
Chapter 5
Quantum Statisti
al Me
hani
s:Systems of Identi
al Parti
les
5.1 The 
orre
t enumeration of statesIn the previous 
hapter we had seen that unphysi
al results 
an arise, if in 
ount-ing the states, the parti
les are treated as 
lassi
ally distinguishable.In a system of N lo
alized spins (whi
h have no motional degree of freedom)the individual spins are distinguishable sin
e ea
h one 
an be thought of as sit-ting on a di�erent, distinguishable site of the latti
e. This gives ea
h spin itsown identity. The latti
e site 
an be identi�ed in prin
iple, e.g. by absorbing a
γ quantum and thereby going to an ex
ited state whi
h distinguishes that sitefrom the others.By 
ontrast, parti
les of the same kind in a gas or liquid sharing the same volume
annot be distinguished: Suppose the parti
les number 1 and number 2, p1, p2,are of the same kind, i.e. they have no internal quantum number(s) whi
h wouldallow to distinguish them. Then there is no experiment - not even in prin
iple- whi
h would allow to distinguish the two-parti
le state |a, b〉 with p1 in thesingle-parti
le state |a〉 and p2 in the single-parti
le state |b〉 from the state |b, a〉where p1 is in the state |b〉 and p2 is in the state |a〉. Hen
e the parti
les p1, p2are indistinguishable. The states |a, b〉 and |b, a〉 
an di�er only by a �−� sign (in93
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ussed in many-parti
le quantum me
hani
s.As a �rst step, we will 
onsider only non-intera
ting parti
les (ideal systems).The general 
ase will be dis
ussed in su
eeding 
hapters.In the 
orre
t enumeration of states for indistinguishable parti
les, states whi
h�di�er� only by a permutation (inter
hange) of parti
les must not be 
ounted asbeing di�erent. The 
orre
t 
ounting is 
onveniently done not in the 
oordinaterepresentation (where the 
oordinates and other quantum numbers are spe
i�edfor ea
h parti
le) but rather in the o

upation number representation (where �rsta 
omplete basis of single-parti
le states {|α〉} is 
hosen and then the number nαof parti
les in ea
h single-parti
le state |α〉 is spe
i�ed):
|Φ〉 = |nα1 , nα2 , . . .〉 (5.1)In this representation the double 
ounting of identi
al states is automati
allyavoided.Enumerating the states by the o

upation numbers nα is, however, di�
ult inthe 
anoni
al ensemble, be
ause here the total number of parti
les is �xed;
N = nα1 + nα2 + nα3 + . . . , (5.2)and thus the summations over the o

upation numbers nαi


annot be done in-dependently of ea
h other. Therefore, in quantum statisti
s, it is 
onvenient to
al
ulate in the grand 
anoni
al ensemble, whi
h is equivalent in the thermo-dynami
 limit. Sin
e the grand 
anoni
al ensemble 
ontains all the states witharbitrary total parti
le numbers, N = 0, 1, 2, 3, . . . ,∞, the sums over the o

u-pation numbers nαi
are independent of ea
h other.5.2 The ideal Fermi gas5.2.1 General expressionsBe
ause of the antisymmetry of the total wave fun
tion with respe
t to parti-
le ex
hange the o

upation numbers of a single-parti
le state are restri
ted to
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nαi

= 0, 1 with i = 1, 2, . . ..The total energy eigenvalues of the many-parti
le system are
E(nα1 , nα2 , . . .) =

∞∑

i=1

nαi
Eαi

(5.3)where Eαi
= energy of the single-parti
le state |αi〉.The grand 
anoni
al partition fun
tion is

ZGC =
∑

nαi
=0,1

i=1,2,3,...

e
−E({nαi

})−µN

kBT (5.4)
=

∞∏

i=1




∑

nαi=0,1

e
−nαi

(Eαi
−µ)

kBT



 (5.5)
≡

∞∏

i=1

ZGC,1(αi, µ, T ) (5.6)
=

∞∏

i=1

(
1 + e

−Eαi
−µ

kBT

) (5.7)where N =
∑∞

i=1 nαi
.The grand 
anoni
al potential is:

Ω = −kBT lnZGC = −kBT

∞∑

i=1

lnZGC,1(αi, µ, T ). (5.8)The average o

upation number of the single parti
le state |αi〉 is 
omputed as,
〈nαi

〉 =
∑

nαj
=0,1

j=1,2,...

nαi
WGC({αj}) =

∑

nαi
=0,1

nαi

e
−nαi

(Eαi
−µ)

kBT

ZGC,1(αi, µ, T )
(5.9)

= −kBT
∂

∂Eαi

lnZGC,1(αi, µ, T ) (5.10)
=

e
−Eαi

−µ

kBT

1 + e
−Eαi

−µ

kBT

=
1

e
Eαi

−µ

kBT + 1
(5.11)
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〈nαi

〉 =
1

eβ(Eαi
−µ) + 1

≡ f(Eαi
), β =

1

kBT
Fermi distribution fun
tion(5.12)
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Figure 5.1: Fermi-Dira
 distribution fun
tion
〈nαi

〉 =
1

2

{
1 − tanh

(
1

2
β(Eαi

− µ)

)} (5.13)
〈nαi

〉 T→0−→ θ(µ− Eαi
) (5.14)Note the di�eren
e:The Boltzmann distribution 1

ZGC eE−µN
kBT is the probability that a many-parti
lestate with energy E and average total parti
le number N is realized in the grand
anoni
al ensemble.The Fermi distribution fµ(Eαi

) is the average o

upation number 〈nαi
〉 (or o
-
upation probability) of a single-parti
le state |αi〉 within a many-parti
le state.
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orre
t 
ounting of indistinguishable parti
les and the restri
tion nαi
= 0, 1indu
es the non-trivial form of f(Eαi

