
Chapter 7
Intera
ting Systems inThermodynami
 Equilibrium:Phase Transitions
7.1 Thermodynami
 
onsiderations and outlineWhen there are intera
tions between the parti
les ( or spins) of a many-body sys-tem, the eigenstates of the system, and hen
e its full thermodynami
s, 
annot,in general, be determined exa
tly.However, it 
an be understood from a very general thermodynami
 argumentthat in an intera
ting system the states at low and at high temperature 
an bedi�erent in a qualitative way and, thus, separated by a phase transition.These 
on
epts will be made more 
on
rete in this 
hapter11. Phase transitions with spontaneous symmetry breaking:In a thermodynami
 system 
ontrolled by temperature, the free energy

F = U − TS (7.1)1The Bose- Einstein 
ondensation is the only example of a system without intera
tion whi
hhas a phase transition, indu
ed only by statisti
al 
orrelations.143



144CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUMis always minimized in termodynami
 equilibrium.(a) For T → 0, this means that U is minimized, sin
e −TS gives a vanish-ing 
ontribution. With intera
tions, U is often minimal for an orderedstate.Example: Spin system with ferromagneti
 intera
tions.The ground state is a ferromagneti
 state with all spinsaligned parallel to ea
h other.This ground state is unique (3rd law of thermodynami
s) e.g. theferromagneti
 state with given magnetization dire
tion.(b) For su�
iently high T , F is always dominated by the term −TS,sin
e for T → ∞ the 
lassi
al limit is approa
hed, where U ∼ T and
−TS ∼ −T lnT ( see 
hapter 6.4.1, equipartation theorem).Thus, for T → ∞ the system maximizes the entropy S ( instead ofminimizing U) and forms a disordered state, realized by a large num-ber of mi
rostates.Example:

Figure 7.1: Paramagneti
 stateThe ordered state has often ( not always! 
ounter
ase: liquid- gas) aredu
ed symmetry 
ompared to the disordered one.Example: In the ferromagneti
 state the rotational symmetry isbroken.Therefore, the thermodynami
 states at high and at low T must beseparated by a phase transition. The existen
e of a phase transitionas a fun
tion of T 
an be inferred alone from the thermodynami




7.2. SPIN SYSTEMS WITH INTERACTIONS 145interplay of energy minimization and entropy maximization, if the in-tera
tions tend to form a ground state whi
h has lower symmetry thanthe Hamiltonian itself.There are, however, phase transitions whi
h 
annot be understood inthis way:2. Phase transitions without spontaneous symmetry breaking or long-rangeordering.Example: Liquid-gas transition3. Phase transitions at T = 0, 
ontrolled by other parameters (
ouplingstrength, parti
le density, . . .)
→ �quantum phase transitions�.In this 
hapter we will �rst 
onsider examples of real systems using approx-imate methods, in order to formulate the phenomenon �phase transition�and several 
on
epts 
onne
ted with it more pre
isely.Starting from the approximate treatment, we will then, in parti
ular, for-mulate the 
on
ept of universality near phase transitions, whi
h will leadus to the renormalization group method ( RG).A 
lassi�
ation of the di�erent types of phase transitions will be brie�ydis
ussed at the end.As examples we will des
ribe(a) Ordering transitions in magneti
 systems(b) Liquid-gas transitions in a 
lassi
al, intera
ting gas.7.2 Spin systems with intera
tions7.2.1 Origin of the spin-spin intera
tion and modelsThe nu
leus as well as the ele
tron system of a single atom 
an 
arry a �nitemagneti
 moment or spin. The magneti
 moment of the ele
tron system of an



146CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUMatom is 
omprised of the orbital angular momentum and of the spin of the ele
-trons. It is in general non-zero for atoms with in
ompletely �lled shells and mustbe �nite, if the number of ele
trons is odd.Types of spin-spin intera
tions(a) Dire
t dipole intera
tion:This intera
tion is very weak be
ause of the smallness of the individualmagneti
 moments involved and 
an usually be negle
ted.(b) Ex
hange intera
tion:This intera
tion is indu
ed by the symmetry of the quantum me
hani
almany-body wave fun
tion and by the ( large!) Coulomb intera
tion betweenthe ele
trons. Therefore, this intera
tion 
an be large.
• Hund's rule ferromagneti
 intera
tionbetween ele
trons in orbitals whi
h are spatially 
lose ( large Coulomb-intera
tion) but ( almost) orthogonal to ea
h other (no hybridization mix-ing)

+

+−

−
+

Figure 7.2: Feromagneti
 intera
tion
|ψ〉 = |φ〉orbital ⊗ |χ〉spin (7.2)Spatial part of 2-parti
le wave fun
tion antisymmetri
 to minimize strongCoulomb repulsion.
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⇒ Spin part of wave fun
tion symmetri
 → triplet
⇒ Coulomb indu
ed ferromagneti
 intera
tion.

