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1 The Poisson bracket for the classical string (4 Points)
Recall that the closed string mode expansion reads

Xt(o,7) = Xph(r—0)+ X[ (T+0), (1)
where
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Xp=cat + l2p“ (tr—o0) fl Z ake —2in(T—0)

2 n7£0
X @)
Xt :ix“ + l2p“ (T +0) fl Z ake=2m(r+o)
n;éO
This was derived from the gauge fixed action
T )
S = 2/d20(X2 - X" (3)
The canonical momentum conjugated to the variable X* is given by
0S
PHo,7) = —— =TX", (4)
X N

The classical Poisson brackets are given by
{P(o,7),P*(0",7)} =0, {XW(0,7),X"(0",7)} =0, {P'(o,7),X"(0",7)} =n"d(c—0"). (5)
Show that this implies the following Poisson brackets for the modes:
{am,, on} = {ah,, an}t = im0 6mino
{am, an}y ={z", 2"} = {p",p"} =0, {a",p"} =0 (6)
{o!,an} = {p", o} = {a" o} = {p" an} =0
Hint: The Fourier expansion of the Delta distribution on the interval [0, 7] reads
1 &= o
(5(0_ B O’l) _ = Z e?m(afa ) ) (7)
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2 The Virasoro algebra (3 Points)

Recall that the energy momentum tensor
)
G’

vanishes in two dimensions. Show that its components in light-cone coordinates

Ty =

cf=71+0, 9)

are given by
Ty =04X"0,X,, T__=0_XM0_X,, (10)
whereas the other components vanish automatically, i.e.
T, =T_,=0. (11)
Show that the Fourier expansions read

o0 [e.9]
T =22 Y Lye ™00 Ty =22 3" Lye 2mito), (12)

m=—00 m=—0Q0

where the coefficients are given by

1 & - 1
L= > amon-an, Lpm=s Gmn - Gy - (13)

n=—oo n=—oo

Show that the Poisson bracket of two modes is given by
{Lp, L} =i(n —m)Lptm - (14)

The Virasoro algebra appears also from another - but no unrelated - point of view. The choice

of world-sheet metric
-1 0
rs=( 5 1) (15)

does not fix the diffeomorphism symmetry completely but allows for a redefinition of the light-
cone coordinates

’

ot =o' (0T), o =0 (07). (16)
1. Show that the action is invariant! under
OXH = ane?™m T 9_XH . (17)
2. Show that the corresponding current is given by
j=To_ X" 9_X,e*" . (18)
3. Show that the corresponding charge
Q= [ doi®. (19)

is given by L.

We just consider a part of the symmetry for simplicity.



3 A first glimpse at the quantization of the bosonic string (3 Points)
3.1 New coordinates
We consider again the following range of worldsheet coordinates
T € [—00,00], o €l0,m]. (20)
First we do a Wick rotation, sending
T — —iT. (21)

By this the metric on the worldsheet becomes Euclidean. Show that by introducing

(=2r—io), (=2r+ic), z=¢, z=¢°, (22)

the expansion (2) reads (we just consider one component and therefore omit the spacetime
indices)
X(z,2) =2 — igplog(]z\Q) + zl—s E ! (anz™™ +anz ") (23)
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3.2 Normal ordering ambiguities
We canonically quantize the string by mapping the Fourier modes to operators
iy G, — G,y i (24)
such that the Poisson bracket is mapped to the commutator
{ =il ] (25)

Therefore one has to deal with normal ordering ambiguities. The normal ordering is defined
by?

DD I=IPT = AP, Qg i Oy Q2= Oy Qs (26)
C QO = QA Qg = OOy, M, N € N
Show that
12
X(z,2) X (w,w) =: X(z,2) X (w,w) : _Zs log |z — w|?. (27)

2In the following we omit the hat for the operators.



