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Figure 1: The brane configuration in five-dimensional heterotic M-theory

Even though the boundaries are non-dynamical, it is convenient to introduce trivial embedding co-

ordinates y = y(0) = 0 and y = y(N+1) = πρ for them. For ease of notation, we also denote the

embedding coordinate of the anti three-brane as ȳ = y(p̄) . We will also frequently use normalized

orbifold coordinates z = y/πρ ∈ [0, 1] and z(p) = y(p)/πρ ∈ [0, 1], where p = 0, . . . , N + 1, to simplify

our notation.

Finally, we should briefly discuss the charges and tensions of the orbifold boundaries and branes. For

this purpose, it is useful to introduce an integral basis Ck, where k, l, · · · = 1, . . . , h1,1(X), of the second

homology of the internal Calabi-Yau space X. Suppose that the p-th M five-brane, where p = 1, . . . , N ,

wraps the cycle C(p) given by

C(p) = β(p)
k Ck . (6)

Then the integer coefficients (β(p)
k ) represent the charge vector of the brane p. The charges on the

orbifold boundaries are determined by the second Chern classes c2(X), c2(V(0)) and c2(V(N+1)) of the

Calabi-Yau space X and the two internal vector bundles V(0) and V(N+1) on the boundaries, respectively.

More explicitly, we can define the charge vectors (β(0)
k ) and (β(N+1)

k ) of the two boundaries by

c2(V(0)) −
1

2
c2(X) = β(0)

k Ck , c2(V(N+1)) −
1

2
c2(X) = β(N+1)

k Ck . (7)

y = −y(p), where p = 1, . . . , N in order to have a Z2 symmetric configuration.

5

5D Heterotic M-theory including anti-branes.

What I say today will be valid for a single anti-brane, as 
shown, but generalizes trivially to an arbitrary number of 
these objects.



A Toy Model of the Warping in Heterotic.

Bulk equation of motion:

At the boundaries:

At the branes:

!5Φ = 0

DyΦ|y=0 = −S(0) , DyΦ|y=πρ = +S(N+1)

−DyΦ|y=y(p)+ + DyΦ|y=y(p)− = S(p)

3 The Five-Dimensional Domain Wall with Anti-Branes

In this section, we will illustrate the main features of the five-dimensional reduction ansatz in the

context of a simple scalar field toy model. We will then explicitly work out the essential part of this

reduction ansatz, the five-dimensional non-supersymmetric domain wall. This is a generalization of the

BPS domain wall solution of Ref. [21, 22] and includes the back-reaction effects of the anti three-brane.

The key new point for us will be to discover how the back-reaction on the bulk fields due to the

presence of the branes and, in particular, the anti-brane is taken into account in the reduction ansatz.

While this is technically complicated for five-dimensional heterotic M-theory, the basic ideas can be

explained in a simple setting. Before dealing with the full problem, we will, therefore, discuss a scalar

field toy model [29] to illustrate the key features involved. The structure of space-time and branes for

this model is precisely as described above and illustrated in Fig. 1. The action is given by

S ∼
∫

d5x



∂αΦ∂αΦ − δ(y)S(0)Φ − δ(y − πρ)S(N+1)Φ −
N

∑

p=1

(δ(y − y(p)) + δ(y + y(p)))S(p)Φ



 , (20)

where S(p) are sources on the boundaries and branes (which can depend on other fields) and Φ is a

Z2 even scalar field. What we want to discuss in this model is the warped background solution which

arises due to the presence of the source terms and the four-dimensional effective theory associated to

it. To this end, it is useful to split up the scalar field as Φ = φ + φ0, where φ0 is a function of the

four-dimensional coordinates only and is the quantity that will become the modulus associated to this

degree of freedom in the four-dimensional effective theory. On the other hand, φ represents a function

of all five coordinates and contains the warping of the background due to the presence of sources terms.

In order to uniquely define this splitting of Φ, we require that the orbifold average < φ > of φ vanishes.

This condition implies a specific choice of coordinates on field space in the resulting four-dimensional

effective theory and is particularly useful in finding a clean form for the resulting action - as we shall

see explicitly throughout this paper.