).In the limit T → 0 µ is 
alled Fermi energy:
µ(T = 0) ≡ εF . (5.15)A

ording to Equation (5.15) it is the energy up to whi
h the single-parti
le statesare o

upied in a Fermi gas with total parti
le number N at T = 0. The Fermimomentum pF is the momentum of the highest o

upied single-parti
le state, i.e.de�ned by εF = p2

F/2m.The 
hemi
al potential µ is determined so as to �x the average total parti
lenumber:
〈N〉 =

∞∑

i=1

fµ(Eαi
) =

∫ dEρ(E)fµ(E), (5.16)where ρ(E) =
∑∞

i=1 δ(E − Eαi
) is the density of states (DOS).This is an impli
it equation for µ.The o

upation number �u
tuations in state α are (with n2

α = nα for fermions),
〈
(nα − 〈nα〉)2

〉
=

〈
n2

α

〉
− 〈nα〉2 (5.17)

= 〈nα〉 − 〈nα〉2 (5.18)
= f(Eα) (1 − f(Eα)) (5.19)The relative �u
tuations of the total parti
le number are, thus,

√
〈∆N2〉
〈N〉 =

[∫ dEρ(E)f(E) (1 − f(E))
]1/2

∫ dEρ(E)f(E)
∼ 1√

V

V →∞−→ 0 (5.20)sin
e ρ(E) ∼ V .This shows that grand 
anoni
al and 
anoni
al ensembles are equivalent in thethermodynami
 limit V → ∞: Although the formulas for physi
al quantitiesmay look di�erent in the 
anoni
al and in the grand 
anoni
al treatment, theirnumeri
al values are the same in both treatments.
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1/4

1
f(E  ) f(E  )1−α α

f(E  )(1−f(E  ))αα

µ EαFigure 5.2: O

upation number �u
tuations in a Fermi gas
Thermodynami
 properties of the free ele
tron gasTo be spe
i�
, we will 
onsider the free ele
tron gas with single-parti
le ener-gies

E~p,σ =
~p2

2m
(5.21)

~p =
2π~

L
[mxêx +my êy +mz êz] (5.22)

L = system length. (5.23)The DOS per spin orientation is
ρσ(E)dE =

4πp2dp
(2π~)3

V

=
4πp2

(dE~pσdp

)−1

(2π~)3
V dE (5.24)

ρσ(E) =
mp(E)

2π2~3
V = V

m3/2

√
2π2~3

√
E = V c3

√
E. (5.25)
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(E)ρ

0 EFigure 5.3: Density of states (DOS) of the free ele
tron gas in d3 dimensionsFor the free ele
tron gas (spin 1/2) in d = 3 dimensions the Fermi energy εF isdetermined by
N = 2V c3

∫ εF

0

dE
√
E = 2V c3

2

3
ε
3/2
F (5.26)

εF =

(
3n

4c3

)2/3

= (3π2n)2/3 ~
2

2m
(5.27)with the parti
le density n = N/V .The density of states per spin orientation and volume is then, expressing c3 inEq. (5.25) using Eq. (5.27),

ρσ(E)

V
=

3

4
n

1

εF

√
E

εF
(5.28)It 
an be expressed in units of the Fermi energy εF , the only 
hara
teristi
 energys
ale of the free Fermi gas, and in terms of the parti
le density n only.

• Extensitivity in the grand 
anoni
al ensemble:Sin
e ρσ(E) ∼ V and quantities like the grand potential Ω involving a sumover all single-parti
le eigenstates 
an be written as∑α(. . .) =
∑

σ

∫ dEρσ(E),these quantities are expli
itly extensive.
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• Entropy, internal energy and spe
i�
 heat:Using the grand potential

Ω = −kBT lnZGC = −kBT
∑

α

ln
(
1 + e

−Eα−µ
kBT

) (5.29)the entropy of the Fermi gas is obtained as ( with α =single-parti
le eigen-state)
S = −

(
∂Ω

∂T

)

V,µ

(5.30)
= kB

∑

α

[
ln
(
1 + e

−Eα−µ
kBT

)
+
Eα − µ

kBT

e
−Eα−µ

kBT

1 + e
−Eα−µ

kBT

] (5.31)
= −kB

∑

α

[
Eα − µ

kBT
[1 − f(Eα)] + ln (f(Eα))

]
≥ 0 (5.32)

S = −Ω

T
+ kB

∑

α

Eα − µ

kBT
f(Eα) (5.33)The internal energy (for a �xed volume V ) is then using N = 〈N〉 =

∑
α f(Eα) in the thermodynami
 limit,

U = Ω + TS + µN (5.34)
=

∑

α

(Eα − µ)f(Eα) + µN =
∑

α

Eαf(Eα) = 〈E〉 (5.35)This agrees with the expression used for 
al
ulating 〈E〉 from the averageo

upation numbers f(Eα).The spe
i�
 heat (for 
onstant volume) is:
cV =

(
δQdT )V,µ

= −T
(
∂S

∂T

)

V,µ

(5.36)
= T

{
Ω

T 2
− kB

∑

α

Eα − µ

kBT 2
f(Eα) − 1

T

(
∂Ω

∂T

)

V,µ

(5.37)
+kB

∑

α

Eα − µ

kBT

(
∂f(Eα)

∂T

)

V,µ

}

= −S −
(
∂Ω

∂T

)

V,µ

+
∑

α

(Eα − µ)
∂f(Eα)

∂T
. (5.38)



5.2. THE IDEAL FERMI GAS 101where we made in equation (5.36) use of equation (5.32).Note that in this development µ is kept 
onstant a

ording to the grand
anoni
al treatment, i.e. the T -dependen
e of µ is not taken into a

ountin taking the T derivative.Using the general expression for the entropy, (∂Ω
∂T

)
V,µ

= −S we have
cV =

∑

α

(Eα − µ)
∂f(Eα)

∂T
=

(
∂

∂T
〈E − µ〉

)

V,µ=
onst. (5.39)
=

∂

∂T
〈E〉 =

(
∂U

∂T

)