• Hopping-indu
ed antiferromagneti
 intera
tionbetween ele
trons in orbitals whi
h are spatially separated ( small Coulombintera
tion), but have large overlap (strong hopping between orbitals)
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Figure 7.3: Antiferomagneti
 intera
tionKineti
 energy minimized by virtual hopping of an ele
tron between thetwo orbitals. This is only possible, if the ele
trons in the two orbitals areantiferromagneti
ally oriented, be
ause of the Pauli prin
iple.
⇒ antiferromagneti
 
oupling.Using these mi
ros
opi
 
ouplings one 
an write down e�e
tive spin modelsfor the ele
trons whi
h do not involve the details of the orbitals any longerbut only the spin 
ouplings.We will 
onsider only spin-1

2
systems here.1. Heisenberg modelLo
alized intera
ting spins on a latti
e.

HHeisenb. = −
∑

i,j

Jij ~Si · ~Sj − µ ~B ·
∑

i

~Si (7.3)most often: nearest neighbor 
oupling:
Jij =

{
J , i, j, n.n.
0 , else (7.4)



148CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUM
Ji,j > 0 : ferromagneti
 (7.5)
Ji,j < 0 : antiferromagneti
 (7.6)

~B : external magneti
 �eld (7.7)
~Si =

1

2



~σx

~σy

~σz


 : ve
tor of Pauli matri
es (7.8)

σx(0) =

(
0 1

1 0

)
, σy(0) =

(
0 −i
i 0

)
, σz(0) =

(
1 0

0 −1

)(7.9)whi
h have quantum dynami
s a

ording to the Heisenberg equationof motion.
→ In general not exa
tly solvable.2. Ising model

HIsing = −
∑

i,j

JijSizSjz − µB
∑

i

Sz (7.10)Sin
e all the x, y 
omponents are set equal to zero, the spins haveno temporal dynami
s in this model, but 
an only take the values
Siz = ±1

2
in a statisti
al manner.

→ 
lassi
al spin model3. x-y modelPlanar spins on a latti
e
Hx−y = −

∑

i,j

Jij(SixSjx + SiySjy) − µB
∑

i

Six (7.11)4. Stoner modelItinerant ele
trons with short-range (s
reened) Coulomb repulsion Uon a latti
e
HStoner =

∑

~k,σ

ǫ~kc
+
~kσ
c~kσ + U

∑

i,j

δi,jn̂i↑n̂j↓, U > 0 (7.12)
n̂iσ = c

†
iσciσ, σ =↑, ↓: ele
tron number on site i with spin σ.



7.2. SPIN SYSTEMS WITH INTERACTIONS 1497.2.2 Mean-�eld theory for the Heisenberg modelThe ferromagneti
 Spin-1
2
Heisenberg model with nearest neighbor 
oupling reads

H = −J
∑

〈i,j〉

~Si · ~Sj − µ ~B ·
∑

i

~Si , J > 0 (7.13)where 〈·, ·〉 denotes nearest neighbor sites.
• Ground state (T = 0):All spins aligned, ferromagneti
 long-range order
• High-T limit (kBT ≫ J):Independent spins, paramagneti
Sin
e for the quantum model the ex
ited many-body states and energies 
annot befound exa
tly, one must apply an approximation to des
ribe the thermodynami
s.Mean-�eld (MF) approximation:We sele
t an arbitrary single spin ~Si at latti
e site i and assume that the e�e
tof all the surrounding spins on ~Si 
an be des
ribed in an averaged way by ane�e
tive �eld ~BMF (Weiÿ�eld). The resulting mean-�eld Hamiltonian is then
HMF = −µ( ~B + ~BMF ) ·

∑

i

~Si (7.14)Sin
e HMF is non-intera
ting, it 
an be solved exa
tly. However, ~BMF is nowa variational parameter whi
h must be determined in an optimal way so as tominimize the free energy.
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Figure 7.4: Mean-�eld approximation



150CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUMIn mean-�eld approximation the equilibrium density operator is
ŴMF =

1

ZMF

e
−

bHMF
kBT (7.15)with the MF partition sum (system of N free spins 1

2
)

ZMF = tr{e−
bH

kBT } = (2 cosh x)N (7.16)with the abbreviations
x =

µ(B +BMF )

2kBT
, h =

µB

2kBT
(7.17)( ~BMF ‖ ~B ‖ ẑ without loss of generality).The MF thermal average of any quantity is the average taken with respe
t to

ŴMF , e.g. the average spin and the spin-spin 
orrelation fun
tion (see free spin
1
2
, 
hapter 3):

〈~Si〉MF =
1

2
êz tanhx (7.18)

〈~Si · ~Sj〉MF = 〈~Si〉MF · 〈~Sj〉MF (7.19)
=

1

4
tanh2 x , (7.20)and the MF free energy

F{ŴMF} = U − TS = tr{ĤŴMF + kBTŴMF ln(ŴMF )} (7.21)
= −kBT lnZMF + 〈Ĥ − ĤMF 〉MF (7.22)
= −kBT lnZMF − J

∑

〈i,j〉

〈~Si · ~Sj〉MF + µ ~BMF ·
∑

i

〈~Si〉MF(7.23)
F = F (BMF ) (7.24)

= N

[
−kBT ln(2 coshx) − J

Z

2
· 1

4
tanh2 x+ kBT (x− h) tanhx

]
,(7.25)

Z = number of nearest neighbors.



7.2. SPIN SYSTEMS WITH INTERACTIONS 151To �nd the optional �eld BMF we �nd the minimal (stationary) point of F wrt.
BMF :

0 =
∂F

∂x
=

[
1

4
JZ tanhx+ kBT (x− h)

]
1

cosh2 x
(7.26)or

µBMF =
1

2
JZ tanh

µ(BMF +B)

2kBT variational 
ondition for BMF . (7.27)This result 
an be understood pi
torially in that BMF is the e�e
tive �eld a
tingon ~Si, 
reated by the surrounding spins, i.e. 
omparing equations (7.13), (7.14):
µBMF = J

∑

j,n,n,i

〈~Sj〉MF = JZ · 1

2
tanh x (7.28)in agreement with the variational result.Sin
e 〈~Sj〉MF of the surrounding spins is the same as for the 
entral spin 〈~Si〉MF(be
ause of translational invarian
e), BMF is also 
alled "self
onsistent �eld"(similar to Hartree-Fo
k approximation).Graphi
al solution of the self
onsisten
y equation1. B = 0 (no external �eld)

T<Tc

T>Tc

x

BT/JZkx 4.

1

0

−1

Figure 7.5: Graphi
al solution for B = 0 (no external �eld)



152CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUM(a) For T > Tc,
Tc =

JZ

4kB

f.m. transition temperature(Curie temperature) (7.29)only the solution x = 0, BMF = 〈~Si〉MF = 0 exists.
→ Paramagnti
 high-T phase.(b) For T < Tc two solutions x 6= 0 exist with the non-zero magnetization

M = − ∂F

∂B

∣∣∣∣
B=0

= µN〈|~Sj|〉MF = M0 tanh x|B=0 , (7.30)
M0 = µNs (s = 1

2
) saturation magnetization with x = solution ofself
onsisten
y equation.(
) For T . Tc one obtains by expanding tanh(x) for small x

µBMF

2kBT
= x = ±

√
3

√
1 − 4kBT

JZ
= ±

√
3

√
1 − T

Tc
(7.31)and a �nite, spontaneous magnetization

M(T ) = M0 tanh

√

3

(
1 − 4kBT

JZ

)
≈M0

√

3

(
1 − 4kBT

JZ

)
+O(Tc−T )(7.32)(ferromagnetism).