The field equation for Φ, valid in each bulk region indicated in Fig. 1, then reads

!4φ0 + !4φ + D2
yφ = 0 . (21)

In addition, Φ is subject to boundary conditions at the edge of each region due to the presence of the

sources. For the two orbifold boundaries, these take the form

Dyφ|y=0 = −S(0) , Dyφ|y=πρ = +S(N+1) (22)

while, for the branes, we have

−Dyφ|y=y(p)+ + Dyφ|y=y(p)−
= S(p) , (23)
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−
N∑

p=1

δ(y − y(p))S(p)Φ

]



where p = 1, . . . , N . The subscript “y = y(p)+” (“y = y(p)−”) indicates that the relevant quantity

should be evaluated approaching the p-th brane from the right (left).

We can now take an average of the equation of motion (21) over the orbifold. Using < φ >= 0 and

the “boundary conditions” (22) and (23), we obtain

!4φ0 +
∑

i

Si = 0 . (24)

This relation may then be used to eliminate φ0 in (21) to obtain an equation purely for the warping

!4φ + D2
yφ =

∑

i

Si. (25)

To pursue our analysis further, we need to know something about the various approximations, and

associated expansions, which are made in deriving four-dimensional heterotic M-theory, some of which

have already been implicit in our analysis. Two expansions in particular are of central importance

at this point. The first of these is simply the usual expansion in four-dimensional derivatives which

is always made in defining such an effective theory; in other words, the four-dimensional fields are

assumed to be slowly varying relative to the structure in the internal dimensions. The second expansion

which we need is in terms of a small parameter εS, which controls the size of the source terms. We

will meet this quantity explicitly soon, so let us just state this to be true for now. The zero mode

φ0 is a quantity independent of the warping and is, therefore, zeroth order in the εS expansion. By

contrast, φ is precisely the quantity which presents the warping and so is first order εS . Looking at

Eq. (25) which determines the warping, we see that the first term is both first order in εS and second

order in four-dimensional derivatives whereas the remaining terms are simply first order in εS. We may

therefore, in a controlled approximation, ignore the first term resulting in the following equation for the

warping

D2
yφ =

∑

p

S(p). (26)

Thus, in the end, we need to solve the system of bulk equations and boundary conditions given by

Eqs. (22), (23) and (26). Before moving on to the full calculation, we qualitatively describe such an

analysis in various cases by transferring the insight from the above toy example to heterotic M-theory.

We start with heterotic M-theory in the absence of anti-branes and proceed to a discussion of the

back-reaction of such objects when they are included in the vacuum.

a) Zeroth order in sources When all of the sources are set to zero, the warping equation (26)

becomes simply D2
yφ = 0. Since φ must be continuous around the orbifold this, in combination with

the condition < φ >= 0, results in φ = 0. For five-dimensional heterotic M-theory, this implies that the

zeroth order vacuum is simply five-dimensional Minkowski space.
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Integrate the bulk equations across the orbifold and use 
boundary conditions:-

Perform the split:

Bulk equation becomes:

3 The Five-Dimensional Domain Wall with Anti-Branes

In this section, we will illustrate the main features of the five-dimensional reduction ansatz in the

context of a simple scalar field toy model. We will then explicitly work out the essential part of this

reduction ansatz, the five-dimensional non-supersymmetric domain wall. This is a generalization of the
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field toy model [29] to illustrate the key features involved. The structure of space-time and branes for

this model is precisely as described above and illustrated in Fig. 1. The action is given by

S ∼
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∂αΦ∂αΦ − δ(y)S(0)Φ − δ(y − πρ)S(N+1)Φ −
N

∑

p=1

(δ(y − y(p)) + δ(y + y(p)))S(p)Φ



 , (20)

where S(p) are sources on the boundaries and branes (which can depend on other fields) and Φ is a

Z2 even scalar field. What we want to discuss in this model is the warped background solution which

arises due to the presence of the source terms and the four-dimensional effective theory associated to

it. To this end, it is useful to split up the scalar field as Φ = φ + φ0, where φ0 is a function of the

four-dimensional coordinates only and is the quantity that will become the modulus associated to this

degree of freedom in the four-dimensional effective theory. On the other hand, φ represents a function

of all five coordinates and contains the warping of the background due to the presence of sources terms.

In order to uniquely define this splitting of Φ, we require that the orbifold average < φ > of φ vanishes.

This condition implies a specific choice of coordinates on field space in the resulting four-dimensional

effective theory and is particularly useful in finding a clean form for the resulting action - as we shall

see explicitly throughout this paper.

