
Chapter 2
S
attering Theory
2.1 De�nition of the s
attering problemPhysi
al importan
e of s
attering experiments:Probing the intera
tions of the s
attered parti
les with the s
attering
enter, i.e. the mi
ros
opi
 properties (s
attering potential) of thes
atterer.We will 
onsider only potential s
attering in the non-relativisti
 
ase, i.e. thespin is 
onserved, and parti
le-antiparti
le pair 
reation does not o

ur.S
attering experiment and de�nition of parameters
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zFigure 2.1: S
attering problem77
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• in
ident plane wave: ~k0‖ẑ for distan
e from s
atterer r ≫ r0,�nite extension ρmax in dire
tion perpendi
ular to ~k0; r ≫ ρmax ≫ r0

• outgoing plane wave: ~k for distan
e from s
atterer r ≫ r0

• impa
t parameter b: distan
e from s
attering 
enter in dire
tion perpen-di
ular to ~k0Physi
ally, one is interested in the fra
tion of the in
oming parti
les that ares
attered into a solid angle Ω 
entered around a s
attering angle (θ, φ).De�nition: Di�erential s
attering 
ross se
tion
dσ(θ, φ)

dΩ
dΩ :=

number of parti
les s
attered into dΩtime interval ∆tnumber of in
ident parti
lestimes interval ∆t · 
ross se
tional area ∆A

(2.1)Cal
ulation of dσ/dΩ:1. The s
attering problem is the solution of the stationary S
hrödinger equa-tion (stationary in
oming 
urrent) with spe
ial boundary 
onditions. Fora su�
ient strongly lo
alized s
attering potential (e.g. V (~r) ∼ e−r/r0) theingoing and the outgoing waves are solutions of the S
hrödinger equation.Total solution of H = Hkin + V :
ψk = ψin + ψs
 (2.2)with

• ψin(~r) = ei~k0~re−iEt, E =
~k2

0

2m
entered perpendi
ular to ~k0 around mean impa
t parameter 〈b〉.
• ψs
(~r) has only outgoing 
omponents, and is for r ≫ r0 solution of thefree S
hrödinger equation.

~k0‖ẑ, k0 ≡ k:
ψk = eikz + ψs
(r, θ, φ) (2.3)

− ~
2

2m
~∇2ψs
(~r) = Eψs
(~r), r → ∞ (2.4)



2.1. DEFINITION OF THE SCATTERING PROBLEM 79Using E =
~2k2

0

2m
one obtains:

(~∇2 + k2
0)ψs
 = 0 (2.5)

in

refl. trans.Figure 2.2: Analogous to 1 dimensionSin
e we are interested in the angle dependen
e of ψs
 for r → ∞, and sin
eequation (2.5) is radially symmetri
 around the s
attering 
enter ~r = 0, itis useful to expand ψs
 in terms of spheri
al harmoni
s Y m
l (θ, φ).

ψs
(r → ∞, θ, φ) =
∑

l,m

[Alj−(k0r) +Blnl(k0r)]Y
m

l (θ, φ) (2.6)where jl(k0r) (Bessel fun
tions) and nl(k0r) (von Neumann fun
tions) arethe solutions of the free radial S
hrödinger equation.
(
− 1

r2

∂

∂r
r2 ∂

∂r
+
l(l + 1)

r2

)(
jl(k0r)

nl(k0r)

)
= k2

0

(
jl(k0r)

nl(k0r)

) (2.7)where
k2

0 =
2mE

~2
. (2.8)The asymptoti
 behavior of the Bessel and von Neumann fun
tions read:

jl(k0r) −→
r→∞

sin
(
k0r − l

π

2

) 1

k0r
(2.9)

nl(k0r) −→
r→∞

cos
(
k0r − l

π

2

) 1

k0r
(2.10)both nonsingular for r → ∞.

ψs
 
onsists of only outgoing waves:
Aljl(k0r) +Blnl(k0r) ∼ eik0r (r → ∞) (2.11)



80 CHAPTER 2. SCATTERING THEORYWith the asymptoti
 forms of jl(k0r) and nl(k0r) one �nds:
1

2

[(
Al +

1

i
Bl

)
ei(k0r−l π

2 ) +

(
Al −

1

i
Bl

)

︸ ︷︷ ︸
=0

e−i(k0r−l π
2 )
]

1

k0r
(2.12)

⇒ Al = −iBl e−il π
2 = (−i)l (2.13)

ψs
(~r) −→
r→∞

eik0r

k0r

∑

l,m

(−i)l+1BlY
m

l (θ, φ) (2.14)
= =:

eik0r

r
f(θ, φ) (2.15)

ψ~k −→
r→∞

eikz + f(θ, φ)
eik0r

r
(2.16)

f(θ, φ) is 
alled s
attering amplitude:
f(θ, φ) = 1

k0

∑
l,m(−i)l+1BlY

m
l (θ, φ)

(2.17)The 
oe�
ients Bl are to be determined su
h that ψ~k is a solution of theS
hrödinger Glei
hung in the region of the s
attering potential (= mat
hingboundary 
onditions for a given potential).Note:The r-dependen
e in (2.16) is expe
ted, sin
e it leads to a radial 
omponentof the 
urrent density
jr =

