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1 The conformal and the Lorentz group 4 points

We recall that the generators of the conformal group can be expressed as follows

translation Pµ = −i∂µ
dilatation D = −ixµ∂µ
rotation Lµν = i(xµ∂ν − xν∂µ)

special conformal transformation Kµ = −(2xµxν∂ν − x2∂µ)

They obey the following algebra

[D,Pµ] = iPµ, [D,Kµ] = −iKµ, [Kµ, Pν ] = 2i(ηµνD − Lµν),
[Kρ, Lµν ] = i(ηρµKν − ηρνKµ), [Pρ, Lµν ] = i(ηρµPν − ηρνPµ),

[Lµν , Lρσ] = i(ηνρLµσ + ηµσLνρ − ηµρLνσ − ηνσLµρ) (1.1)

1. Check the first four relations.

2. Show that the re-defined fields

Jµν = Lµν J−1,µ =
1
2

(Pµ −Kµ)

J−1,0 = D J0,µ =
1
2

(Pµ +Kµ) (1.2)

obey the SO(d+1,1) commutation relations

[Jab, Jcd] = i(ηadJbc + ηbcJad − ηacJbd − ηbdJac). (1.3)

2 Two-point function 2 points

We consider the two-point function of two primary fields Φi, with conformal weight ∆i, i = 1, 2 in
2d CFT

G(z1, z2) =< Φ1(z1)Φ2(z2) > . (2.1)

Recall that under infinitesimal transformation z −→ z + ε the fields transform as

δεΦi(z) =
(
ε(z)∂ + ∆i∂ε(z)

)
Φi, i = 1, 2. (2.2)

1. Show that conformal invariance implies(
ε(z1)∂1 + ∆1∂ε(z1) + ε(z2)∂2 + ∆2∂ε(z2)

)
G(z1, z2) = 0. (2.3)



2. By setting ε = 1, show that G(z1, z2) is a function of x = z1 − z2 only.

3. By setting ε = z, show that G(z1, z2) takes the following form

G(x) =
C

x∆1+∆2
, (2.4)

where C is a constant.

4. By setting ε = z2, show that G(z1, z2) vanishes unless ∆1 = ∆2.

3 Global conformal transformations 2 points

As is known from the lecture, the invariance under global conformal transformations can be encoded
in the following differential equations imposed on the correlators of primary fields∑

i

∂wi < φ1(w1) . . . φn(wn) >= 0∑
i

(wi∂wi + ∆i) < φ1(w1) . . . φn(wn) >= 0∑
i

(w2
i ∂wi + wi∆i) < φ1(w1) . . . φn(wn) >= 0. (3.1)

Show explicitly for the two- and the three-point function that these relations are indeed valid.

4 Operator product expansion 2 points

Starting with

δε,ε̄φ(z, z̄) = [Qε +Qε̄, φ(z, z̄)], Qε =
∮
C0

dz

2πi
ε(z)T (z) (4.1)

and
δε,ε̄φ(z, z̄) = (∆∂ε+ ∆̄∂̄ε+ ε∂ + ε̄∂̄)φ(z, z̄), (4.2)

Show that
T (z)φ(w, w̄) =

∆
(z − w)2

φ(w, w̄) +
1

z − w
∂wφ(w, w̄) + reg. (4.3)

In the last expression, radial ordering is understood. Hint: Use the operator product expansion

φi(z, z̄)φj(w, w̄) =
∑
k

cijk(z − w)∆k−∆i−∆j (z̄ − w̄)∆̄k−∆̄i−∆̄j (4.4)

and the Cauchy formula ∮
Cw

dz

2πi
f(z)

(z − w)n
=

1
(n− 1)!

f (n−1)(w) (4.5)

.
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