V,µ

(5.40)The spe
i�
 heat for 
onstant volume is the T -derivative of the ( internal)energy of the system, measured relative to the ( 
onstant) 
hemi
al potential
µ. Sin
e 〈µ〉 = 
onst.(T ), this shows that the grand 
anoni
al and the
anoni
al 
al
ulation of cV are equivalent.
cV obeys the following properties:1. cV ≥ 0 :

∂f(E)

T
=

(
−
(
∂f(E)

∂E

)
kBT · E − µ

kBT 2
(5.41)

=

(
−∂f(E)

∂E

)

︸ ︷︷ ︸
>0

E − µ

T
(5.42)

⇒ cV =
1

T

∑

α

(Eα − µ)2

(
−∂f(E)

∂E

)
≥ 0. (5.43)2. T = 0 limit:

(
−∂f(E)

∂E

)

T=0

= − ddEθ (µ− E) = δ (E − µ) (5.44)
⇒ cV (T = 0) = 0. (5.45)
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• Pressure:In 
al
ulating the pressure p = −(∂Ω/∂V )T,µ from the grand potential Ω,

Ω = −kBT
∑

α

ln
(
1 + e

−Eα−µ
kBT

) (5.46)
= −kBT

∑

σ

∫ dEαρσ(Eα) ln
(
1 + e

−Eα−µ
kBT

)
, (5.47)one 
an either use the �rst expression, taking into a

ount the dependen
eof the eigenenergies on the volume V ,

Eα =
1

2m

(2π~)2

V 2/3

(
n2

x + n2
y + n2

z

) (5.48)with α = (nx, ny, nz) (5.49)
L = V 1/3 , (5.50)or the se
ond expression, where E is a volume independent integrationvariable and ρσ(E) is expli
itly proportional to V .Hen
e, one obtains:

p = −
(
∂Ω

∂V

)

T,µ

= −Ω

V
> 0 (5.51)This should be 
ompared to the pressure of the ideal Boltzmann gas:

p =
NkBT

V
=

2
3
U 
lassi
al
V

(5.52)with U 
lassi
al = 3
2
NkBT.

• The spin sus
eptibility of the ele
tron gas (s = 1
2

):is de�ned as,
χ =

(
∂M

∂B

)

T,µ

(5.53)



5.2. THE IDEAL FERMI GAS 103with the spin magnetization,
M = 2µ0

∑

α

σf(Eα) (5.54)
= µ0

∑

~k

[
f
(
E~k↑

)
− f

(
E~k↓

)] (5.55)and

-4 -2 0 2 4

Eµ

µ

2µ0B

EpEp

εF

pFigure 5.4: Spin magnetization of a free ele
tron gas
α =

(
~k, σ

)
: single-parti
le quantum number (5.56)

σ = ±1

2
: spin orientation of one ele
tron (5.57)

E~kσ = E~k(B = 0) − 2σµ0B = E~k(0) ∓ µ0B (5.58)
E~kσ is the energy of an ele
tron in the magneti
 �eld B with Zeeman split-ting ∆ = 2µ0BNote that orbital e�e
ts (�Lorentz for
e�, Landau levels) have been ne-gle
ted in E~kσ. These would lead to diamagnetism and are not 
onsidered
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 �eld (B ≪ εF, kBT ) we have:
M = 2µ2

0B
∑

~k

(
−∂f

(
E~k(B = 0)

)

∂E~k

)
+ O(B3) (5.59)

χ = 2µ2
0

∑

~k

(
−∂f(E~k)

∂E~k

)∣∣∣∣
B=0

= 2µ2
0

∫ dEρ(E)

(
− ∂f

∂E

)∣∣∣∣
B=0

(5.60)
րDOS per spin orientation



5.2. THE IDEAL FERMI GAS 1055.2.2 The low-temperature region kBT ≪ εFFrom the expressions derived in se
tion 4.2.1 it is 
lear that physi
al quanti-ties of Fermi systems usually involve integrals over the Fermi distribution or itsderivative (e.g. 〈E〉 or M).
f(E)

2kBT

Eµ

−f’(E)

TB1/k

Eµ

2kBT

Figure 5.5: Fermi distribution and its derivativeKnowing that for kBT ≪ εF f(E) is essentially a 
onstant fun
tion ex
eptnear the Fermi edge E = µ ≈ εF, we see that partial integration transforms theintegrand from f(E) to ∂f(E)
∂E

whi
h is strongly peaked near E = µ.Therefore, the integrals are e�e
tively limited to the region of width 2kBT around
εF. This demonstrates that for Fermi systems all physi
al properties are domi-nated by 
ontributions from the Fermi edge only.This observation 
an be formalized to develop a low-temperature expansion inthe width 2kBT , the so-
alled Sommerfeld expansion.We perform the Sommerfeld expansion for the grand potential Ω and then derivethe low-T behaviour of physi
al quantities from it.The expression

Ω = −kBT
∑

σ

∫ +∞

−∞
dEρσ(E) ln

[
1 + e

−E−µ
kBT

] (5.61)



106 CHAPTER 5. SYSTEMS OF IDENTICAL PARTICLESrequires one partial integration to bring out f(E):
Ω = −

∑

σ

∫ +∞

−∞
dE aσ(E)f(E) (5.62)where aσ(E) =

∫ E

−∞
dε ρσ(ε) (5.63)

∂

∂E
ln
[
1 + e

−E−µ
kBT

]
= − 1

kBT
f(E) (5.64)and the boundary terms vanish be
ause a(E) = 0 for E < 0 (lower band edge)and ln

(
1 + e

−E−µ
kBT

)
→ 0 for E → ∞.One more partial integration yields

Ω = −
∑

σ

∫ +∞

−∞
dE b(E)

(
−∂f(E)

∂E

) (5.65)with bσ(E) =

∫ E

−∞
dε′aσ(ε

′

) =

∫ E

−∞
dε′ ∫ ε

′

−∞
dε ρσ(ε). (5.66)The double integral b(E) is a weakly varying fun
tion 
ompared to ∂f

∂E
for kBT ≪

εF and 
an therefore be expanded with respe
t to E = µ ≈ εF:
bσ(E) = bσ(µ) + b

′

σ(µ)(E − µ) +
1

2
b
′′

σ(µ)(E − µ)2 + . . . (5.67)
= bσ(µ) + aσ(µ)(E − µ) +

1

2
ρσ(µ)(E − µ)2 (5.68)Using the Fermi integrals (derived using fun
tion theory):

In =

∫ +∞

−∞
dE(E − µ)n

(
−∂f(E)

∂E

) (5.69)
=






1 , n = 0
π2

3
(kBT )2 , n = 2

7π4

15
(kBT )4 , n = 4

0 , n = 1, 3, 5, . . .