~

2mi

[
ψ∗s
( ∂

∂r
ψs
)−

(
∂

∂r
ψ∗s
)ψs
] ∼ 1

r2
(2.18)i.e. to an overall 
urrent 
onservation

∫

r0

dSr0 jr0 = I =

∫
dΩ r2

0jr0 = 
onst.(r0). (2.19)2. Computing dσ/dΩ from f(θ, φ):In
oming and s
attered 
urrent density:
~in =

~

2mi

(
e−ik0z ~∇eik0z − eik0z ~∇e−ik0z

)
=

~k

m
êz (2.20)



2.1. DEFINITION OF THE SCATTERING PROBLEM 81with ~∇ = êr
∂
∂r

+ êθ
1
r

∂
∂θ

+ êφ
1

r sin(θ)
∂
∂φ
:

~s
 r→∞
=

1

r2
|f(θ, φ)|2~k

m
êr + O

(
1

r3

) (2.21)number of parti
les s
attered into dire
tion dΩ/se
.:
n = ~s
 · êrr

2dΩ (2.22)
dσ

dΩ
dΩ = |f(θ, φ)|2dΩ (2.23)

dσ

dΩ
= |f(θ, φ)|2 (2.24)



82 CHAPTER 2. SCATTERING THEORY2.2 Propagator theory and the Lippmann-S
hwingerequationAs dis
ussed in se
tion 2.1, the s
attering problem amounts to the solution of theS
hrödinger equation with spe
ial, non-trivial boundary 
onditions for r → ∞(namely a plane in
oming wave and an angle dependent s
attered wave whi
h issolution of the free S
hrödinger equation for r → ∞; ψ = ψin + ψs
).Therefore, it is useful to separate the problem into1. a general solution of the S
hrödinger equation with open boundary 
ondi-tions2. a spe
ial solution spe
ifying the appropriate boundary 
onditions.This is a
hieved systemati
ally by the propagator theory.1. General solutionSin
e we are interested in a stationary s
attering problem, we 
onsider theS
hrödinger equation �xed energy E. The resolvent operator (Green's oper-ator) Ĝ ("inverse operator") of the S
hrödinger operator is de�ned as thesolution of the inhomogeneous S
hrödinger equation
(E −H)Ĝ = 1

(representation-free form) (2.25)with
H = H0 + V, H0 =

~p2

2m
free Hamiltonian (2.26)and

V s
attering potential, 1 unit operator in Hilbert spa
e. (2.27)Resolvent of the free system Ĝ0:
(E −H0)Ĝ0 = 1 (2.28)



2.2. PROPAGATOR THEORY AND THE LIPPMANN-SCHWINGER EQUATION83The full resolvent Ĝ 
an be expressed in terms of the free resolvent Ĝ0 asfollows, separating the perturbation. By multiplying equation (2.25) with
Ĝ0 from the left side we get:

Ĝ = Ĝ0 + Ĝ0V Ĝ
(2.29)2. Spe
i�
 solution |ψ〉 for the s
attering boundary problem:(a) (E −H0)|ψ〉 = V |ψ〉(b) (E −H0)|φ0〉 = 0 solution of free problemSubtra
ting (b) from (a) one obtains:

(E −H0)|ψ〉 − (E −H0)|φ0〉 = V |ψ〉 (2.30)Multiplying with Ĝ0 from the left side we get:
|ψ〉 = |φ0〉 + Ĝ0V |ψ〉 (2.31)

= |φ0〉 +
1

E −H0

V |ψ〉 (2.32)This is the Lippmann-S
hwinger equation.Note:
• The free solution |φ0〉 is added in order to a

ount for the plane in-
oming wave ψin.
• This equation is very similar to the one des
ribing the time evolutionof a state in the 
ontext of time-dependent perturbation theory. Theonly di�eren
e is that here we 
onsider the stationary 
ase only. Bothare 
alled Lippmann-S
hwinger equation.The equation (2.31) di�ers from equation (2.29) in that the boundary 
on-ditions are implemented via |ψ0〉. Equation (2.31) or (2.29) generates aperturbation series for Ĝ and |ψ〉, respe
tively, via iteration:

Ĝ = Ĝ0 + Ĝ0V Ĝ0 + Ĝ0V Ĝ0V Ĝ0 + . . . = (2.33)
Ĝ = Ĝ0 + Ĝ0TĜ0 (2.34)

= Ĝ0SĜ0 (2.35)
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T := V + V Ĝ0V + V G0V G0V + . . . T-matrix (2.36)
S := Ĝ −1

0 + T (2.37)
= E −H0 + T S-matrix (2.38)Similarly with boundary 
onditions:

|ψ〉 = |φ0〉 + Ĝ0V |φ0〉 + Ĝ0vĜ0V |φo〉 + . . . (2.39)
|ψ〉 = |φ0〉 + Ĝ0T |φ0〉 (2.40)The usefulness of this approa
h be
omes 
lear when one uses spe
i�
 rep-resentations:(a) Momentum representationMomentum basis:

{
|~p〉 =

e
i
~

~p~x

√
2π

∣∣∣∣∣ ~p
} (2.41)

1 =
∑

~p

|~p〉〈~p| =

∫
d3p

(2π)3
e−i~p~xe+i~p~x′ (2.42)

1 = (E −H0)G0 (2.43)
⇔ 〈~p|1|~p′〉 = 〈~p|(E −H0)

∑

~p′′

|~p′′〉〈~p′′|G0|~p′〉 (2.44)
δpp′︸︷︷︸diagonal =

∑

~p
′′

(
E − ~p2

2m

)
δpp′′

︸ ︷︷ ︸diagonal in p-repr. G0
p
′′

p′︸ ︷︷ ︸
=〈~p′′ | bG0|~p′〉

(2.45)
⇒ G0~p~p′

=
1

E − p2

2m
± iη

δpp′ (2.46)Sin
e Ĝ0 is diagonal in p-representation, it is often identi�ed simplywith its diagonal element:
G0~p

(E) =
1

E − ~p2

2m
± iη

(2.47)



2.2. PROPAGATOR THEORY AND THE LIPPMANN-SCHWINGER EQUATION85The Lippmann-S
hwinger equation be
omes in p-representation:
〈~p|ψ〉 = 〈~p|φ0〉 +

∫
d3p

(2π)3
G0~p

V (~p− ~p′)〈~p′|ψ〉 (2.48)with
V (~p− ~p′) =

∫
d3x e−i(~p−~p′)~xV (~x) (2.49)Retarded and advan
ed Green's fun
tionsFrom the de�nition of the resolvent or equation (2.47) it is 
lear thatit has poles as fun
tion of E, whi
h require spe
ial treatment.Physi
al signi�
an
e of the poles in Ĝ:The position of the poles as fun
tion of energy isE = ǫn = energy eigenvalues of H.To treat the poles, e.g. in intergrations over E or ~p they are shiftedin the 
omplex E plane away from the real axis by an ini�nitesimalpositive or negative imaginary part ±iη, as indi
ated above.

Re E

Im E

−iη
εk

ηfor +i    >0

Figure 2.3: Shift of the pole into the 
omplex planeThe relevan
e of ±iη be
omes 
lear by transforming to the time do-main:Lippmann-S
hwinger in time domain
〈~p|ψ(t)〉 = 〈~p|φ(t)〉+

∫
dt′
∫

d3p′

(2π)3
G0~p

(t−t′)V (~p−~p′)〈~p′|ψ(t)〉 (2.50)



86 CHAPTER 2. SCATTERING THEORYwith the Fourier transform
G0~p

(t− t′) =

∫
dω

2π
e−iω(t−t′)G0~p

(~ω) (2.51)
=

∫
dω

2π

e−iω(t−t′)

~ω − ǫk ± iη
(2.52)

=






−iθ(t−t′)e− i
~
ǫk(t−t′), +iη

iθ(t−t′)e− i
~
ǫk(t−t′), −iη

(2.53)
t−t’<0

Im    <0 requiredω

ω=ω +  ωi’ ’
ω

εk

ω’

ω’’
t−t’<0
Im    <0 required
for convergence
of contour integral

t−t’>0

for convergenceFigure 2.4: Contour integration
〈~p|ψ(t)〉 = 〈~p|φ(t)〉+

∫ ∞

−∞

dt′
∫

d3p′

(2π)3
G

r/a
0~p

(t− t′)V (~p− ~p′)〈~p′|ψ(t)〉(2.54)
Gr/a is 
alled the retarded/advan
ed propagator, be
ause it propagatesthe wave fun
tion t′ to t with t > t′ (retarded, 
ausal), t < t′ (advan
ed,a
ausal).(b) Position representation

ψ(x) = 〈x|ψ〉 et
. �xed energy E (2.55)
ψ(x) = φ0(x) +

∫
d3x′G0(~x, ~x

′)V (~x′)ψ(~x′) (2.56)
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Gr,a

0 (~x, ~x′) =

∫
d3k

(2π)3

∫
d3k′

(2π)3
Gr,a

0~p
(E)δpp′e

i
~

~p~xe
i
~

~p′~x′ (2.57)
= 〈~x|Ĝr,a

0 |~x′〉 ~k =
~p

~
(2.58)

Gr,a
0 (~x, ~x′) = − 1

4π

2m

~2

e±i~k|~x−~x′|

|~x− ~x′| (2.59)with ~k =

√
2mE

~2
(2.60)Interpretation of the Lippmann-S
hwinger equation and its expansionin terms of Feynman diagrams:

G = G0 +

∫
dx′′G0(x, x

′′)V (x′′)G0(x
′′, x′) (2.61)

= . . . (2.62)
x’ x’x’ x’

= +

= + +

x x x’’Figure 2.5: L-S equation in terms of Feynman diagramsThe s
attering amplitude f(θ, φ):From (2.56) in the limit |~x| ≫ |~x′| we 
an now identify the s
atteringamplitude.Choose:
φ0(x) = ψin = eikz, k =