The field equation for Φ, valid in each bulk region indicated in Fig. 1, then reads

!4φ0 + !4φ + D2
yφ = 0 . (21)

In addition, Φ is subject to boundary conditions at the edge of each region due to the presence of the

sources. For the two orbifold boundaries, these take the form

Dyφ|y=0 = −S(0) , Dyφ|y=πρ = +S(N+1) (22)

while, for the branes, we have

−Dyφ|y=y(p)+ + Dyφ|y=y(p)−
= S(p) , (23)
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Φ = φ0(xµ) + φ(xµ + y)

Look at the case where warping is weak and 4d derivatives 
are small and substitute this back into the bulk equation:-

∫ πρ

0
φ dy = 0

!4φ0 +
∑

p

S(p) = 0



So in the end we have a system of equations 
for the warping:-
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Bulk :

Boundaries:-

Branes:-

D2
yφ =

∑

p

S(p)



E.G. 1: The supersymmetric vacuum

• Sources S are the tensions of the branes.

• Sum of the charges on the compact space is zero.

• Objects are BPS so tension = charge.

• Therefore                 and the bulk equation becomes                                  
∑

S = 0

D2
yφ = 0 .

The warping in the supersymmetric vacuum 
is linear in y.



• The sources S are now the kinetic and potential terms 

for brane and boundary localized fields.

• Therefore                  (matter on different objects is 

independent). 

• So in this case bulk equation is

E.G. 2: Warping due to matter fluctuations

∑
S != 0

D2
yφ =

∑
S .

The warping due to matter field fluctuations is 
quadratic. This is typical of any change away from the 
pure tension vacuum in heterotic M-theory.



• Sources S are the tensions of the branes and anti-
branes.

• Sum of the charges on the compact space is zero.

• For an anti-brane charge = - tension.

• So tensions do not sum to zero and we have in the 

bulk

E.G. 3: Anti-branes in heterotic M-theory.

D2
yφ =

∑
S .

Thus the warping due to the anti-brane is 
quadratic in y. 



h1,1(X) − 1 Kähler moduli bk, form the bosonic parts of h1,1(X) − 1 vector multiplets. The remaining

scalar fields, that is, the Calabi-Yau volume modulus V , the dual of the three-form Cαβγ , the complex

structure moduli zp and the axions ξA, ξ̃B account for the bosonic parts of h2,1 + 1 hypermultiplets,

each of which contains four real scalars.

As usual, we have additional degrees of freedom living on the orbifold boundaries and branes which

are present. On the four dimensional boundaries, labeled by p = 0, N +1, we have N = 1 gauge theories

with gauge fields A(p)µ transforming in the adjoint of the gauge groups H(p) ⊆ E8 and gauge matter

fields in N = 1 chiral multiplets with scalar components CIx
(p). They transform in representations of

H(p) which we shall denote by R(p)I , with I, J, . . . labeling the different representations and x, y . . . the

states within each representation. More details on the origin and structure of the matter sector can be

found in Appendix B.

The world-volume fields associated with the three-branes which descend from wrapping an M5

brane on a holomorphic (or anti-holomorphic) curve in the Calabi-Yau are as follows. The embedding

coordinate (brane position) y(p) together with the world volume scalar s(p) which descends from the

two-form on the M five-brane world-volume, pair together to form the bosonic content of an N = 1

chiral multiplet, (y(p), s(p)). In addition we have N = 1 gauge multiplets, with the associated field

strengths denoted by Eu
(p). Here u, v · · · = 1, ..., g(p), where g(p) is the genus of the curve C(p) wrapped

by the p-th M5 brane. In general, there will be additional chiral multiplets describing the moduli space

of the five brane curves and non-Abelian generalizations of the gauge field degrees of freedom when M5

branes are stacked. These are not vital to our discussion and we shall not explicitly take them into

account in what follows. A similar selection of four-dimensional fields appears on the anti-brane world

volume.

Given this field content, the following is the bosonic part of the five-dimensional action describing

Hořava-Witten theory [26] compactified on an arbitrary Calabi-Yau manifold [21–23, 27, 28] in the

presence of M5 and anti-M5 branes.

