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1 Vertex operator

Recall the Vertex operator defined by

Vα(z, z̄) =: eiαφ(z,z̄) : , (1.1)

where φ is a free bosonic field. Show that for two free fields one has

: eaφ1 :: ebφ2 :=: eaφ1+bφ2 : eab〈φ1φ2〉 . (1.2)

Use this result to compute the OPE of two Vertex operator. Moreover, with such an OPE conclude
that the 2-point function of two vertex operators is given by

〈Vα(z, z̄)Vβ(w, w̄)〉 =

{
|z − w|−

α2

2πg if α = −β
0 else.

(1.3)

2 Physical meaning of the central charge

1. Show that an equivalent way to write the OPE (1.10) of exercise sheet 7 is

δεT (z) = −ε(z)∂zT (z)− 2∂zε(z)T (z)− c

12
∂3
z ε(z) . (2.1)

The finite version of (2.1) under z → w(z) is given by

T (z)→ T (w) =

(
dw

dz

)−2 [
T (z)− c

12
{w, z}

]
, (2.2)

where {w, z} is the Schwarzian derivative (w′ = ∂zw)

{w, z} =
w′′′

w′
− 3

2

(
w′′

w′

)2

. (2.3)

Compare (1.10) of exercise sheet 7, (2.1) and (2.2) with the corresponding expressions for a primary
field φ(z) of weight h you encountered in exercise sheet 7

T (z)φ(w) =
hφ(w)

(z − w)2
+
∂wφ(w)

z − w
+ finite terms , (2.4)

δεφ(z) = −[ε(z)∂z + h∂zε(z)]φ(z) , (2.5)

φ(z)→ φ(w) =

(
dw

dz

)−h
φ(z) . (2.6)

From these you can clearly see that the energy-momentum tensor is NOT a primary field.
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2. Show that {w, z} = 0 for w = az+b
cz+d , ad− bc = 11 and conclude that the energy-momentum tensor

is a quasi-primary field. What is its conformal dimension h in this case?

Recall the map of the worldsheet of a free closed string – the cylinder – parametrized by σ ∈ [0, l) and
τ ∈ (−∞,+∞) to the complex plane via (after Wick rotation τ → −iτ)

z = e
2π
l
w = e

2π
l

(τ−iσ) ,

z̄ = e
2π
l
w̄ = e

2π
l

(τ+iσ) .
(2.7)

3. Show that the map from the cylinder to the plane gives

Tcyl.(w) =

(
2π

l

)2 (
z2Tplane(z)−

c

24

)
. (2.8)

For the following discussion consider 〈Tplane(z)〉 = 0.

4. Compute the Casimir energy of the cylinder given by

E =

∫ l

0
dσ〈Tττ 〉 = − 1

2π

∫ l

0
dσ
(
〈Tcyl(w)〉+ 〈T̄cyl(w̄)〉

)
. (2.9)

Generally speaking, for a 2d CFT defined on a curved 2d manifold Σ equipped with metric g, the
expectation value of the trace of the energy-momentum tensor, instead of vanishing, is proportional to
both the curvature R and the central charge c

〈Tµ µ(x)〉(Σ,g) =
c

24π
R(x) . (2.10)

This quantum breaking of scale invariance is called the trace anomaly.

1The group PSL(2,C) represents the globally defined conformal transformations acting on the conformal plane coor-
dinates.
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