Tc

+M0

−M0

T

M

Figure 7.6:



7.2. SPIN SYSTEMS WITH INTERACTIONS 1532. B 6= 0:In �nite external �eld, the magnetization 
urve is shifted.

-1,5

-1

-0,5

0

0,5

1

1,5

−(x−h)(4k  BT/JZ)

x

0

1

−1

Figure 7.7:
Magneti
 sus
eptibility:For small external �eld B and T ≈ Tc: x≪ 1, the self
onsisten
y equationreads

(x− h)
4kBT

JZ
= tanh x ≈ x− 1

3
x3 +O(x5) (7.33)

∂x

∂B
= 2kBT

∂x

∂h
(7.34)

(
∂x

∂h

∣∣∣∣
B=0

− 1

)
4kBT

JZ︸ ︷︷ ︸
T
Tc

=
∂x

∂h

∣∣∣∣
B=0

− x2
∣∣
B=0

∂x

∂h

∣∣∣∣
B=0

(7.35)
∂x

∂h

∣∣∣∣
B=0

=
T
Tc

T
Tc

− 1 + x2|B=0

(7.36)
=

T
Tc

T
Tc

− 1 + 3
∣∣∣1 − T

Tc

∣∣∣
(7.37)
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=






1
2

T
Tc

1− T
Tc

, T < Tc

1
4

T
Tc

T
Tc

−1
, T > Tc

(7.38)Hen
e,
χ(T ) =

∂M

∂B

∣∣∣∣
B=0

(7.39)
= −

(
∂2F

∂B2

)∣∣∣∣
B=0

= M0
∂

∂B
tan x(B, T )|B=0 (7.40)

= M0
1

cosh2 x(0, T )
· 1

2kBT

∂x

∂h
(7.41)

B = 0, T ≈ Tc: x ≈ 0

Tc

| T/Tc−1 |
1~

T

(T)χ

Figure 7.8:
χ(T ) =

M0

2kBTc

α∣∣∣ TTc
− 1
∣∣∣
, α =

{
1
2

, T < Tc
1
4

, T > Tc
(7.42)The magneti
 sus
eptibility diverges st the transition with a power law∣∣∣ TTc

− 1
∣∣∣
−1.From the mean-�eld solution of the ferromagneti
 transition one 
an extra
tseveral important, general 
on
epts of phase transitions:



7.2. SPIN SYSTEMS WITH INTERACTIONS 1551. Classi�
ation of phase transitionsFor T < Tc the thermodynami
 state is qualitatively di�erent than for
T > Tc, e.g. �nite magnetization broken rotational symmetry below Tc.The transition between the two types of states is 
alled phase transition.Remark: De�nition of qualitative 
harge non-trivialFor the f.m. transition the sus
eptibility χ = −∂2F

∂B2 diverges at the transi-tion, while M = −∂F
∂B

is 
ontinuous.De�nition:A phase transition is of nth order, if the n-th derivatives of F wrt. to inten-sive variables diverges at the transition and all lower-order derivatives are
ontinuous.We �rst 
onsider 2nd order phase transitions.2. Long-range order and order parameterIn all the thermodynami
 states at T < Tc the spins have a �nite 
omponent
〈~Si〉MF aligned parallel to ea
h other over an in�nite distan
e, i.e. there islong-range order.The states for T < Tc have a �nite spontaneous (i.e. even for ~B = 0)magnetization M(T < Tc) 6= 0. This region of states is 
alled orderedphase.For T > Tc the magnetization vanishes, ~M(T ≥ Tc) = 0. This region is
alled disordered phase.A quantity (like ~M) whi
h vanishes in the disordered phase and is �nite inthe ordered phase and whi
h 
an, hen
e, be used to 
hara
terize the phases,is 
alled ordered parameter (OP).3. Spontaneous symmetry breakingThe states with �nite magnetization | ~M | are in�nitely degenerate, sin
e thedire
tion of ~M is arbitrary. For a given state, however, the dire
tion of ~Mis �xed: The ordered state does not have the full 3D rotational symmetryof the Hamiltonian. This fa
t is 
alled spontaneous symmetry breaking.The spontaneous breaking of a 
ontinuous symmetry has important 
onse-quen
es. They result from the fa
t, that the (symmetry-breaking) ground



156CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUMstate is in�nitely degenerate:(a) Existen
e of gapless 
olle
tive ex
itations whi
h �mix� in the degener-ate ground states in a position-dependent way: Goldstone modesExample: Magnons (spin waves) in a ferromagnet

arbitrary direction of M xFigure 7.9:(b) Existen
e of domains with di�erent orientation of ~M .Sin
e Goldstone modes are gapless, they dominate the low-energy ex
itationspe
trum. The Goldstone modes are not in
luded in the MF theory sin
eno spatial dependen
e is 
onsidered. Therefore, the MF theory does notgive T -dependen
ies 
orre
tly, like spe
i�
 heat.4. Criti
al exponentsAt a 2nd order transition the order parameter vanishes with a power law
~M(T ) ∼