S = − 1

2κ2
5

∫

d5x
√
−g

[

1

2
R +

1

4
Gkl(b)∂bk∂bl +

1

2
Gkl(b)Fk

αβF lαβ +
1

4
V −2(∂V )2 + λ(dijkb

ibjbk − 6)

+
1

4
Kab̄(z)∂z

a∂z̄
b̄ − V −1(X̃Aα − M̄AB(z)XB

α )([$(M(z))]−1)AC(X̃α
C − MCD(z)XDα)

+
1

4!
V 2GαβγδG

αβγδ + m2V −2Gkl(b)β̂kβ̂l

]

− 1

2κ2
5

∫
(

2

3
dklmAk ∧ F l ∧ Fm + 2G ∧ ((ξAX̃A − ξ̃AXA) − 2mβ̂kAk)

)

7

Heterotic M-theory in five dimensions:

The bulk theory:

•       : Volume of the Calabi-Yau.

•       : Shape of the Calabi-Yau.bk

V



−
∫

d5x δ(y)
√

−h(0)

[

m

κ2
5

V −1bkτ (0)
k +

1

16παGUT
V tr(F2

(0)) + G(0)IJDµCIx
(0)D

µC̄J
(0)x (10)

+V −1GIJ
(0)

∂W(0)

∂CIx
(0)

∂W̄(0)

∂C̄J
(0)x

+ tr(D2
(0))

]

−
∫

d5x δ(y − πρ)
√

−h(N+1)

[

m

κ2
5

V −1bkτ (N+1)
k +

1

16παGUT
V tr(F 2

(N+1))

+G(N+1)IJDµCIx
(N+1)D

µC̄J
(N+1)x + V −1GIJ

(N+1)

∂W(N+1)

∂CIx
(N+1)

∂W̄(N+1)

∂C̄J
(N+1)x

+ tr(D2
(N+1))

]

− 1

2κ2
5

∫

d5x







N
∑

p=1

(δ(y − y(p)) + δ(y + y(p)))
√

−h(p)



mV −1τ (p)
k bk +

2m(nk
(p)τ

(p)
k )2

V (τ (p)
l bl)

j(p)µjµ
(p)

+["Π](p)uwEu
(p)µνE

wµν
(p)

]

− 4mĈ(p) ∧ τ (p)
k d(nk

(p)s(p)) − 2[$Π](p)uwEu
(p) ∧ Ew

(p)

}

Let us briefly discuss the various quantities in this action. In the previous section, we already defined

the charges β(p)
k , the tensions τ (p)

k and the charge step-functions β̂k. To introduce the remaining objects,

we start with the bulk theory, the first part of the above action. Of course, κ5 is the five-dimensional

Planck constant, related to its 11-dimensional counterpart κ11 by κ2
5 = κ2

11/v where v is the Calabi-Yau

reference volume. The constant m is given by

m =
2π

v
2
3

(κ11

4π

)
2
3

(11)

and represents a reference mass scale of the Calabi-Yau space. The quantity λ is a Lagrange multiplier

enforcing the constraint on the bk moduli. The Kähler and complex structure moduli metrics Gkl and

Kab̄ are defined in Appendix A. A definition of the Calabi-Yau intersection numbers dijk and the special

geometry quantity MAB can also be found in this Appendix. The various bulk form field strengths are

defined in the usual way as G = dC, Fk = dAk and XA = dξA, X̃A = dξ̃A away from the boundaries,

but are subject to boundary source terms specified by the relations

(dG)yµνγρ = −4κ2
5(J

(0)
4µνγρδ(y) + J (N+1)

4µνγρ δ(y − πρ)) (12)

(dFk)yµν = −4κ2
5(J

(0)k
2µν δ(y) + J (N+1)k

2µν δ(y − πρ)) (13)

(dXAGA − dX̃BZB)yµ = −4κ2
5(J

(0)
1µ δ(y) + J (N+1)

1µ δ(y − πρ)) (14)
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defined in the usual way as G = dC, Fk = dAk and XA = dξA, X̃A = dξ̃A away from the boundaries,

but are subject to boundary source terms specified by the relations

(dG)yµνγρ = −4κ2
5(J

(0)
4µνγρδ(y) + J (N+1)

4µνγρ δ(y − πρ)) (12)

(dFk)yµν = −4κ2
5(J

(0)k
2µν δ(y) + J (N+1)k

2µν δ(y − πρ)) (13)

(dXAGA − dX̃BZB)yµ = −4κ2
5(J

(0)
1µ δ(y) + J (N+1)

