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1 Two-point function (2 points)

We consider the two-point function

G(z1, z2) = 〈Φ1(z1)Φ2(z2)〉 , (1)

of two primary fields Φi with conformal weight ∆i, i = 1, 2 in a two-dimensional conformal field
theory. Recall that under infinitesimal transformations

z → z + ε , (2)

the fields transform as

δεΦi(z) = [ε(z)∂ + ∆i∂ε(z)] Φi , i = 1, 2 . (3)

1. Show that conformal invariance implies

[ε(z1)∂1 + ∆1∂ε(z1) + ε(z2)∂2 + ∆2∂ε(z2)]G(z1, z2) = 0 . (4)

2. By setting ε = 1, show that G(z1, z2) is a function of x = z1 − z2 only.

3. By setting ε = z, show that G(z1, z2) takes the form

G(x) =
C

x∆1+∆2
, (5)

where C is a constant.

4. By setting ε = z2, show that G(z1, z2) vanishes unless ∆1 = ∆2.

2 Global conformal transformations (2 points)

As is known from the lecture, the invariance under global conformal transformations can be
encoded in the following differential equations imposed on the correlators of primary fields:∑

i

∂wi〈φ1(w1) · · ·φn(wn)〉 =0∑
i

(wi∂wi + ∆i)〈φ1(w1) · · ·φn(wn)〉 =0∑
i

(w2
i + wi∆i)〈φ1(w1) · · ·φn(wn)〉 =0

(6)

Show explicitly for the two- and the three-point function that these relations are indeed satisfied.
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3 Operator product expansion (2 points)

Starting with

δε,ε̄φ(z, z̄) = [Qε +Qε̄, φ(z, z̄)] , Qε =

∮
C0

dz

2πi
ε(z)T (z) , (7)

and

δε,ε̄φ(z, z̄) = (∆∂ε+ ∆̄∂̄ε+ ε∂ + ε̄∂̄)φ(z, z̄) , (8)

show that

T (z)φ(w, w̄) =
∆

(z − w)2
φ(w, w̄) +

1

z − w
∂wφ(w, w̄) + reg. (9)

In the last expression, radial ordering is understood. Hint: Use the operator product expansion

φi(z, z̄)φj(w, w̄) =
∑
k

cijk(z − w)∆k−∆i−∆j (z̄ − w̄)∆̄k−∆̄i−∆̄j , (10)

and the Cauchy formula ∮
Cw

dz

2πi

f(z)

(z − w)n
=

1

(n− 1)!
f (n−1)(w) . (11)
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