√
2mE

~2
(2.63)Sin
e the potential V (~x′) is lo
alized in spa
e, the ~x′ integral in (2.56)runs over a region |~x′| . r0, i.e. we 
an take the limit |~x| ≫ |~x′| with
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r = |~x| and ~k′ = k = ~kout:

Gr,a
0 (~x− ~x′) ∼=

~x→∞
− 1

4π

2m

~2

e(±)ikr

r︸ ︷︷ ︸only outgoing parts e(∓)i~k′~x′ (2.64)
ψ(~x) = eikz +

[
− 1

4π

2m

~2

∫
d3x′ e−i~k~x′

V (~x′) (2.65)
×ψ(~x′)

]eikr

r

= eikz +
[
− 1

4π

2m

~2

∫
d3x′ e−i~k′out~x′ (2.66)

×T (~x′, ~x′) ei~kin~x′

︸ ︷︷ ︸
φ0(~x′)

]eikr

r

f(θ, φ) = − 1

4π

2m

~2

∫
d3x′ e−i(~kout−~kin)~x′

T (~x′, ~x′) (2.67)
f(~kout, ~kin) = − 1

4π

2m

~2
(2π)3T (~kout, ~kin) (2.68)Born approximation:Iterate the Lippmann-S
hwinger equation only on
e. Repla
e T (~kout, ~kin)by V (~kout − ~kin) in all expressions above.Expansion:

k |~x− ~x′| ∼= ~k~r − k ~x︸︷︷︸
~k′=kout ·~x′ (2.69)2.3 The opti
al theoremRelation between the imaginary part of the forward s
attering amplitude Im f(θ =

0) and the total 
ross se
tion σtot =
∫
dΩ dσ

dΩ
.Im f(θ = 0) =

k

4π
σtot k =

√
2mE

~2
(2.70)



2.3. THE OPTICAL THEOREM 89Proof: Ga = (Gr)∗

f(θ = 0) = f(~k,~k) = − 1

4π

2m

~2
(2π)3〈~k|T |~k〉 (2.71)Im 〈~k|T |~k〉 = Im 〈~k|V |ψ〉 (2.72)

= Im [(〈ψ| − 〈ψ|V Ga
0)V |ψ〉] (2.73)

= Im [
�

�
�

��〈ψ|V |ψ〉︸ ︷︷ ︸real −iπ〈ψ|V δ(E −H0)V |ψ〉] (2.74)
= −π〈ψ|V δ(E −H0)V |ψ〉 (2.75)
= −π〈~k|T+δ(E −H0)T |~k〉 (2.76)
= −π

∫
d3k 〈~k|T+|~k′〉〈~k′|T |~k〉δ

(
E − ~

2k

2m

) (2.77)
= −π

∫
dΩ

mk

~2
|〈~k′|T |~k〉|2 (2.78)2.3.1 Partial wave expansion: s
attering phase shiftIn se
tion 2.1 we had seen that in the far-�eld region, |~r| ≫ r0 (where r0 = extensionof the potential V (~r) ≈ 0, |~r| > r0), the s
attered wave is a radially outgoing wave,with an angle-dependent outgoing 
urrent density:

ψ(~r) =
r≫r0

ei~k~r + f(θ, φ)
eik~r

r
= ψin + ψs
 (2.79)

~s
(θ, φ) =
~k

m
|f(θ, φ)|2 êr

r2
+ O

(
1

r3

) (2.80)For |~r| > r0, ψs
(~r) is a solution of the free S
hrödinger equation, whi
h seperatesinto angular momentum and radial parts. We 
ould, therefore, write ψs
 as anexpansion in the 
omplete set of spheri
al harmoni
s
ψs
(r → ∞, θ, φ) =

∑

l,m

[Aljl(k0r) +Blnl(k0r)]Y
m
l (θ, φ) (2.81)where the expansion 
oe�
ients [Aljl(k0r) + Blnl(k0r)] are the general solutionof the radial S
hrödinger equation

(
− 1

r2

∂

∂r
r2 ∂

∂r
+
l(l + 1)

r2

)
R(r) = k0R(~r), k0 =

√
2mE/~2 (2.82)



90 CHAPTER 2. SCATTERING THEORYand the 
oe�
ients Al, Bl are to be determined su
h that ψs
(r) equation (2.67)
rosses over smoothly to the solution in the near-�eld region of the potential,
r . r0. The 
oe�
ients Cl of the expansion do not depend on m, sin
e theradial S
hrödinger equation does not for a spheri
al potential. From the require-ment that ψs
 
onatins only outgoing waves (and the asymptoti
 behavior of
jl(k0r), nl(k0r) for r → ∞) we obtained Al = −iBl and

f(θ, φ) =
∑

l

1

k0
(−i)l+1Bl(k0)Y

0
l (θ, φ) (2.83)