1µ δ(y − πρ)) (14)
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Boundary theories:

and similarly on the other boundary

Brane theories:

where                                                .

where
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J (p)k
2µν = −i

∑

I,J

Γk
(p)IJ(DµCIx

(p)DνC̄J
(p)x − DµC̄I

(p)xDνCJx
(p)) (16)

J (p)
1µ =

e−K

2V

∑

I,J,K

λIJKf (IJK)
xyz CIx

(p)C
Jy
(p)DµCKz

(p) (17)

for p = 0, N + 1. The various matter field objects in these sources are defined in Appendix B. One

important observation from these Bianchi identities is that the three-branes and anti three-branes do

not contribute any source terms. This fact will be crucial in our later analysis. The second and third

parts of the above action are the theories on the two orbifold boundaries respectively. They are written

in terms of the matter field Kähler metrics G(p)MN , the matter field superpotentials W(p) and the D-

terms D(p). Definitions for these quantities can also be found in Appendix B. The (reference) gauge

coupling constant αGUT is given by αGUT = (4πκ2
11)

2/3/v.

We move on to discuss the three-brane world volume theories, the last part of the above action. The

quantities nk
(p) = β(p)

k /
∑N

l=1 β(p)
l

2
are a normalized version of the three-brane charges and the axionic

currents j(p)µ are defined by

j(p)µ =
β(p)

k

nl
(p)β

(p)
l

(d(nk
(p)s(p)) − Âk

(p))µ , (18)

where Ĉ(p) and Âk
(p) denote the pull-backs of the bulk forms C and Ak to the p-th brane. The gauge

kinetic functions Π(p)uv of the three-brane gauge fields are defined in Appendix C.

Finally, we need to mention that the induced metrics h(p)µν on the orbifold boundaries and branes

are explicitly given by

h(p)µν = gµν + gµy∂νy(p) + gyν∂µy(p) + gyy∂µy(p)∂νy(p) , (19)

where the embedding (5) has been used. Recall that the boundaries are non-dynamical with associated

static embeddings y(0) = 0 and y(N+1) = πρ. Hence, the induced boundary metrics h(0) and h(N+1) are

simply equal to gµν , the four-dimensional part of the bulk space-time metric.

The action described in this section must be supplemented by the usual Gibbons-Hawking boundary

terms. A careful analysis reveals that form field boundary terms are not required in this case.

Having described the five-dimensional theory, our starting point, we shall proceed in the next section

to discuss the appropriate reduction ansatz in the presence of anti-branes. The dimensional reduction

to four-dimensions will be performed in section 4.
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l bl)

j(p)µjµ
(p)

+["Π](p)uwEu
(p)µνE

wµν
(p)

]

− 4mĈ(p) ∧ τ (p)
k d(nk

(p)s(p)) − 2[$Π](p)uwEu
(p) ∧ Ew

(p)

}

Let us briefly discuss the various quantities in this action. In the previous section, we already defined

the charges β(p)
k , the tensions τ (p)

k and the charge step-functions β̂k. To introduce the remaining objects,

we start with the bulk theory, the first part of the above action. Of course, κ5 is the five-dimensional

Planck constant, related to its 11-dimensional counterpart κ11 by κ2
5 = κ2

11/v where v is the Calabi-Yau

reference volume. The constant m is given by

m =
2π

v
2
3

(κ11

4π

)
2
3

(11)

and represents a reference mass scale of the Calabi-Yau space. The quantity λ is a Lagrange multiplier

enforcing the constraint on the bk moduli. The Kähler and complex structure moduli metrics Gkl and

Kab̄ are defined in Appendix A. A definition of the Calabi-Yau intersection numbers dijk and the special

geometry quantity MAB can also be found in this Appendix. The various bulk form field strengths are

defined in the usual way as G = dC, Fk = dAk and XA = dξA, X̃A = dξ̃A away from the boundaries,

but are subject to boundary source terms specified by the relations

(dG)yµνγρ = −4κ2
5(J

(0)
4µνγρδ(y) + J (N+1)

4µνγρ δ(y − πρ)) (12)

(dFk)yµν = −4κ2
5(J

(0)k
2µν δ(y) + J (N+1)k

2µν δ(y − πρ)) (13)

(dXAGA − dX̃BZB)yµ = −4κ2
5(J

(0)
1µ δ(y) + J (N+1)

