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1 The conformal and the Lorentz group 4 points

We recall that the generators of the conformal group can be expressed as follows

translation P, = —id,
dilatation D = —izt0,
rotation L, =i(x,0, — x,0,)
special conformal transformation | K, = —(2z,2"9, — 2°9,,)

They obey the following algebra

[D,P#] =1iP,, [D,KH] = —iK,, [K”,Pl,] = Qi(anD — LW),
[Kp, L] = i(op Ky — oK), [Bpy L] = t(Mpu P — now Pu),
[Lyws Lpo] = i(MupLyo + NMuoLup — NupLve — Mo Lyp) (1.1)

1. Check the first four relations.
2. Show that the re-defined fields
Juw = Ly Jo1u = %(Pu - Ku)
Jio=D Jou= %(Pu +K,) (1.2)
obey the SO(d+1,1) commutation relations

[Jaba ch] = i(nadt]bc + nbcjad - nachd - ndeac)- (13)

2 Two-point function 2 points

We consider the two-point function of two primary fields ®;, with conformal weight A;, i = 1,2 in
2d CFT
G(Zl,ZQ) =< (1)1(2’1)(132(22) > . (2.1)

Recall that under infinitesimal transformation z — z + € the fields transform as
5:Pi(2) = (e(2)0 + NiOe(2)) @y, i=1,2. (2.2)
1. Show that conformal invariance implies

(6(21)81 -+ Alﬁe(zl) + 6(22)62 + AQ&G(ZQ))G(ZI, 2’2) =0. (23)



2. By setting € = 1, show that G(z1, 22) is a function of z = z; — 29 only.

3. By setting € = z, show that G(z1, 22) takes the following form

C
G(e) = —x3x; (2.4)
where C' is a constant.
4. By setting € = 22, show that G(z1,22) vanishes unless A; = Ao.
3 Global conformal transformations 2 points

As is known from the lecture, the invariance under global conformal transformations can be encoded
in the following differential equations imposed on the correlators of primary fields

Zauu < ¢1(w1) R ¢n(wn) >=0

D (Wi, + Ai) < Gr(wr) ... gu(wn) >=0

2

> (w0, + wilki) < ¢1(wr) ... Pn(wy) >=0. (3.1)

%

Show explicitly for the two- and the three-point function that these relations are indeed valid.

4 Operator product expansion 2 points
Starting with .
_ _ VA
3eat(2,9) = Qe+ Qe 0(5 2, Qo= f G aT(:) (1)
and
Seet(2,Z) = (Ade + Ade + €0 + €0)p(z, ), (4.2)
Show that A )
T(2)¢p(w, w) = mﬂ% w) + mawﬁb(wa W) + reg. (4.3)

In the last expression, radial ordering is understood. Hint: Use the operator product expansion

6i(2,2)0j(w, @) = Y ciju(z — w) AT (2 — ) AT RiTA (4.4)
k

and the Cauchy formula

dz  f() 1 (n=1) (4,
A = D) (45)

L 2mi(z—w)®  (n—1)
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