(5.70)
We 
an write the Sommerfeld expansion of Ω as:
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Ω =

∑

σ

{
−bσ(µ) −

π2

6
ρσ(µ)(kBT )2 + O

[
(kBT )4

]}

= −pV
(5.71)The 
hemi
al potential µ(T ) is T -dependent as well ( see below). However, whentaking thermodynami
 derivatives of Ω, µ is kept 
onstant. Therefore one 
anput µ = µ(0) = εF in the above expression for Ω.

• Chemi
al potential (for �xed parti
le number N):It is evident from �gure 37 that µ(T ) is a de
reasing fun
tion if the DOS
ρσ(E) is a monotoni
ally in
reasing fun
tion of energy E:

T=0

0 E

f(E)

µ(0)=εF

ρσ(E) Τ>0

0 Ε

ρσ(E).f(E)

ρσ(E)

µ(T) εF

.ρσ(E)

Figure 5.6: The temperature dependen
e of the 
hemi
al potential in a Fermi gasThe shaded area represents the parti
le number
N =

∑

σ

∫ dEρσ(E)f(E) (5.72)and must stay 
onstant as fun
tion of T .
⇒ µ(T > 0) < µ(T = 0). (5.73)



108 CHAPTER 5. SYSTEMS OF IDENTICAL PARTICLESThe low-T expansion of µ(T ) follows as
N = 
onst. = −∂Ω

∂µ
= 2

[
∂b(µ)

∂µ
+
π2

6

∂ρ(µ)

∂µ
(kBT )2 + . . .

] (5.74)where we have assumed spin degenera
y,
bσ(µ) ≡ b(µ), (5.75)
ρσ(µ) ≡ ρ(µ), (5.76)

∑

σ

(. . .) = 2(. . .). (5.77)
∂b

∂µ
= a(µ) (5.78)
= a(εF) + a

′

(εF)(µ(T ) − εF) (5.79)
= a(εF) + ρ(εF)(µ(T ) − εF), (5.80)where

a
′

(εF) =
∂

∂E

∫ E

−∞
dε ρ(ε)∣∣∣

εF, a(εF) = 1
2

N (5.81)
↑spin!Inserting this into N and solving for µ we obtain:

0 = 2ρ(εF) (µ(T ) − εF) +
π2

3

∂ρ(εF)

∂εF (kBT )2 + O
(
(kBT )4

) (5.82)
µ(T ) = εF − π2

6

1

ρ(εF)

∂ρ(εF)

∂εF (kBT )2 + O
(
(kBT )4

) (5.83)
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• Entropy:

S = −
(
∂Ω

∂T

)

V,µ

= 2
π2

3
ρ(εF)k2

BT (5.84)expli
itly extensive → Gibbs paradox resolved
• Spe
i�
 heat:

cV = T

(
∂S

∂T

)

V,µ

≡ S

= 2
π2

3
ρ(εF)k2

BT

= γT + O(T 2)

(5.85)
The linear temperature 
oe�
ient of cV is a measure of the DOS at theFermi energy in a Fermi gas.Physi
ally: U(t) ∼ E(ex. state) · n(ex. states) ∼ T · T ⇒ cV ∼ T

• Magnetization and spin sus
eptibility:
M = 2µ2

0B

∫ dE ρ(E)

(
− ∂f

∂E

) (5.86)
ρ(E) = ρ(µ) + ρ

′

(µ)(E − µ) +
1

2
ρ

′′

(µ)(E − µ)2 + . . . (5.87)
M = 2µ2

0B

[
ρ(µ) + ρ

′′

(µ) · π
2

6
(kBT )2 + O(T 4)

] (5.88)
= 2µ2

0B
[
ρ(εF) − π2

6

1

ρ(εF)

[
ρ

′

(εF)
]2

(kBT )2 (5.89)
+
π2

6
ρ

′′

(εF)(kBT )2 + O(T 4)
]

= 2µ2
0B

[

ρ(εF) − π2

6

[
1

ρ(εF)

[
ρ

′

(εF)
]2

− ρ
′′

(εF)

]

︸ ︷︷ ︸
>0

(kBT )2

] (5.90)
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χ =

(
∂M

∂B

)

T,µ

= 2µ2
0ρ(εF) − π2

3

[
1

ρ(εF)

[
ρ

′

(εF)
]2

− ρ
′′

(εF)

]
(kBT )2

= χ(T = 0) −O(T 2).

(5.91)
Pauli sus
eptibilityFor indistinguishable (mobile) fermioni
 spins the sus
eptibility is χ(0) = 
onst.for T → 0 (Pauli behaviour).For distinguishable (lo
alized) spins the sus
eptibility diverges χ(T ) ∼ 1

Tfor T → 0 (Curie behaviour)5.2.3 The high-temperature region kBT ≫ εF (Classi
al orBoltzmann limit)In the limit T → ∞ the Fermi distribution
f(E) =

1

exp ((E − µ)/kBT ) + 1
→ 1

2
for all energies E (5.92)whi
h di�er from µ by a �nite amount (less than kBT ). In order to keep theaverage parti
le number �nite, the 
hemi
al potential µ must therefore approa
h