1µ δ(y − πρ)) (14)

8

where

J (p)
4µνγρ =

1

16πα GUT
tr(F(p) ∧ F(p))µνγρ (15)

J (p)k
2µν = −i

∑

I,J

Γk
(p)IJ(DµCIx

(p)DνC̄J
(p)x − DµC̄I

(p)xDνCJx
(p)) (16)

J (p)
1µ =

e−K

2V

∑

I,J,K

λIJKf (IJK)
xyz CIx

(p)C
Jy
(p)DµCKz

(p) (17)

for p = 0, N + 1. The various matter field objects in these sources are defined in Appendix B. One

important observation from these Bianchi identities is that the three-branes and anti three-branes do

not contribute any source terms. This fact will be crucial in our later analysis. The second and third

parts of the above action are the theories on the two orbifold boundaries respectively. They are written

in terms of the matter field Kähler metrics G(p)MN , the matter field superpotentials W(p) and the D-

terms D(p). Definitions for these quantities can also be found in Appendix B. The (reference) gauge

coupling constant αGUT is given by αGUT = (4πκ2
11)

2/3/v.

We move on to discuss the three-brane world volume theories, the last part of the above action. The

quantities nk
(p) = β(p)

k /
∑N

l=1 β(p)
l

2
are a normalized version of the three-brane charges and the axionic

currents j(p)µ are defined by

j(p)µ =
β(p)

k

nl
(p)β

(p)
l

(d(nk
(p)s(p)) − Âk
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(p) denote the pull-backs of the bulk forms C and Ak to the p-th brane. The gauge

kinetic functions Π(p)uv of the three-brane gauge fields are defined in Appendix C.
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are explicitly given by

h(p)µν = gµν + gµy∂νy(p) + gyν∂µy(p) + gyy∂µy(p)∂νy(p) , (19)

where the embedding (5) has been used. Recall that the boundaries are non-dynamical with associated

static embeddings y(0) = 0 and y(N+1) = πρ. Hence, the induced boundary metrics h(0) and h(N+1) are

simply equal to gµν , the four-dimensional part of the bulk space-time metric.

The action described in this section must be supplemented by the usual Gibbons-Hawking boundary

terms. A careful analysis reveals that form field boundary terms are not required in this case.

Having described the five-dimensional theory, our starting point, we shall proceed in the next section
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These actions are supplemented by some 
Bianchi identities:

Where the magnetic sources here are determined 
by the matter and gauge field fluctuations.



• We need a metric ansatz:

• We need embeddings for the branes 
(appears in the  induced metric etc.).

So we just follow a very similar procedure to that 
shown in the toy model:

With the insight from this toy model, we now proceed to analyze full five-dimensional heterotic

M-theory. In the remainder of this section, we focus on the warping caused by the tension terms. These

will lead us to a generalization of the heterotic domain wall vacuum in the presence of an anti-brane.

The additional warping due to fluctuations of localized fields is presented in Appendix D.

The only bulk fields involved in the generalized domain wall solution are the ones which couple to

the tension terms in the action (10). They are the metric gαβ , the volume modulus V and the Kähler

moduli bk. We start with the usual metric ansatz involving the four dimensional metric g4µν .

ds2
5 = a2(y, xµ)g4µνdxµdxν + b2(y, xµ)dy2 (27)

V = V (y, xµ) (28)

bk = bk(y, xµ) . (29)

In writing our result, it is useful to introduce the following function which encodes the standard linear

warping of heterotic M-theory and averages to zero over the orbifold

h(p)k(z) =
p

∑

q=0

τ (q)
k (z − z(q)) −

1

2

N+1
∑

q=0

τ (q)
k z(q)(z(q) − 2) − δk , (30)

where we have defined the difference of anti three-brane tension and charge as

δk =
1

2
(τ̄k − β̄k) = −β̄k . (31)

In the following, whenever we want to consider the supersymmetric limit of our results, we can “switch

off” the effect of the anti three-brane by formally setting δk → 0. Recall that the sub-script “(p)”

indicates that the domain of the function h(p)k is z ∈ [z(p), z(p+1)], that is, the region to the right of the

p-th brane. Using the Einstein equation and the equations of motion for V and bk derived from the

action (10), together with the above ansatz, gives the following solution for the warping

a(p)

a0
= 1 − ε0

b0

3V0
bk
0

[

h(p)k − δk

(

z2 − 1

3

)]