(
1 − T

Tc

)β (7.43)The sus
eptibilities (2nd derivatives of F , response fun
tions) diverge witha power law
χ(T ) ∼

∣∣∣∣1 − T

Tc

∣∣∣∣
−γ (7.44)

cV (T ) ∼
∣∣∣∣1 − T

Tc

∣∣∣∣
−α (7.45)



7.2. SPIN SYSTEMS WITH INTERACTIONS 157The exponents α, β, γ, . . . are 
alled 
riti
al exponents; �
riti
al behavior�of physi
al quantities at the transition.In mean �eld theory:
β =

1

2
, γ = 1, α = 0 (step) (7.46)This result is universal for any 2nd order transition in MF approximation(will be shown in G.-L.-theory). The exa
t exponents are in general di�erentfrom the MF result. The reason is that thermal �u
tuations (
aused byGoldstone modes) are not taken into a

ount in MF approximation.7.2.3 Ginzburg-Landau-Theory for 2nd order phase tran-sitionsThe free energy density is a fun
tion of the mean �eld µBMF

2kBT
= x, i.e. of the orderparameter �eld (see 6.2.2):

M

M0
= m = tanh

µ(B +BMF )

2kBT
=

{
0 , paramagnet

6= 0 , ferromagnet (7.47)In equilibrium, the value of BMF (and thus m) is determined by the stationarity
ondition on F (self
onsisten
y equation). However, in a general state F has theform
F =

∫
d3x f (7.48)

f(T,m, h) =
N

V

[
−kBT ln(2 coshx) − J

Z

2
· 1

4
tanh2 x+ kBT (x− h) tanhx

](7.49)In order to learn general properties of a 2nd-order transition, one 
an exploit thatthe order parameter m vanishes 
ontinuously at the transition and, hen
e, that
f 
an be expanded in powers of m:

f =

f0︷ ︸︸ ︷
−nkBT ln 2 +

1

2
A
T − Tc

Tc︸ ︷︷ ︸
τ

m2 +
1

4
Bm4 −mh +O(m6) (7.50)



158CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUMThe 
oe�
ients A, B 
an be 
al
ulated from a mi
ros
opi
 theory for a givensystem.However, we are here interested in the general behavior near the transition with-out 
al
ulating the 
oe�
ients expli
itly. From very general prin
iples they havethe properties1. Only even powers of m appear in the expansion (spatial inversion symme-try) if there is no external �eld h.2. The minima of f(m) are at the equilibrium values of m. This implies thatthe 
oe�
ient of the m2 term is (see �gure)
{
> 0 , T ≥ Tc

< 0 , T < Tc
(7.51)

T>Tc

T<Tc

meq. meq.

meq.

f−f 0

mFigure 7.10:This has been taken into a

ount in the fa
tor
τ =

T − Tc

Tc
redu
ed temperature (7.52)and A > 0.3. The 
oe�
ient of the m4 term and of all higher-order terms must be R > 0in order to stabilize the system.



7.2. SPIN SYSTEMS WITH INTERACTIONS 159In order to in
lude spatial �u
tuations, the free energy density 
an be 
on-sidered position dependent, whi
h introdu
es a gradient term (�rigidity� ofthe OP �eld)
∆f = f − f0 = f