−∞ faster than −T . This means that for any possible single-parti
le energy E ≥
0, the average o

upation number of a single-parti
le state be
omes a Boltzmannfa
tor:

f(E) =
1

e
E−µ
kBT + 1

T→∞−→ e
−E−µ

kBT (5.93)with E ≥ 0 T ≫ εF or λT ≪ a0.
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ipating this limiting behaviour of f(E), the T -dependen
e of µ 
an be givenexpli
itly.
N =

∑

σ

∫
dE ρσ(E)f(E) → 2

∫
dE ρσ(E)e

−E−µ
kBT (5.94)With ρσ(E) = V m

3
2√

2π2~3

√
E = V 3

4
n
εF

√
ε

εF
in d=3 dimensions we obtain (x = E

kBT
),

N = 2e
µ

kBT (kBT )
3
2
3

4

V n

ε
3
2
F

∫ ∞

0

dx
√
xe−x (5.95)

= N
3

2

√
π

2
e

µ
kBT

(
kBT

εF

) 3
2 (5.96)and:

µ(T ) = −3

2
kBT ln((3

√
π

4

) 2
3 kBT

εF

)

, kBT ≫ εF (5.97)It is seen that µ(T ) → −∞ faster than -T , in agreement with the argument above.In the high-T limit all other quantities 
ross over to the behaviour of the 
lassi
alBoltzmann gas, using f(E) → e
−E−µ

kBT ≪ 1 for E ≥ 0.The grand potential Ω is:
Ω = −kBT · 2

∫
dE ρσ(E)ln(1 + e

−E−µ
kBT

) (5.98)
≈ −kBT · 2

∫
dE ρσ(E)e

−E−µ
kBT + O

(
e
−E−µ

kBT

)2 (5.99)
≈ −kBT · 2

∫
dE ρσ(E)f(E) = −NkBT (5.100)Using the thermodynami
 relation

Ω = U − TS − µN ≡ −pV (5.101)the ideal gas follows:
pV = NkBT

(5.102)
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• Internal energy in d=1,2,3 dimensions

U ≈ 2

∫
dE ρd,σ(E)E · e−

E−µ
kBT (5.103)with

ρdσ(E) = cdE
d
2
−1






∼
√
E, d = 3

∼ 0, d = 2

∼ 1√
E
, d = 1





. (5.104)Using the substitution x = E

kBT
and the partial integration

∫ ∞

0

dx dα−1e−x =
1

α

∫ ∞

0

dx
d

dx
xαe−x (5.105)

=
1

α

∫ ∞

0

dx xαe−x (5.106)U 
an be redu
ed to the integral of the parti
le number (with α = d
2
)

U = (kBT )
d

2
2

∫
dE cdE

d
2
−1e

−E−µ
kBT =

d

2
NkBT , (5.107)in agreement with expression for 
lassi
al gas.

• EntropySin
e in the grand 
anoni
al ensemble the parti
le number N is not a �xedquantity, its T -dependen
e for �xed µ must be taken into a

ount whentaking the T -derivative
S = −

(
∂Ω

∂T

)

V,µ

=
d

dT
(NkBT ) = NkB + kBT

(
∂N

∂T

)

V,µ

(5.108)
= NkB + kBT

∫
dE ρσ(E)

∂

∂T

(
e

E−µ
kBT

)

V,µ
(5.109)

= NkB +

∫
dE ρσ(E)

E − µ

T
e
−E−µ

kBT (5.110)
= NkB +

U

T
− µ

T
N (5.111)

S = NkB

[
d

2
+ 1 − µ

kBT

]
≡ d

2
NkBln(kBT

εF

)
+ const. (5.112)
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anoni
al expression with N = N(T, V, µ)and the se
ond term is the 
anoni
al expression with N = const.

• Spe
i�
 heat(a) Grand 
anoni
al evaluation (pro
ess with 
hanging N, µ = const.)
cV = T

(
∂S

∂T

)

V,µ

= T

(
∂N

∂T

)

V,µ

kB

[
d

2
+ 1 − µ

kBT

]
+NkB

µ

kBT
(5.113)Note 
on
erning thermodynami
 derivatives:In ∂

∂T
µ is kept 
onst. a

ording to the grand 
anoni
al ensemble.With (∂N

∂T

)
V,µ

as above:
cV =

(
U

T
− µ

T
N

)[
d

2
+ 1 − µ

kBT

]
+NkB

µ

kBT
(5.114)

= NkB

[
d

2

(
d

2
+ 1

)
− d

µ

kBT
+

µ2

(kBT )2

] (5.115)
cV =

d

2

(
d

2
+ 1

)
NkB + O

(
1

T

) (5.116)By in
reasing T the Fermi gas takes up additional energy, if there is parti
leex
hange with µ = const.(b) Canon
ial evaluationAlternatively, we 
an 
on
eive the expression for S as obtained in the 
anon-i
al ensemble, i.e. we keep N �xed, but take the T -dependen
e of µ(T ) intoa

ount in ∂
∂T
. Then we have

cV = T

(
∂S

∂T

)

V,N

= T
∂

∂T

(
d

2
NkB ln kBT

εF

)
=
d

2
NkB ≡

(
∂U

∂T

)

V,N

(5.117)in expli
it agreement with the 
lassi
al result.
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• Spin sus
eptibility and magnetization

M = 2µ2
0B

∫
dE ρσ(E)

(
− ∂f

∂E

) (5.118)
≈ 2µ2

0B

∫
dE ρσ(E)

1

kBT
e
−E−µ

kBT (5.119)
= 2Nµ2

0B
1

kBT
(5.120)

X(B = 0) =

(
∂M

∂B

)

B=0

= 2N
µ2

0

kBT
(5.121)

kBT

χ(T)

χ(0)−O(T )

1/T

kBT

γ T

d/2 NkB
.

cV(T)

kBT

−T ln(kBT/    )εF

0

εF

µ(T)

εF−O(T2)

2

kBT

T

S(T)

ln(kBT/    )εF

Figure 5.7: T -dependen
e of µ(T ), S(T ), cV (T ), andχ(T )