(32)

V(p)

V0
= 1 − 2ε0

b0

V0
bk
0

[

h(p)k − δk

(

z2 − 1

3

)]

(33)

bk
(p) = bk

0 + 2ε0
b0

V0

[(

hk
(p) −

1

3
h(p)lb

k
0b

l
0

)

−
(

δk − 1

3
δlb

k
0b

l
0

)(

z2 − 1

3

)]

. (34)

We remind the reader of the relationship y = πρz. In these expressions, a0, b0, V0 and bk
0 are four-

dimensional moduli fields. Note that due to our convention of zero average warping, these moduli are

precisely the orbifold average of the corresponding five-dimensional fields. For example V0 =< V >

is the orbifold average of the Calabi-Yau volume and b0 =< b > is the average orbifold radius. We

observe that the warping in the above solution is indeed proportional to the strong-coupling expansion

parameter εS , defined by

εS = ε0
b0

V0
, ε0 = πρm (35)
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Solve for the warping as before:

Here y has been rescaled to give z and h is a 
linear function in z.



With the insight from this toy model, we now proceed to analyze full five-dimensional heterotic

M-theory. In the remainder of this section, we focus on the warping caused by the tension terms. These

will lead us to a generalization of the heterotic domain wall vacuum in the presence of an anti-brane.

The additional warping due to fluctuations of localized fields is presented in Appendix D.

The only bulk fields involved in the generalized domain wall solution are the ones which couple to

the tension terms in the action (10). They are the metric gαβ , the volume modulus V and the Kähler

moduli bk. We start with the usual metric ansatz involving the four dimensional metric g4µν .

ds2
5 = a2(y, xµ)g4µνdxµdxν + b2(y, xµ)dy2 (27)

V = V (y, xµ) (28)

bk = bk(y, xµ) . (29)

In writing our result, it is useful to introduce the following function which encodes the standard linear

warping of heterotic M-theory and averages to zero over the orbifold

h(p)k(z) =
p

∑

q=0

τ (q)
k (z − z(q)) −

1

2

N+1
∑

q=0

τ (q)
k z(q)(z(q) − 2) − δk , (30)

where we have defined the difference of anti three-brane tension and charge as

δk =
1

2
(τ̄k − β̄k) = −β̄k . (31)

In the following, whenever we want to consider the supersymmetric limit of our results, we can “switch

off” the effect of the anti three-brane by formally setting δk → 0. Recall that the sub-script “(p)”

indicates that the domain of the function h(p)k is z ∈ [z(p), z(p+1)], that is, the region to the right of the

p-th brane. Using the Einstein equation and the equations of motion for V and bk derived from the

action (10), together with the above ansatz, gives the following solution for the warping

a(p)

a0
= 1 − ε0

b0

3V0
bk
0

[

h(p)k − δk

(

z2 − 1

3

)]

(32)

V(p)

V0
= 1 − 2ε0

b0

V0
bk
0

[

h(p)k − δk

(

z2 − 1

3

)]

(33)

bk
(p) = bk

0 + 2ε0
b0

V0

[(

hk
(p) −

1

3
h(p)lb

k
0b

l
0

)

−
(

δk − 1

3
δlb

k
0b

l
0

)(

z2 − 1

3

)]

. (34)

We remind the reader of the relationship y = πρz. In these expressions, a0, b0, V0 and bk
0 are four-

dimensional moduli fields. Note that due to our convention of zero average warping, these moduli are

precisely the orbifold average of the corresponding five-dimensional fields. For example V0 =< V >

is the orbifold average of the Calabi-Yau volume and b0 =< b > is the average orbifold radius. We

observe that the warping in the above solution is indeed proportional to the strong-coupling expansion

parameter εS , defined by

εS = ε0
b0

V0
, ε0 = πρm (35)

13

• The warping is quadratic as promised.  As we turn the 
anti-brane into a brane (           ) then it goes back to 
being linear.

• The orbifold average of the z dependent parts are 
zero.

• The warpings are all controlled by the parameter:

δ → 0

Four dimensional heterotic M-theory is constructed 
as an expansion in this quantity.

