
Chapter 6
General Formulation of StatistialMehanis
6.1 The density matrix6.1.1 De�nitionUp to now we have assumed that

• the energy eigenvalues En and eigenstates |n〉 of the many-partile systemare known, i.e. the many-partile problem has been solved;
• the system is in thermodynami equilibrium , where the distribution prob-ability W (n) for an eigenstate |n〉 to be realized depends on its energy Enonly and is, in partiular, time dependent.In realisti situations neither the energy eigenvalues En are known in general noris the system in equilibrium, i.e. in general the thermodynami (mixed) stateannot simply be represented in terms of energy eigenstates. In suh situationsit is useful to have a basis independent formulation of the statistial formalism.We onsider a general mixed state M of a system, represented by a statistialensemble in whih the many-partile states |ψi〉 of the system (not neessarilyenergy eigenstates!) our with the relative frequenies hi, i = 1, 2, 3, . . ..127



128CHAPTER 6. GENERAL FORMULATION OF STATISTICAL MECHANICSThe thermodynami average of an observable quantity A in this mixed state is
〈A〉 =

∑

i

hi〈ψi|Â|ψi〉 , (6.1)where Â is the quantum mehani operator representing A. Using an arbitrary,omplete many-body basis set {|n〉} of the system one an write
〈A〉 =

∑

i

hi
∑

n,m

〈ψi|n〉〈n|Â|m〉〈m|ψi〉 (6.2)
=

∑

i

hi
∑

n,m

〈n|Â|m〉〈m|ψi〉〈ψi|m〉 (6.3)
=

∑

i

hi
∑

n

〈n|ÂP̂i|n〉 (6.4)
=

∑

n

〈
n

∣∣∣∣∣Â
(
∑

i

hiP̂i

)∣∣∣∣∣n
〉 (6.5)where we have de�ned the operator P̂i = |ψi〉〈ψi|. P̂i is the projetor in Hilbertspae onto the (arbitrary, normalized) state |ψi〉:1.

P̂i|φ〉 = |ψi〉〈ψi|φ〉 for arbitrary |φ〉, and (6.6)2.
P̂ 2
i = |ψi〉 〈ψi|ψi〉︸ ︷︷ ︸

=1 (normalization)〈ψi| = |ψi〉〈ψi| = P̂i (6.7)We de�ne the operator
Ŵ =

∑

i

hi|ψi〉〈ψi| (6.8)as the density matrix or density operator of the mixed state M and one has fromequation (*) above
〈A〉 =

∑

n

〈n|ÂŴ |n〉 = tr(ÂŴ ) (6.9)



6.1. THE DENSITY MATRIX 129Remarks:1. The density operator is the sum of the projetors P̂i onto the states |ψi〉 inthe mixed stateM , weighted with the relative frequenies (probabilities) h,with whih these states our in M .2. The above expression for 〈A〉 is independent of the hosen basis set {|n〉}beause of the basis independent of the trae tr.3. If {|ψi〉} is hosen to be an (orthonormal) energy eigenbasis of the systemand |ψi〉 ≡ |i〉 and the mixed state M is an equilibrium state, then theformalism redues to the one used previously, with
hi =

e
−

Ei
kBT

Zc
, Zc =

∑

i

e
−

Ei
kBT (6.10)in the anonial ensemble, and

〈A〉 =
∑

n,i

e
−

Ei
kBT

Zc
〈n|Â|ψi〉 〈ψi|n〉︸ ︷︷ ︸

δin

(6.11)
=

∑

i

e
−

Ei
kBT

Zc
〈i|Â|i〉 . (6.12)6.1.2 The time dependene of the density matrixThe time dependene of Ŵ is derived from the Shrödinger equation for the states

|ψi〉:
i~
d

dt
|ψi〉 = Ĥ|ψi〉 (6.13)

−i~
d

dt
〈ψi| = 〈ψi|Ĥ (6.14)

i~
d

dt
|ψi〉〈ψi| = Ĥ|ψi〉〈ψi| − |ψi〉〈ψi|Ĥ (6.15)

= [Ĥ, P̂i] . (6.16)