=:
∑

l

(2l + 1)fl(k0)Pl(cos(θ)). (2.84)The expansion 
oe�
ients fl of the expansion of f(θ, φ) are 
alled partial waveamplitudes fl(k0) (independent of m). In order to get a 
omplete understandingof the s
attering pro
ess in terms of the partial waves Y m
l , i.e. angular momen-tum 
hannels l,m, it is also useful to expand the in
oming plane wave ψin interms of spheri
al harmoni
s and Bessel fun
tions. This 
an be done, be
ause

ψin(~r) = ei~k0~r is a solution of the free S
hrödinger equation for energy E =
~
2k2

0

2mand {jl(k0r)Y
m

l (θ, φ), nl(k0r)Y
m

l (θ, φ)
∣∣l = 0, 1, . . . , m = −l, . . . ,+l} is a 
om-plete basis set of solutions of the free S
hrödinger equation for energy E =

~2k2
0

2mas well.One obtains:
ei~k0~r =

∑

l

il(2l + 1)jl(k0r)Y
0

l (θ, φ) (2.85)
=

∞∑

l=1

il(2l + 1)jl(k0r)Pl (k̂0 · r̂)︸ ︷︷ ︸
cos(θ)

(2.86)
• Only the m = 0 
omponent 
ontributes, be
ause ei~k0~r is 
ylindri
ally sym-metri
 about ~k0 axis.
• The von Neumann fun
tions nl(k0r) do not 
ontribute, be
ause they aresingular for ~r = 0.
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• Expansion 
oe�
ients (with proper normalization):

〈
E =

~
2k2

0

2m
, l, m

∣∣∣∣∣
~k0

〉
=

∫
d3r E =

~
2k2

0

2m
, l, m |~r〉〈~r|︸ ︷︷ ︸

=1

~k0〉 (2.87)
=

∫
d3r k3

0jk(k0r)(Y
0

l (θ, φ))∗ · ei~k0~r (2.88)
=

∫ ∞

0

dr r2k3
0

∫ 2π

0

dφ

︸ ︷︷ ︸
→δm0

∫ +1

−1

d cos(θ) jl(k0r)(2.89)
×e−imφPl(cos(θ))eik0 cos(θ)

= il(2l + 1) (2.90)Hen
e, we have for the 
omplete solution of the s
attering problem of aspheri
ally symmetri
 potential:s
attering amplitude f(θ, φ) = f(θ) independent of φ and
ψ(~r)

r→∞
= ei~k0~r + f(θ)

ei~k0~r

r
(2.91)

ψ(~r)
r→∞
=

∑

l

[
(2l + 1)Pl(cos(θ))eil π

2
ei(k0r−l π

2
) − e−i(k0r−l π

2
)

2ik0r
(2.92)

+(2l + 1)fl(k0)Pl(cos(θ))
eikr

r

]The �rst summand is a plane wave and the se
ond one is the s
attered wave
ψs
.Interpretation:

• The in
oming plane wave 
onsists of in
oming and outgoing spheri
al har-moni
s ≡ e−ik0r

r
, ≡ e+ik0r

r
.

• The e�e
t of the s
attering potential is to 
hange the amplitude of theoutgoing wave.
1 −→ 1 + 2ik0fk(k0) (2.93)
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in

outFigure 2.6:
L=[b x p]

p

bFigure 2.7: Change of the amplitude
• The in
oming plane wave 
onsists of many di�erent angular momentum
ontributions, like in the 
lassi
al 
ase |~L| = b · |~p| (arbitrary impa
t pa-rameter b), but |~L|2 quantized in quantum 
ase. Ea
h l 
hannel has di�erents
attering amplitude fl.
• The 
urrent 
onservation (in the 
ase of s
attering without absorption oremission) implies:

~∇ · ~ 
ontinuity
= − ∂

∂t
|ψ|2 = 0 (2.94)(no 
urrent sour
e or sink; inward/outward going 
urrents are equal)Hen
e the in
oming and outgoing 
urrents must be equal and opposite.Orthogonality of the partial waves ⇒

Sl := (1 + 2ik0fl(k0)) (2.95)with
|Sl|2 = 1 (2.96)
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x

δ(x)

Figure 2.8:
• S
attering phase shift:The imaginary part in Sl implies that the s
attered outgoing wave a
quiresa phase shift 2δl 
ompared to the in
oming wave (with |Sl| = 1):

Sl = e2iδl = 1 + 2ik0fl (2.97)or
fl =

e2iδl − 1

2ik0
=

1

k0
eiδl sin(δl) (2.98)

0f

2δl

1

0

lIm k

Re k0fl

k0fl

Im k0fl

Figure 2.9:Hen
e, the total s
attering amplitude 
an be expressed in terms of the
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attering phase shifts:
f(θ) =

1

k0

∑

l=0

(2l + 1)eiδl sin(δl)Pl(cos(θ)) (2.99)
=

∑

l=0

(2l + 1)fl(k0)Pl(cos(θ)) (2.100)
2.3.2 The opti
al theoremThis result 
on�rms the opti
al theorem:Im f(θ = 0) =

∞∑

l=0

2l + 1

k0
Im (eiδl

)
· sin(δl)Pl(1) (2.101)

=
∑

l

2l + 1

k0
sin2(δl) (2.102)(2.103)

