2

∫
d4xiα(x)φ̂mγ

5φn︸ ︷︷ ︸Cmn + . . .

 an (8)

Hint: Use the orthogonality relations
∫
d4xφ̂nφm = δn,m. 1 pt.

5. Use the previous result together with (7) to show that for an infinitesimal chiral transfor-
mation one has

DqDq̄ → exp [−trC]DqDq̄. (9)

Hint: det A = etr(log A). 1 pt.

Let us examine our result in more detail. The trace term containes a γ5 which might suggest
that it vanishes, however we are taking an infinite sum. To properly study its behavior we
introduce a regulator ∑

n

φ̄nγ
5φn = lim

M→∞

∑
n

φ̄nγ
5φne

λ2n/M
2
. (10)

6. Prove that

λ2m =
(
i /D
)2

= −D2 +
g

2
σµνFµν , (11)

with σµν = i
2 [γµ, γν ]. 2 pts.

Since we are taking the limit M → ∞ only small wavelengths contribute. This justifies an
expansion of the exponential in terms of σ · F . Tracing over Dirac indices and ignoring the
background Aµ we obtain∑

n

φ̄nγ
5φn = lim

M→∞
tr

[
γ5

1

2

( g

2M2
σµνFµν

)2]
〈x|e−

∂
M2 |x〉 (12)

at leading order.

7. Why does the linear term in σ · F vanish? .5 pts.

8. Evaluate the expression 〈x|e−
∂2

M2 |x〉 as an integral in momentum space. 2 pts.

9. Take the trace to finally show that a chiral transformation in the path integral can be
reabsorbed in the exponential i.e.

Z →
∫
DAaµDqDq̄ exp

[
i

∫
d4x

{
L+ α(xµ)

(
∂µj

µ
5 +

g2

32π2
tr
[
FµνF̃

µν
])}]

, (13)

where F̃µν = εµνρσFρσ.

This functional derivation is due to Fujikawa and leads straightforwardly to the result

∂µj
µ
5 = − g2

32π2
tr
[
FµνF̃

µν
]
. (14)
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