130CHAPTER 6. GENERAL FORMULATION OF STATISTICAL MECHANICSIt follows
i~
d

dt
Ŵ (t) = i~

d

dt

∑

i

hi|ψi〉〈ψi| (6.17)
=

∑

i

hi[Ĥ, P̂i] (6.18)
= [Ĥ, Ŵ (t)] (6.19)Note:The values hi are hosen as initial onditions at t = 0, i.e. they are time inde-pendent.

i~
∂

∂t
Ŵ (t) = [Ĥ, Ŵ (t)] von Neumann equation (6.20)The von Neumann equation is analogous to the Heisenberg equation of motionof an operator in the Heisenberg piture, however with a relative �-� sign.Using the formal solution of the time dependent Shrödinger equation

|ψi(t)〉 = e−
i
~

bHt|ψi(0)〉 (6.21)we obtain
Ŵ (t) = e−

i
~

bHtŴ (0)e+
i
~

bHt . (6.22)By preparing a system in a given (non-equilibrium) mixed state, Ŵ (0) (i.e. hi)is given, and6.2 The redued density matrixIn many situations one is only interested in the properties of a subsystem of theomplete system Stot or a physial quantity A depends only on the states of asubsystem.



6.2. THE REDUCED DENSITY MATRIX 131Examples are1. system S and reservoir R forming together the total system Stot. A ompletebasis of Stot an be hosen as the set of diret produt states (�produt ofWF�)
|nS〉 ⊗ |nR〉 = |nS, nR〉 ≡ |n〉 (6.23)where {|nS〉} and {|nR〉} are omplete basis sets of S and of R, respetively(without oupling between the two).2. a single partile as a subsystem in a many-partile system Stot.The observable operators Â we are interested in at only on the states |nS〉 ofthe system and not on the states of the reservoir |nR〉. Therefore, it is useful in athermodynami average to perform the averaging over the reservoir states �rst:

〈n|Â|m〉 = 〈nS, nR|Â|mS, mR〉 (6.24)
= 〈nS|Â|mS〉 · 〈nR|mR〉 (6.25)
= 〈nS|Â|nS〉δnRmS (6.26)

〈A〉 = tr(ÂŴ ) (6.27)
=

∑

n

〈n|ÂŴ |n〉 (6.28)
=

∑

nm

〈n|Â|m〉〈m|Ŵ |n〉 (6.29)
=

∑

nS ,nR,mS ,mR

〈nS|Â|mS〉δnRmR〈mSmR|Ŵ |nSnR〉 (6.30)
=

∑

nSmS

〈nS|Â|mS〉
∑

nR

〈mSnR|Ŵ |nSnR〉 (6.31)
〈A〉 =

∑

nS

〈nS|ÂŴS|nS〉 = trS(ÂŴS) (6.32)



132CHAPTER 6. GENERAL FORMULATION OF STATISTICAL MECHANICSwith
ŴS :=

∑

nR

〈nR|Ŵ |nR〉 = trR(ŴR) (6.33)the redued density matrix in the system S.Note:Let the system have a dS dimensional Hilbert spae, and the reservoir a dR di-mensional Hilbert spae. Then the total Hilbert spae is dS · dR = d dimensional.
Ŵ orresponds to a dR · dS dimensional matrix.
ŴS orresponds to a dS dimensional matrix and ats only in the Hilbert spae of
S, sine the reservoir states have been �traed out�.6.3 Thermodynami perturbation theory for theanonial ensembleIn general, the trae Zc = tr Ŵc = tr e− bH

kBT annot be evaluated in a straight-forward way, beause the eigenvalues of Ĥ are not known. To develop a pertur-bation theory, we separate the total Hamiltonian Ĥ as
Ĥ = Ĥ0 + V̂ , (6.34)where- the eigenstate problem of Ĥ0 is assumed to be solved exatly, and- V̂ is a perturbation assumed to be small.The expansion of e− bH

kBT = Ŵc in powers of g is still nontrivial, beause [Ĥ0, V̂
]
6=

0 in general. A perturbation theory an be developed, however, by observing theformal analogy of the anonial density matrix Ŵc(T ) with the time evolutionoperator U(t) of quantum mehanis:
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ZcWc(T ) = e