5.3. THE IDEAL BOSE GAS 1155.3 The ideal Bose gasFermion number 
onservation and Boson number non-
onservation:In any 
losed system there does not exist any intera
tion pro
ess whi
h wouldonly 
reate or destroy a single fermion, be
ause this would 
hange the total an-gular momentum J of the system by a half-integer value, while J is a 
onservedquantity (Fermion number 
onservation). Therefore, in an isolated system thefermion number N is �xed (
anoni
al ensemble) and in a system with parti
lenumber 〈N〉 is �xed by means of the Lagragne multiplier µ (grand 
anoni
al en-semble). This has been naturally assumed in se
tion 4.2.By 
ontrast, 
reating or destroying a boson 
hanges the total angular momentumJ=L+S by an integer value. This 
an be 
ompensated by a 
orresponding integer
hange of the orbital angular momentum ~L of the system. Hen
e, it is not for-bidden that a bosoni
 parti
le is destroyed or 
reated, e.g. absorbed or emittedby the wall of the 
ontainer. The (integer) spin of the boson is then taken up asan orbital angular momentum of the 
ontainer.Indeed, there exists two types of bosoni
 parti
les, (1) those with 
onserved parti-
le number N, whose average number 〈N〉 is �xed by a 
hemi
al potential µ in thegrand 
anoni
al ensemble, and (2) those whose parti
le number is not 
onservedand whi
h, therefore, do not have a 
hemi
al potential, i.e. µ = 0 in the grand
anon
ial ensemble. These di�erent 
onstraints lead to di�erent thermodynami-
al behaviour.Statisti
al behaviour of parti
les:1. Fermions (half integer spin):
nα = 0, 1 o

upation number of single-parti
le stateN 
onserved implied by angular momentum 
onservation
→ µ(T )Examples: Ele
trons, atoms with half-integer total spin, 3He, neutrons2. Bosons (integer spin)
nα = 0, 1, 2, ...(a) N 
onserved in a physi
al pro
ess

→ µ(T )
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onserved
µ ≡ 0Example: Photons, os
illator quanta of a h.o. (phonons), quantized
olle
tive ex
itations in a solid (magnons et
.)5.3.1 Bosons with 
onserved parti
le number: Bose-Einstein
ondensationWe 
al
ulate the grand 
anoni
al partition sum with arbitrary o

upation number

nαi
of the single-parti
le states |αi〉 with energies Eαi

ZGC =
∑

nαi
=0,1,2,..

e
−

P∞
j=1(Eαj

−µ)nαj
kBT (5.122)

=
∞∏

i=1

∞∑

n=0

e
− (Eαi

−µ)n

kBT (5.123)
=

∞∏

i=1

1

1 − e
−Eαi

−µ

kBT

≡
∞∏

i=1

ZGC,1(αi) (5.124)i.e. ZGC fa
torizes again into a produ
t of the single-parti
le partition sums
ZGC,1(αi) =

∞∑

n=0

e
− (Eαi

−µ)n

kBT =
1

1 − e
−Eαi

−µ

kBT

(5.125)In order for this geometri
al series to 
onverge, one must have
Eαi

− µ ≥ 0 ∀ |αi〉 (5.126)whi
h means for Eαi
∈ [0,∞[:

µ(T ) ≤ 0 for bosoni
 systems (5.127)
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Ω = −kBT lnZGC = −kBT ln( 1

1 − e
−Eα−µ

kBT

) (5.128)
Ω = kBT

∑

α

ln(1 − e
−Eα−µ

kBT

) (5.129)The sum runs over all single-parti
le states.The average o

upation number of the single-parti
le state |αi〉 is
〈nαi

〉 =
∞∑

nαj=0

j=0,1,2,..

nαi

∞∏

k=0

e
−Eαk

−µ

kBT
nαk

ZGC,1(αk)
︸ ︷︷ ︸

WGC({nαk
})

(5.130)
=

∞∑

nαi=0

nαi

e
−Eαi

−µ

kBT nαi

ZGC,1(αi)
(5.131)

= − ∂

∂(β(Eαi
− µ))

lnZGC,1(αi) (5.132)
〈nαi

〉 =
1

e
Eαi

−µ

kBT − 1
≡ b(Eαi

) Bose-Einstein distribution(5.133)The entropy and the internal energy are
S = −

(
∂Ω

∂T

)

V,µ

= −Ω

T
+
∑

α

Eα − µ

T
b(Eα) (5.134)

U = Ω + TS + µN =
∑

α

(Eα − µ) b(Eα) =
∑

α

Eα b(Eα) (5.135)with
N =

∑

α

b(Eα). (5.136)
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0

−1

0

E

b(E)

kBT/E−   ~

αE

exp(−(E−   )/k T)µ  B

µ

Figure 5.8: Bose-Einstein distribution fun
tionT-dependen
e of the 
hemi
al potential µ(T ) and Bose-Einstein 
onde-nationWe expe
t generally that quantum e�e
ts due to indistinguishability be
ome im-portant when the wavelength λT = 2π
k
of a parti
le with typi
al thermal ex
itationenergy Ek = (~k)2

2m
= kBT be
omes longer than the average spa
ing a0 betweenthe parti
les, i.e. when the thermal wavelength

λT =
2π~√

2mkBT

>∼ a0 =

(
V

N

) 1
3

= n− 1
3 (∗) (5.137)the 
ondition for quantum behaviour.This is be
ause the length s
ale within whi
h a parti
le 
an be lo
alized in prin-
iple by a s
attering experiment is at best its wavelength λT .If λT < a0 the parti
les 
an be identi�ed in spa
e (by a s
attering experiment),i.e. they behave 
lassi
ally as distinguishable parti
les.If λT ≥ a0 the regions in whi
h a parti
le 
an be lo
alized ne
essarily overlap,the parti
les be
ome indistinguishable and quantum statisti
al e�e
ts be
omeimportant.