σtot =

∫
dΩ |f(θ)|2 (2.104)

=
2π

k2
0

∫ +1

−1

d cos(θ)
∑

l,l′

(2l + 1)(2l′ + 1)ei(δl−δl′) (2.105)
× sin(δl) sin(δl′)

×Pl(cos(θ))Pl′(cos(θ))

(∗)
=

4π

k2
0

∑

l

(2l + 1) sin2(δl) (2.106)
(∗)

∫ +1

−1

d cos(θ) (2l + 1)Pl(cos(θ))Pl′(cos(θ)) = δll′ (2.107)
→ Im f(θ = 0) =

k0

4π
σtot (2.108)It is seen from the above 
onsiderations, that the s
attering problem is solved,on
e the phase shifts are known.
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attering phase shifts for an arbi-trary potentialThe 
oe�
ients of the partial wave expansion in the outside region (|~r| > r0) aredetermined by mat
hing the outside solution of the radial S
hrödinger equationfor given l to the inside solution. Therefore, we seek an expli
it expression of the
δl in terms of the radial solutions:Total wave fun
tion at any |~r| > r0 (spheri
al potential):

ψ(~r) =
∑

il(2l + 1)Al(r)Pl(cos(θ)) (2.109)
Al(r) solution of the radial S
hrödinger equation with potential:

[
− 1

r2

∂

∂r2
r2 ∂

∂r2
+
l(l + 1)

r2
+

2m

~2
V (r)

]
Al(r) = k2

0Al(r) (2.110)or with ul = rAl(r):
d2ul

dr2
+

(
k2

0 −
2m

~2
V (r) − l(l + 1)

r2

)
Ul = 0 (2.111)

Al with boundary 
ondition ul(r = 0) = 0 as in hydrogen problem.
inside

outside

z

r0

Figure 2.10:Mat
hing (2.80) with (2.72) and (2.78) for r ≫ r0 yields with Al(r) = a1jl +a2nl:
Al(r) = eiδl [cos(δl)jl(k0r) − sin(δl)nl(k0r)] (2.112)
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 derivative:
βl ≡ r

Al

dAl

dr

∣∣∣∣
r=r0


ondition on r0: V (r0) ≈ 0 (2.113)
= kr0

[
j′l(k0r0) cos(δl) − n′

l(k0r0) sin(δl)

jl(k0r0) cos(δl) − nl(k0r0) sin(δl)

] (2.114)
; tan(δl) =

kr0j
′
l(k0r0) − βljl(k0r0)

kr0n
′
l(k0r0) − βlnl(k0r0)

(2.115)Solve for Al(r0) by integrating radial S
hrödinger equation.
numerical 
solution

r0

β l
inside outside

β l=

Al(r)

matching boundary condition

Figure 2.11:2.3.4 S
attering at low energies and bound states
r0 =range of the s
attering potentialAt low energies, i.e. for λ = 2π

k0
> r0, partial waves with l > 0 are in gen-eral unimportant:Total potential in angular momentum 
hannel l:

Ve� = V (r) +
~

2

2m

l(l + 1)

r2︸ ︷︷ ︸
V
f,l(r) (2.116)



2.3. THE OPTICAL THEOREM 97
• Classi
ally for l > 0 the parti
le 
annot penetrate the 
entrifugal potential,so that it does not "feel" the potential V (r) inside the 
entrifugal barrier.Classi
al estimate:

V(r)

Vcf,l(r)

r

E

Figure 2.12:In order to feel the potential of range r0 inside, it must penetrate the barrierat least down to r0, i.e. it must have at least the energy
E =

~
2k2

0

2m
≥ ~

2

2m

l(l + 1)

r2
0

(2.117)
⇒ λ =

2π

k0

≤ 2πr0√
l(l + 1)

, (2.118)where λ is the wave length of the in
ident parti
le.
• Quantum me
hani
ally, the s
attering phase δl and, hen
e, fl(k0) vanishesas:

δl ∼ k2l+1
0 (2.119)



98 CHAPTER 2. SCATTERING THEORYThe s
attering length aRe
tangular potential well, to be spe
i�
:
V (r) =

{
V0 = 
onst. r < r0 V0 > 0 repulsive
0 r ≥ 0 V0 < 0 attra
tive (2.120)

k0: in
ident wave numberWe 
onsider s-wave s
attering only (low energy):
• r > r0:

Al=0(r) = eiδl[cos(δl)jl(k0r) − sin(δl)nl(k0r)]

∣∣∣∣∣
l=0

(2.121)
∼=

r→∞
eiδl

sin(k0r − lπ + δl)

k0r

∣∣∣∣∣
l=0

(2.122)
= eiδl

sin(k0r + δl)

k0r
(2.123)Here we have used:

jl=0(k0r) =
sin(k0r − lπ)

k0r
(2.124)

nl=0(k0r) =
cos(k0r − lπ)

k0r
(2.125)

sin(a± b) = sin(a) cos(b) ± cos(a) sin(b) (2.126)
• r < r0:

u(r) ≡ rAl=0(r) ∼ sin(k′r) (2.127)with E − V0 = ~2k′2

2m
for V =
onst.Radial S
hrödinger equation

d2u

dr2
+

(
k′

2 − 2m

~2
V0

)
u = 0 (l = 0) (2.128)and boundary 
ondition u(r = 0) = 0.