−
bH

kBT (6.35)
U(t) = e−

i
~

bHt (6.36)
|ψ(t)〉 = U(t)|ψ(0)〉 (6.37)with the identi�ation

1

kBT
−→ i

t

~
(6.38)i.e. the inverse temperature plays the role of an imaginary time ! (in appropriateunits, ~ = 1, kB = 1).Thus, we will �rst reall the quantum mehanial time dependent perturbationtheory and then set i t

~
= 1

kBT
at the end.Time-dependent perturbation theory1. The interation piture is hosen suh that the arbitrary operator Â obeysthe time evolution aording to Ĥ0, i.e. it is known:

〈ψ(t)|Â|ψ(t)〉 = 〈ψ(0)|e
i
~

bHtÂ e−
i
~

bHt|ψ(0)〉︸ ︷︷ ︸
|ψ(t)〉

(6.39)
= 〈ψ(0)|e

i
~

bHte−
i
~

bH0t e+
i
~

bH0tÂe−
i
~

bH0t︸ ︷︷ ︸
bAI(t) (6.40)

e+
i
~

bH0te−
i
~

bHt
︸ ︷︷ ︸

|ψI(t)〉 |ψ(0)〉

= 〈ψI(t)|ÂI(t)|ψI(t)〉 (6.41)with
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ÂI(t) = e

i
~

bH0tÂe−
i
~

bH0t (6.42)
|ψI(t)〉 = e

i
~

bH0te−
i
~

bHt|ψ(0)〉 ≡ Ŝ(t)|ψ(0)〉 (6.43)In the interation piture, the operators and the states obey the equationsof motion (assuming no expliit t-dependene of the Shrödinger operators
Â, Ĥ, Ĥ0):

•

i~
ddtÂI(t) =

[
ÂI(t), Ĥ0

] (6.44)and (6.45)
i~

ddt |ψI(t)〉 =
(
− e

i
~

bH0tĤ0ր e−
i
~

bHt + e
i
~

bH0t(Ĥ0ր +V̂ ) (6.46)
e−

i
~

bHt
)
|ψ(o)〉

= e
i
~

bH0tV̂ e−
i
~

bH0t︸ ︷︷ ︸
bVI(t) e

i
~

bH0te−
i
~

bHt|ψ(0)〉︸ ︷︷ ︸
|ψI(t)〉 (6.47)

•

i~
ddt |ψI(t)〉 = V̂I(t)|ψI(t)〉 (6.48)or (6.49)
i~

ddtŜ(t) = V̂I(t)Ŝ(t), Ŝ(t = 0) = 1. (6.50)Knowing that Ŝ(t), the total time evolution operator is given by
U(t) = e−

i
~

bHt = e−
i
~

bH0tŜ(t) (6.51)2. Formal integration and iterative solution of (∗):
Ŝ(t) = 1 −

i

~

∫ t

0

dt′ V̂I(t′)Ŝ(t
′

) (6.52)
= 1 −

i

~

∫ t

0

dt′ V̂I(t′) +

(
−
i

~

)2 ∫ t

0

dt′ ∫ t
′

0

dt′′ V̂I(t′)V̂I(t′′)(6.53)
+ . . .

= T̂ e−
i
~

R t
0 dt′ bVI(t′ ) (6.54)(power series of Ŝ in terms of V̂ )



6.3. THERMODYN. PERTURBATION THEORY FORTHE CANONICAL ENSEMBLE135with the t-ordering operator T̂ .3. Replaing i
~
t by the �inverse temperature� β = 1

kBT
, we obtain a powerseries for Wc(T ):

Ŝ(β) =
̂̃
Te−

R β
0

dβ′ bVI(β′
) (6.55)

= 1 −

∫ β

0

dβ ′

V̂I(β ′

) + (−1)2

∫ β

0

dβ ′

∫ β
′

0

dβ ′′

V̂I(β ′

)V̂I(β ′′

)(6.56)
+ . . .where

V̂I(β) = eβ
bH0 V̂ e−β

bH0 , β =
1

kBT
(6.57)and

ZcWc(T ) = e−β
bH0Ŝ(β)

= e−β
bH0−e−β

bH0

β∫
0

dβ ′
V̂I(β ′

) + . . .

+(−1)n
β∫
0

dβ(1)
β(1)∫
0

dβ(2) · · ·
β(n)∫
0

dβ(n)V̂I(β(1)) · · · V̂I(β(n))

+ . . .