[ Fermi system: λT ≫ a0 degenerate Fermi gasBose system: λT ≫ a0 Bose 
ondensation ]
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tions still penetrate ea
h other for λT < a0, sin
e they are
a0

a0

TλTλ

Tλ

Tλ

Figure 5.9: Classi
al regime λT < a0 and quantum regime λT > a0 of a gasextended over the whole system, but a s
attering experiment 
an lo
alize them.For low temeratures, deep in the quantum regime of a Bose gas (spin 0) wehave
λT ≫ a0 or kBT ≪ 2π~

2

2ma2
0

(5.138)and the parti
le density is
n =

N

V
=

1

V

∑

k

1

e
Ek−µ

kBT − 1
(5.139)

V →∞
=

N0(T )

V
+

1

V

∫ ∞

0

dE ρ(E)
1

e
E−µ
kBT − 1

(5.140)where N0(T ) = 〈nk=0〉 is the o

upation number of the lowest single-parti
le state(~k = 0, ~Ek = 0 for a free Bose gas).In going over to the thermodynami
 limit, V → ∞, the energies E~k be
ome
ontinuous and the sum ∑
k 
an be repla
ed by the integral ∫∞

0
dE ρ(E)(...)n, ifthe spa
ing of su

essive energy levels ∆Ek ≪ Ek. In the thermodynami
 limitthis is always a
hieved for Ek > 0, sin
e ∆Ek ∼ 1

V
.However, it 
an never be a
hieved for the lowest state E0 = 0. Therefore, theo

upation number n of the E0 = 0 state must be 
ounted separately in the aboveexpression. For massive bosons (m>0) in d=3 dimensions ρ(E) = V c3

√
E (as for
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trons), and one 
an estimate the number of parti
les in the ex
ited states as
Nex =

∫
dE ρ(E)

1

e
E−µ
kBT − 1

≤
∫
dE ρ(E)

1

e
E

kBT − 1
(5.141)

= V c3(kBT )
3
2

∫ ∞

0

dx

√
x

ex − 1︸ ︷︷ ︸√
xe−x(1+e−x+..)

(using λ3
T =

2π

c33

) (5.142)
=

2πV

λ3
T

ζ

(
3

2

)
≈ 2, 612

2πV

λ3
T

∼ T
3
2

T→0−→ 0! (5.143)For high T (λT ≪ a0) the total number of parti
les in ex
ited states is Nex ≫ n0,

E

ρ(E)
b(E)

Nα

d=3
  =0µ

ex

Figure 5.10: Number of parti
les Nex in the ex
ited single-parti
le states of a freeBose gasi.e. n0 ≈ 1 ≈ V (non-extensive) and 
an be negle
ted for V → ∞.Then N = Nex for V → ∞. However, below a 
riti
al temperature T < T0the �xed N parti
les of the system 
annot all be �t into the ex
ited states, and n0must be
ome an extensive quantity N0 ∼ V , i.e. the lowest single-parti
le state(single-parti
le ground state) be
omes ma
ros
opi
ally o

upied.
n =

N0

V
+

2π

λ3
T

ζ

(
3

2

)
=
N

V
≡ 1

a3
0

(5.144)



5.3. THE IDEAL BOSE GAS 121Thus, one obtains for the ground state o

upation
n0 ≡

N0

V
= n

[
1 − 2πζ

(
3

2

)
a3

0

λ3
T

]
= n

[
1 −

(
T

T0

) 3
2

] (5.145)with λT = 2π~√
2mkBT

and T < T0.Hen
e, the 
riti
al temperature T0 below whi
h n0 = N0

V

∣∣∣
V →∞

> 0 is
(
T

T0

) 3
2

= 2πζ

(
3

2

)(
a0

λT

)3 (5.146)
kBT0 =

1
[
2πζ

(
3
2

)] 2
3

~
2
(

2π
a0

)2

2m
Bose-Einstein 
ondensation temperature(5.147)The state in whi
h the single-parti
le ground state is ma
ros
opi
ally o

upied,i.e. its o

upation number s
ales with the system volume, n0 = N0

V
> 0, is
alled Bose-Einstein-
ondensate. The T -dependen
e of the 
hemi
al potentialfor T ≥ T0 is extra
ted from the 
ondition

N =

∫
dε ρ(ε)b(ε) = const. (5.148)by impli
it di�erentiation:

0 =

∫
dε ρ(ε)

db

dT
=

∫
dε ρ(ε)

−e
E−µ
kBT

(
e

E−µ
kBT − 1

)2

[

−ε− µ

kBT 2
−

dµ
dT

kBT

] (5.149)
dµ

dT
= − 1

T

∫
dε ρ(ε) ε−µ

4 sinh2
“

(ε−µ)
2kBT

”

∫
dε ρ(ε) 1

4 sinh2
“

(ε−µ)
2kBT

”

(for T → Tc + 0, µ→ 0 − 0) (5.150)
→ − 1

T

∫∞
0
dε ε

3
2

1

sinh2
“

ε
2kBTc

”

∫∞
0
dε ε

1
2

1

sinh2
“

ε
2kBTc

”

= 0 (5.151)
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it di�erentiation yields a �nite value of d2µ
dT 2 < 0 at T = Tc. For T →

+∞ b(ε) → e
− ε−µ(T )

kBT for the same reason as for fermions, and µ(T ) → −T lnTtakes on the same 
lassi
al behavior.