2.3. THE OPTICAL THEOREM 99For E − V0 > 0 inside solution has same form as outside solution, butfor
V0 < 0 k′ > k0 attra
tive (2.129)
V > 0 k′ < k0 repulsive (2.130)

V

r

r0

δ0/k0<0

free incident
wave

V0<0

Figure 2.13: V0 attra
tive
V

r

r0

sinh
if V 0>E

k0>0δ0

Figure 2.14: V0 repulsive
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t
V0 < 0, λ =

2π

k0
≫ r0, k0r0 ≪ 1 (2.131)(1.) V0 < 0 su
h that (k′r0) = π

2
, δ0 ∼= pi

2

→ marginal 
ross se
tion in l = 0 
hannel:
σ̂0,tot = |fl|2 =

1

k2
0

sin2(δ0) =
1

k2
0

(2.132)(2.) V0 < 0 su
h that (k′r0) = π, δ0 = π but total 
ross se
tion σ0,tot ≈ 0!The s
attering length

r

V
V0

r0
a>0

outward shifted
wave function

Figure 2.15: The s
attering lengtha: s
attering length: x-axis inter
ept of the linear extrapolation of the outsidewave fun
tion to ψ = 0
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r0 a>0

strong potential

r

V

Figure 2.16:
a<0 r0

weak potential

r

V

Figure 2.17:Relation between binding energy and a when there is a bound state
κ ≈ 1

a
, κ =

√
−2m(V0 −EB)

~2
, fl = −a (2.133)This result 
an be obtained in a pure fundamental way from the analyti
al stru
-ture of Sl(k0) in the 
omplex k0 plane.



102 CHAPTER 2. SCATTERING THEORY2.3.5 Bound states as poles of Sl(k0) at low energies
Sl(k0) = 1 + 2ik0fl(k0) = e2iδl (2.134)s-wave s
attering only, V0 < 0

r ≫ r0 :

A0(r) ∼
[
Sl=0(k0)

eik0r

r
− e−ik0r

r

] (2.135)Bound state wave fun
tion:
r ≫ r0 :

Â0(r) ∼
e−κr

r
with E < 0 (2.136)with imaginary wave number k0 = iκ ("outward going")Consider Sl=0(k0) as fun
tion of 
omplex k0 and investigate analyti
al stru
ture(if we have no further information then bound states). For bound state wavefun
tion no ingoing wave (∼ e+κr) possible. For normalized bound state wavefun
tion, S is the ratio between outward and inward going 
ontributions.

→ Sl=0(k0 = iκ) → ∞ must have pole.

Re k0

Im k0

ix

real scattering

Figure 2.18:General properties of S0(k0):



2.3. THE OPTICAL THEOREM 103(1.) Pole at k = iκ (bound state)(2.) |Sl=0| = 1, k > 0 (unitarity)(3.) Sl=0 = e2iδ0 = 1 for k → 0 (sin
e δ0 → 0)Constru
t analyti
al fun
tion everywhere ex
ept k0 = iκ.
Sl=0(k0) =

−k0 − iκ

k0 − iκ
(Pade approximation) (2.137)(may be generalized for more bound states: poles in upper half 
omplex plane)

fl=0 =
Sl=0 − 1

2ik0

Pade
=

1

−κ− ik0

(2.138)
k0 → 0 :

1

−κ → fl=0 = −a (2.139)2.3.6 Resonan
e s
atteringResonant e�e
ts o

ur (like in any physi
al system) if the energy (frequen
y) ofthe in
oming wave 
oin
ides with the energy E0 =
~2k2

0

2m
of a (dis
rete) boundstate of the s
attering potential. Sin
e E0 > 0, this is possible, if the "boundstate" energy is positive, i.e. the potential must have the form:quasibound state: tunneling to the outside region possible

Eb>0

ψ(r)

r

r

V

V(r)

Figure 2.19:



104 CHAPTER 2. SCATTERING THEORYThe potential must have an attra
tive inside region and a 
on�ning, repulsivewell in some �nite range for r > 0. Sin
e V (r)
r→∞−→ 0, tunneling from the dis
retestate at Eb > 0 inside the potential to the free outside states at the same energyis possible → quasibound state.This situation is generi
ally realized by a su�
iently strong, nondivergent, at-tra
tive potential V (r) in angular momentum 
hannels l ≥ 1, be
ause of the
entrifugal potential ~

2

2m
l(l+1)

r2 = V
f.
Veff=V+V cf

V(r)

r

bare potential V(r)Figure 2.20:Energy dependen
e of the s
attering 
ross se
tion(in angular momentum 
hannel l)In general the s
attering phase shift δl(E) has a smooth energy dependen
e(E =
~2k2

0

2m
).