We obtain expliitly in �rst order in the perturbation:
• Partition sum:

Z(0)
c = tr e−β bH0 (6.58)
Zc = Z(0)

c − tre−β bH0

β∫

0

dβ ′

V̂I(β ′

)




 (6.59)
= Z(0)

c − tr β∫

0

dβ ′
{
e−β

bH0eβ
′ bH0 V̂ e−β

′ bH0

} (6.60)yliinvariane of tr
↓ (6.61)
= Z(0)

c − tr β∫

0

dβ ′

e−β
bH0 V̂ + O(V̂ 2) (6.62)
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Zc = Z

(0)
c − 1

kBT
tr{e− bH0

kBT V̂

}

= Z
(0)
c

(
1 − 〈bV 〉0

kBT
+ O

(
V̂ 2
))

= Z
(0)
c

(
1 + Z

(1)
c

Z
(0)
c

+ O

(
V̂ 2
))

(6.63)
with 〈V̂ 〉0 =

tr8<:e
−

bH0
kBT bV

9
=
;

Z
(0)
c

= tr{Ŵ (0)
c V̂

} the anonial thermal aver-age of V̂ with respet to Ĥ0.
Zc = Z(0)

c

(
1 +

Z
(1)
c

Z
(0)
c

) (6.64)
Z(1)
c = −Z(0)

c

〈V̂ 〉0
kBT

+ O

(
V̂ 2
) (6.65)

• Density operator
Ŵc =

1

Zc
e−β

bH0


1 −

β∫

0

dβ ′

V̂I(β ′

)


+ O

(
V̂ 2
) (6.66)

= e−β
bH0



 1

Z
(0)
c

−
Z

(1)
c

Z
(0)
c

2 −
1

Z
(0)
c

β∫

0

dβ ′

V̂I(β ′

)



 (6.67)
Ŵc =

1

Z
(0)
c

e−β
bH0

︸ ︷︷ ︸
cW (0)
c


1 −

β∫

0

dβ ′
[
V̂I(β) − 〈V̂ 〉0

]
+ O

(
V̂ 2
)

 (6.68)

• Free energy :
F = −kBT lnZc = −kBT lnZ(0)

c − kBT ·
Z

(1)
c

Z
(0)
c

(6.69)
F = −kBT lnZ(0)

c + 〈V̂ 〉0 (6.70)



6.4. THE CLASSICAL LIMIT 137Expressions of higher order in V̂ an be obtained suessively.From F all other thermodynami quantities an be obtained.Remark:Based on the analogy i
~
t ↔ 1

kBT
and using the time dependentperturbation theory for Green's funtions ( QMII), a �eld theory for�nite T an be developed.

6.4 The lassial limit: equipartition theorem andvirial theoremFor the lassial limit it is ruial that the kineti energy and the potential energye�etively ommute in the high-temperature limit.The thermal average of the ommutator is in a momentum eigenbasis:
C̄ =

1

Zc

∑

~p

〈
~p

∣∣∣∣∣e
−

bH
kBT

[
~̂p

2

2m
,V (~x)

] ∣∣∣∣∣~p
〉 (6.71)with

[
~̂p

2

2m
,V (~x)

]
=

~

2mi

(
~̂p · ~∇V (~x) + ~̂pV (~x) · ~∇− V (~x)~̂p · ~∇

) (6.72)
=

~

2mi

(
~̂p · ~∇V + ~∇V (~x) · ~̂p

) (6.73)
Using a typial thermal momentum
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〈p〉T ≈ pT =

2π~

λT
=
√

2mkBT (6.74)
C̄ ≈

〈
~pT

∣∣∣∣∣

[
~̂p

2

2m
,V (~x)

] ∣∣∣∣∣~pT

〉 (6.75)
=

~

2mi
2pT

〈
~pT

∣∣∣∣∣
~∇V

∣∣∣∣∣~pT

〉 (6.76)with ~∇V ≈ V (~x)
a0

and a0: typial length sale on whih V varies:
C̄ ≈

~

2mi
2
pT

a0
〈V 〉T (6.77)

p2T≈〈p2〉
≈ −i

〈
p2
T

2m

〉
〈V 〉 ·

1

2π

(
λT

a0

) (6.78)This estimate an be extended to many-partile systems and to interating par-tiles. Then
a0 = min{range of interation potential, average partile spaing} (6.79)Conlusion:In the T → ∞ limit, λT

a0
≪ 1, the ommutator [Ĥkin, V̂ ] approahes ∞ moreslowly than the produt of the thermal averages and an, therefore, be negletedin 〈e−Hkin−V

kBT

〉. Note that the riterion λT
a0

≪ 1 for this lassial limit oinideswith the heuristi argument given in the setion about Bose systems.In the T → ∞ limit, the anonial partition sum for a single partile reads:
Zc = tr{e− b~p