T0

n
0

Tc

TT

µ

−T ln(T)

n(0)−T 3/2

n0

(T−T )2c

Figure 5.11: Verlauf µ gegen TProperties of the Bose-Einstein-
ondensate1. The Bose 
ondensation transition o

urs when λT ≈ a0, i.e. when thebosons be
ome indistinguishable in spa
e. This 
an be seen from equation(**).2. The Bose 
ondensate is des
ribed by a ma
ros
opi
 wave fun
tion ψ0(~x)with a single, ma
ros
opi
 phase φ:In position representation, the 
ondensate state |n0〉 is a simple produ
twave fun
tion
ψ0(x1, . . . , xN0) = 〈x1 . . . xN0 |n0〉 (5.152)

=

N0∏

i=1

ϕ0(xi)e
iφi (5.153)

= ei
PN0

i=1 φi

N0∏

i=1

ϕ0(xi) (5.154)where ϕ0(xi)e
iφi is the ground state wave fu
tion of parti
le i with
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• an arbitrary phase φi

• ϕ0(x) the same wave fun
tion for all parti
les and
• φ =

∑N0

i=1 ϕi the ma
ros
opi
 phase.The expe
tation value of any single-parti
le operator F̂ (x1, . . . , xN0) =
∑N0

i=1 f̂(xi) in the 
ondensate is
〈ψ0{xi}|

∑

i

f̂(xi)|ψ0{xi}〉 = N0〈ϕ0(x)|f̂(x)|ϕ0(x)〉 . (5.155)Therefore, ψ0{xi} 
an be written as
ψ0(x) =

√
N0e

iφϕ0(x)
(5.156)with a single, ma
ros
opi
 
oordinate x and a ma
ros
opi
 phase φ.

ψ0(x) is normalized to N0, the o

upation number of the 
ondensate. Itleads to the same expe
tation values of single-parti
le operators as themany-parti
le wave fun
tion of the 
ondensate.13. The Bose 
ondensation depends on the spatial dimension. For massiveparti
les, Ep = p2

2m
, there is no 
ondensation transition in d = 1, 2 for

T > 0:In dimensions d = 1, 2 the integral
Nex = V cd

∫ ∞

0

dε ε
d
2
−1 1

e
ε

kBT
−1

(5.157)diverges, i.e. an arbitrary number of parti
les 
an be put into the ex
itedstates, and the ground state is not ma
ros
opi
ally o

upied for any �nitetemperature T > 0.4. The pla
e wheren
e of all parti
les in the 
ondensate implies that there isno s
attering in the 
ondensate; the 
ondensate has vis
osity 0.Entropy and spe
i�
 heat of the Bose gasGrand 
anoni
al potential:
Ω = kBT

∫
dE ρ(E) ln

(
1 − e

−E−µ
kBT

) (5.158)1For a free Bose gas ϕ0(x) is the ~k = 0 wave fun
tion, ϕ0(x) = const., and ψ0(x) ≡ ψ0 is asingle 
omplex number.
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S = −

(
∂Ω

∂T

)

V,µ

(5.159)
= −kB

∫
dE ρ(E) ln

(
1 − e

E−µ
kBT

) (5.160)
−kBT

∫
dE ρ(E)(−b(E))

(
E − µ

kBT 2

) (5.161)
= −Ω

T
+

〈E〉
T

− µ

T
N (5.162)in agreement with the general thermodynami
 relation Ω = U − TS − µN .For T < T0 only the ex
ited states 
ontribute to the entropy, sin
e the 
onden-sate state ψ0 is unique and, thus, has entropy S0 = 0. Therefore, the summationover states in the above expression 
an be written as an integral, negle
ting theground state. One 
an show for massive parti
les with dispersion Ep = p2

2m
in

d = 3 dimensions (ρ(E) ∼
√
E):

S(T ) ∼ T
3
2 for T → 0. (5.163)The spe
i�
 heat for �xed volume V and parti
le number N is

cV = T

(
∂S

∂T

)

V,N

(5.164)Remark:In 
al
ulating S from the grand 
anoni
al potential Ω, µ is kept �xed (i.e. notdi�erentiation wrt. T ), sin
e Ω is a fun
tion of µ by de�nition (thermodynami
derivative). S is a general fun
tion of T , both through the expli
it dependen
eand through the impli
it dependen
e of µ(T ) on T . In 
al
ulating cV one 
an,therefore 
hoose to keep N �xed (as is usually done) and di�erentiate ∂µ
∂T
. Sin
e

∂2µ
∂T 2 =

{
0 , T < T0

< 0 , T > T0

dis
ontinuous at T = T0, the T -derivative of cV has adis
ontinuity at the 
ondensation transition:
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Figure 5.12: Verlauf cV gegen T5.3.2 Bosons without parti
le number 
onservation: Bla
kbody radiationPhotons are an example of bosons (spin 1) whi
h 
an be absorbed or emitted e.g.by the walls of a 
ontainer, i.e. whose parti
le number is not 
onserved: µ = 0. Abody whi
h 
an absorb or emit photons with equal probability for all frequen
iesis 
alled bla
k body. We 
onsider a system of photons (the ele
tromagneti
 �eld)in thermodynami
 equilibrium with a bla
k body at temperature T and 
al
ulateits spe
tral energy density dEω

dω
|ω, i.e. the energy 
ontent dEω in a given photonfrequen
y interval dω at frequen
y ω:
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TFigure 5.13: Bla
k body radiation



126 CHAPTER 5. SYSTEMS OF IDENTICAL PARTICLESFor d = 3 and ω = ck the photon density of states is
ρ(ω)dω = 2︸︷︷︸Polarization 4πk2

(2π)3

V

· dk = V
ω2

π2c3
dω (5.165)and with x = ~ω

kBT

Ω = V
(kBT )4

π2(~c)3

∫ ∞

0

dx x2 ln[1 − e−x]

︸ ︷︷ ︸
−π4

45

= −γV T 4 (5.166)with γ =
π2k4

B

45(~c)3
. The pressure of the photon gas (radiation pressure) is

Pph = −
(
∂Ω

∂V

)

T,µ

= −γT 4 , (5.167)and the spe
tral energy density
dEω

dω
= ρ(ω)~ωb(~ω) = V

~

π2c3
ω3

e
~ω

kBT − 1
(5.168)The radiation law has been histori
ally one of the �rst signatures of the quantum

ω

ωhh

dE   /dω

2ω

BT)3ω

ωµ

ω
exp(−h   /k

Figure 5.14: Plan
k's radiation law with maximum at ~ωM = 2.822 kBTnature of light. It lead Plan
k to postulate the light quantum with energy ~ω forlight of frequen
y ω.Measuring the Plan
k radiation law of e.g. light from a distant star, one 
anmeasure the star's surfa
e temperature.