→ The s
attering 
ross se
tion in 
hannel l
σt = |fl|2 · 4π(2l + 1)︸ ︷︷ ︸R

dΩ,prefa
tor 2l+1

, fl = eiδl(k0)
sin(δl(k0))

k0
(2.140)varies smoothly with energy.From the expression for fl it follows that σl has a maximum for δl = π

2
+nπ, n ∈ Z.

→ resonant behavior for E = Er, k0 = kr



2.3. THE OPTICAL THEOREM 105The resonant energy Er ≈ EbShape of the s
attering amplitude fl(k0) near k0 = kr:
δl(k0) 
ontinuous near k0 = kr, δl(kr) = π

2
.Expand fl about kr, Er:

fl(E) =
e2iδl − 1

2ik0
(2.141)

=
eiδl sin(δl)

k0
(2.142)

=
1

k0

sin(δl)

cos(δl) − i sin(δl)
(2.143)

=
1

k0

1

cot(δl) − i
(2.144)

π/2 πFigure 2.21:
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cot(δl) = cot(δl(E))

∣∣∣∣∣
E=Er︸ ︷︷ ︸

=0

+
d cot(δl)

dE

∣∣∣∣∣
E=Er

(E −Er) + O[(E − Er)
3](2.145)

∼= − 2

Γ
(E − Er)

[
− 2

Γ
=
d cot(δl)

dE

] (2.146)
fl(E) = − 1√

2mE/~2

︸ ︷︷ ︸
k0

Γ/2

(E − Er) + iΓ
2

(2.147)
σl(E) = 4π · (2l + 1)|fl|2 (2.148)

=
4π

k2
0

(Γ/2)2

(E − Er)2 + Γ2/4
(2.149)S
attering amplitude:

fl = f ′
l + if ′′

l (2.150)
Er

fl’, fl’’

−1 Im fl

Re fl

EFigure 2.22:
fl(E) ∼= 1

k0

Γ/2(E − Er) − i(Γ/2)2

(E − Er)2 + (Γ/2)2
(2.151)

Γ=full width at half maximum (FWHM)Cross se
tion:
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Er

k0
2/4   (2l+1)πσl

E

1

Γ/2

Γ

.

Figure 2.23:from fl = eiδl sin(δl)
k0

:
tan(δl) =

sin(δl)

cos(δl)
=

Im(fl)Re(fl)
=

−Γ/2

E −Er
(2.152)

δl(E)

Er E

π

π/2

Figure 2.24:2.3.7 The Friedel sum ruleS
attering potential (
harge Ze) immersed into an ele
tron sea, �lled up to Fermiwave number kF due to Pauli prin
iple.



108 CHAPTER 2. SCATTERING THEORY
→ Complete s
reening of the 
harge by the surrounding ele
trons.The 
harge Ze 
an be expressed in terms of the s
attering phase shifts of theele
tron wave fun
tions in the presen
e of the potential. We assume a spheri
alele
tron sea with 
harge in the 
enter and radius R.Without 
harge:

EF

R

E

rFigure 2.25:The radial wave fun
tions without the s
attering potential are the Bessel fun
tions(regular for r → 0)
jl(kr)

r→∞
=

1

kr
sin(kr − l

π

2
) (2.153)with boundary 
ondition jl(kR) = 0 at r = R, i.e. quantized wave numbers:

knR =

(
n− l

2

)
π (2.154)For R→ ∞ kn be
omes quasi-
ontinuous.In the presen
e of the 
harge Ze the solutions are for r → ∞:

Cl
1

kr
sin

(
kr + δl −

lπ

2

) (2.155)
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ause of the s
attering amplitude fl = 1
k0
eiδl sin(δl), and s
attered wave fun
-tion ∼ fl

ei(kr−lπ/2)

r
.Quantized momenta:

knR+ δl =

(
n+

l

2

)
π (2.156)For ea
h n, there is a parti
le state kn, whi
h is �lled with ele
tron up to

E(kn) = EF (Fermi). Thus, the presen
e of the potential 
hanges the num-ber of o

upied ele
tron states be
ause of the phase shifts δl, i.e. the number ofele
trons in the volume R.This 
hange of e− number must be equal to ∆n = Z, the 
harge number of theimparity (
harge neutrality).We 
ount this 
hange of parti
le number:Number of states in [k, k + dk] (with 
harge)
dn =

dn

dk
dk =

(
R

π
+

1

π

∂δl
∂k

)
dk (2.157)Number of states in [k, k + dk) (without 
harge)

dn0 =
dn0

dk
dk =

R

π
dk (2.158)

∆(dn) = dn− dn0 =
1

π

∂δl
∂k

dk (2.159)
→ Total 
hange in number of states in [k, k+dk] for all 
hannels (in
luding spin):

d

dk
∆(dN) =

∑

l,σ

1

π

∂δl(k)

∂k
(2.160)

→ Total 
hange in parti
le number=s
reening 
hange number
∆N =

∫ kF

0

dk
d

dk
(∆(dN)) =

∑

l,σ

δl(kF )

π
= Z (2.161)

Z =
∑

l,σ

δl(kF )

π Friedel sum rule (2.162)
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