{
1

2
ξ2
0(
~∇~m)2 +

1

2
τ ~m2 +

1

4
b(~m2)2 − ~m · ~h

} (7.53)
~m = ~m(~x), ξ0 : OP 
oheren
e length.Although the G.-L. theory has been developed here for a ferromagneti
 transition,it 
an be written for any 2nd order transition and allows to explore generalproperties of a transition in MF approximation, eg. spe
. heat, 
riti
al exponentset
.7.2.4 Prin
iple of the Higgs me
hanismOne of the important problems of the standard model of elementary parti
lephysi
s is the question, how the gauge bosons obtain their non-zero rest mass.Gauge bosons are the parti
les whi
h mediate the elementary intera
tions. Theyare the �eld quanta of the gauge �elds, e.g. W± and Z0 bosons for the weak inter-a
tion (SU(2) symmetry), photons for the ele
tromagneti
 intera
tion(U(1) symmetry) and gluons for the strong intera
tion (SU(3) symmetry). Thegauge symmetry prohibits a rest mass of the gauge bosons. For the example ofthe ele
tromagneti
 intera
tion we show in this 
hapter �rst, how the U(1) gaugesymmetry implies that photons are massless, and se
ond, as an appli
ation ofa Ginzburg-Landau theory, how spontaneous symmetry breaking 
an lead to a�nite rest mass of the gauge bosons. The latter is 
alled the Anderson-Higgsme
hanism.U(1) gauge symmetryWe 
onsider a s
alar boson matter �eld ψ(x) with rest mass m, the Higgs boson�eld, obeying the Klein-Gordon equation (~ = 1, c = 1)

(
−∂µ∂µ +m2

)
ψ = 0. (7.54)The free energy density of the �eld ψ(x) is

fψ = ψ∗
(
−∂µ∂µ +m2

)
ψ − Ts, (7.55)



160CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUMwhere s is the entropy density 
onsidered later. Note that in the Klein-Gordontheory n = iψ∗ (∂tψ) is interpreted as a parti
le density.From equation (7.55) we see that the prefa
tor of the modulus squared of ψin the free energy density, m2|ψ|2, indi
ates the square of the rest mass. This is,hen
e, the general pla
e where the rest mass of a parti
le appears in a �eld theory.The ele
tromagneti
 4-ve
tor potential is
Aµ = (φ, ~A), Aµ = gµνA

ν (7.56)and the �eld tensor in 
ovariant form
Fµν = ∂µAν − ∂νAµ. (7.57)The ele
tromagneti
 free energy density is ( negle
ting the energy 
ontribution

−Tse.m. at low T )
fe.m. =

1

8
FµνF

µν =
1

8π

(
~E2 + ~B2

)
. (7.58)The U(1) gauge symmetry of the total free energy density with respe
t to lo
alphase transformations of ψ,

ψ(x) 7−→ eiΘ(x)ψ(x) (7.59)implies that the derivatives of ψ are repla
ed a

ording to
i∂µ 7−→ i∂µ − eAµ(x) (7.60)( �minimal 
oupling�), where a gauge �eld Aµ(x) has been introdu
ed whi
h musttransform as
Aµ(x) 7−→ Aµ(x) −

1

e
∂µΘ(x) (7.61)in order to obey the lo
al U(1) gauge symmetry.The total free energy density of the intera
ting system is, hen
e,

f{ψ, ψ∗, Aµ} = ψ∗
[
(−i∂µ − eAµ) (−i∂µ − eAµ) +m2

]
ψ (7.62)

−Ts+
1

8π
FµνF

µν



7.2. SPIN SYSTEMS WITH INTERACTIONS 161The free ele
tromagneti
 �eld in va
uum (no 
harges) is a transverse �eld, ∂µAµ =

0. This additional 
onstraint means that the 4-ve
tor Aµ 
onsists of 3 indepen-dent �elds, i.e. is a 3-dim. representation of the rotation group. Hen
e, Aµ
arries an integer spin S = 1, and its �eld quanta are bosons. Aµ is identi�edwith the ele
tromagneti
 �eld and its �eld quanta are the photons.It is seen that the energy density u is invariant under the lo
al U(1) gauge trans-formations (7.59), (7.61), and that a mass term for the gauge �eld,
M2phAµAµ (7.63)would break the gauge symmetry (see (7.61)).Spontaneous symmetry breakingWe will now des
ribe a 
ondensation transition of the bosoni
 matter �eld ψ. Tothat end we will derive a Ginzburg-Landau form of the free energy.a) In order to have a 
ondensation the number of bosons (ψ- �eld) must be�xed by a 
hemi
al potential µ(T ).Therefore, we transform to the grand 
anoni
al potential density w withthe natural variable µ:

w{ψ, ψ∗, Aµ} = f{ψ, ψ∗, Aµ} − µn{ψ, ψ∗}. (7.64)We will be interested only in the 
ondensate part ψ0(x) of the matter �eld,whi
h has momentum ~k(0) = 0 and rest energy m,
ψ0(x) = |ψ0|e−ik