2

2mkBT e
−
V (~x)
kBT

}
. (6.80)It an be evaluated using omplete basis sets of momentum and position eigen-states:
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~̂p|~p〉 = ~p|~p〉 〈~p|~p

′

〉 = δ3(~p− ~p
′ (6.81)

~̂x|~x〉 = ~x|~x〉 〈~x|~x
′

〉 = δ3(~x− ~x
′

) (6.82)∫ d3x|~x〉〈~x| = 1 (6.83)
∫ d3p

(2π~)3
|~p〉〈~p| = 1 (6.84)(6.85)

Zc =

∫ d3p

(2π~)3

〈
~p

∣∣∣∣∣e
−

b~p
2

2mkBT e
−
V (~x)
kBT

∣∣∣∣∣~p
〉 (6.86)

=

∫ d3p

(2π~)3

∫ d3x

〈
~p

∣∣∣∣∣e
−

b~p
2

2mkBT

∣∣∣∣∣~x
〉〈

~x

∣∣∣∣∣e
−
V (~x)
kBT

∣∣∣∣∣~p
〉 (6.87)

=

∫ d3p

(2π~)3

∫ d3xe
−

b~p
2
/2m+V (~x)
kBT 〈~p|~x〉〈~x|~p〉︸ ︷︷ ︸

|ψp(x)|
2= 1

v
(density)

(6.88)
Zc =

∫ d3p

(2π~)3

∫ d3x

v
e
−H(~p,~x)

kBT

H(~p, ~x) =
~p2

2m
+ V (~x) lassial Hamiltonian funtion (6.89)

In the lassial limit, the anonial partition funtion Zc is the lassial Boltz-mann fator integrated over the omplete phase spae of (~x, ~p).Liouville theorem:The �volume of a lassial system in phase spae� Γ, is onserved in time:
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Γ =

∫ d3p

2π~

∫ d3xρ(~x, ~p) (6.90)dΓdt = 0 (6.91)
ρ(~x, ~p) =

∑

i

δ3(~x− ~xi)δ
3(~p− ~pi) (6.92)Can be proved using the lassial Hamiltonian equations of motion.6.4.1 Equipartition and virial theoremsIn the anonial ensemble for one partile in 1 dimension one has in the lassiallimit :

〈
p
∂H(~p, ~x)

∂p

〉
=

1

Zc

∫ dpdx
2π~ · v

p
∂H

∂p
e
− H
kBT (6.93)

=
1

Zc

∫ dpdx
2π~ · v

(−kBT )p
∂

∂p
e
− H
kBT (6.94)p.i.

= kBT
1

Zc

∫ dpdx
2π~ · v

e
− H
kBT (6.95)

= kBT (6.96)For the quadrati momentum dependene of the lassial H funtion,
H = p2

2m
+ V (x), this implies

〈Hkin〉 =

〈
~p2

2m

〉
=

1

2

〈
p
∂H

∂p

〉
=

1

2
kBT. (6.97)Similarly, one an show the Virial theorem:

〈
x
∂H

∂x

〉
= kBT

〈
x
∂V

∂x

〉
= kBT

(6.98)



6.4. THE CLASSICAL LIMIT 141For a harmoni potential Vh(x) ∼ x2, it follows:
〈Vh(x)〉 =

1

2

〈
x
∂V

∂x

〉
=

1

2
kBT (6.99)Generalizing this to many-partile systems, this proves theEquipartition theorem (lassial thermodynamis):Eah degree of freedom (momentum, position, or other) whih appearsquadratially in the Hamilton funtion, gives a ontribution 1

2
kBT to the in-ternal energy.This result has already been obtained for several expliit systems in the high-

T -limit of the spei� heat (e.g. Fermi gas, lassial gas).
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