(0)
µ xµ

= |ψ0|e−imt (7.65)
n(0) = iψ∗∂tψ = m|ψ0|2 (7.66)b) The matter �eld has a repulsive intera
tion with itself. For our U(1) systemthis is the ele
tromagneti
 intera
tion (Coulomb repulsion), sin
e the par-ti
les of the matter �eld ψ 
arry 
harge e due to the 
oupling to Aµ. Thisintera
tion would be obtained in se
ond order perturbation theory in the
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oupling to the ele
tromagneti
 �eld Aµ. For simpli
ity, we here assume azero-range repulsive 
onta
t intera
tion, whi
h gives the 
ontribution
1

4
b|ψ(x)|2|ψ(x)|2, b > 0 (7.67)to the free energy density. It will stabilize the system against in�nite 
on-densate amplitude |ψ0|.The total grand potential density is then,

w{ψ0, ψ
∗
0, A

µ} = w0{ψ0, ψ
∗
0, A

µ} + e2AµA
µ|ψ0|2 (7.68)

−µ(T )m|ψ0|2 +
1

4
b
(
|ψ0|2

)2There is no derivative of ψ0(x) in w, sin
e the 
ondensate wave fun
tion
ψ0(x) has no spatial dependen
e and the time derivative 
an
els in f . Theentropy of the 
ondensate ψ0(x) vanishes, sin
e it is a single state. Allnon-
ondensate 
ontributions, in
luding −Ts and 1

8π
FµνF

µν are absorbedin w0. They behave 
ontinuously at the 
ondensation transition (whi
h willbe 
onsidered below).The quadrati
 term in w has a sign 
hange at a 
riti
al temperature Tc,sin
e
µ(T = 0) = m = minimum energy of a matter parti
le > 0 (7.69)
µ
T→∞−→ −∞ (see bosoni
 systems), and (7.70)

e2〈AµAµ〉 > 0 is small, e2〈AµAµ〉T=0 = 0. (7.71)
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Tc−m2

e2<A  A  >−   (T)mµµ
µ

TFigure 7.11:Hen
e, the grand potential 
an be written as
w = w0 +

1

2
a

τ︷ ︸︸ ︷
T − Tc

Tc
|ψ̄0|2 +

1

4
b
(
|ψ̄0|2

)2
+ . . . , a, b > 0. (7.72)
T<Tc

T>Tc
ω−ω0

ψ

θ

Figure 7.12:For T > Tc, w has minima for nonzero 
ondensate amplitudes |ψ̄0|

0
!
=

∂w

∂ψ̄∗
0

aτψ̄0 + b|ψ̄0|3 (7.73)
ψ̄0(T ) =

√
−a
b
τ =

√
a

b
·
√

1 − T

Tc
. (7.74)



164CHAPTER 7. INTERACTING SYSTEMS IN THERMODYN. EQUILIBRIUMThe symmetry-broken ground state has a 
ontinuous degenera
y due to anarbitrary global phase Θ ∈ [0, 2π[:
ψ0 = ψ̄0e

iΘe−imt. (7.75)In the 
ondensate phase, T < Tc, the free energy of the photon �eld is
fAµ

= e2|ψ̄0|2AµAµ +
1

8π
FµνF

µν , |ψ̄0| > 0. (7.76)This means that by the spontaneous symmetry breaking Aµ has dynami
allya
quired a non-zero mass term with
M2ph = e2|ψ̄0|2 = e2

√
a

b
·
√

1 − T

Tc
. (7.77)Physi
al interpretation:The physi
al interpretation 
an be found by 
onsidering the wave equa-tion for Aµ in the symmetry broken state

0 =
(
−∂2

t + ∂2
~x +M2ph)Aµ (c = 1) (7.78)

Aµ = Āµe−i(ωt−
~k~x) (7.79)with

ω =
√
k2 −M2ph =






√
k2 −M2ph, k ≥Mph

−i
√
M2ph − k2, k < Mph. (7.80)For c~k < mc2 the wave equation for Aµ has only de
aying solutions, i.e.the �eld Aµ 
annot stati
ally exist inside the 
ondensate.Physi
ally, this situation is realized in a super
ondu
tor. ψ̄0 is the super
on-du
ting 
ondensate amplitude. The fa
t that photons (i.e. an ele
tromag-neti
 �eld) with energy ~ω < Mphc2 
annot exist inside a super
ondu
toris the Meiÿner e�e
t.