Points to notice:



as promised. Note using (11) that εS ∝ κ2/3
11 . Our result is valid as long as εS " 1, since we have

neglected warping terms of order ε2
S and higher. The structure of the O(εS) warping terms is as

qualitatively described earlier. In the supersymmetric limit, δk → 0, we recover the linear warping of

the BPS domain wall encoded in the functions h(p)k. On the other hand, the terms proportional to δk,

which are caused by the presence of the anti three-brane, represent quadratic warping. The observant

reader will note that we have not given an expression for the warping of b. This is because this y

dependence amounts to a coordinate choice and, as such, is not needed in the calculation of the four

dimensional effective action.

A specific example for the warping of the Calabi-Yau volume modulus V is plotted in Fig. 2. This

example shows that the presence of an anti-brane can change the warping substantially. As is clear

from the action (10), the volume V at the boundaries z = 0, 1 determines the value of the boundary

gauge couplings. In particular, the BPS configuration in Fig. 2 (dashed, red curve) corresponds to weak

coupling at z = 0 and strong coupling at z = 1. As is evident from the Figure, this behavior can be

reversed in the presence of the anti-brane (solid, green curve).

0.8

z

1.00.6
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!0.8

!1.2

0.40.0

Figure 2: Warping of the Calabi-Yau volume modulus V (bracket on the RHS of Eq. (33)), assuming

h1,1(X) = 1. The dashed, red curve corresponds to a BPS configuration with one brane at z = 1/4

and charge vector (β(p)) = (1, 2,−3). The solid, green curve describes a situation with one brane at

z = 1/4, one anti-brane at z = 3/4 and charge vector (β(p)) = (1, 2,−5, 2). It can be obtained from the

previous BPS configuration by “pulling” an anti-brane with charge −5 off the boundary at z = 1.
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An example:

• Red line is a supersymmetric case with one brane.

• The green line is what happens if you add an anti-brane.



• We can use these warpings to systematically derive 
the four dimensional effective theory by dimensional 
reduction.

• Today I will present parts of the bosonic action. I will 
start with zeroth and first order in       and then move 
on to some terms at second order.

Results:The four dimensional 
effective theory.

result is valid up to first order in κ
2
3
11 and second order in four dimensional derivatives. We find that

S = Sδ0 + Sδ1 , (39)

where Sδ0 and Sδ1 contain terms independent of the parameters δk and linear in δk respectively. The

first term in (39) is given by

Sδ0 = Smoduli
4 + Sgauge

4 + Smatter
4 , (40)

with

Smoduli
4 = − 1

2κ2
4

∫

d4x
√
−g4

[

1

2
R4 +

3

4
(∂β)2 +

1

4
(∂φ)2 +

1

4
e−2φ(∂σ)2 +

1

4
Gkl∂bk∂bl + e−2βGkl∂χk∂χl

+
1

4
Kab̄(z)∂z

a∂z̄
b̄ + 2ε0

N
∑

p=1

τ (p)
k z(p)e

−2φ∂σ∂(nk
(p)ν(p)) +

ε0

2

N
∑

p=1

bkτ (p)
k eβ−φ(∂z(p))

2 (41)

+2ε0

N
∑

p=1

τ (p)
l τ (p)

k

τ (p)
m bm

e−φ−β
(

χlχk(∂z(p))
2 − 2χk∂(nl

(p)ν(p))∂z(p) + ∂(nk
(p)ν(p))∂(nl

(p)ν(p))
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+λ(dijkb
ibjbk − 6)
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(

trF 2
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2
σεµνργ
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Fµν
(0)F

ργ
(0) + Fµν

(N+1)F
ργ
(N+1)

)
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N

∑

p=1

(

[#Π](p)uwEu
(p)E

w
(p) −

1

2
[$Π](p)uwεµνργEuµν

(p) Ewργ
(p)

)
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1µ ∂µχl (43)
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(p)

∂W(p)

∂CMx
(p)
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∂C̄M
(p)x

+ e−2βtr(D2
(p))
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Here, κ4 is the four-dimensional Planck constant which is related to its 11-dimensional and 5-dimensional

counterparts by κ2
4 = κ2

11/πρv = κ2
5/πρ, where v is the Calabi-Yau reference volume and πρ is the

interval length. The one-forms ω(p)k
1µ in the matter field part of the above action are the Chern-Simons

forms associated to the currents (16), that is, dω(p)k
1 = J (p)k

2 . Finally, the functions W(p) are given in

by Eq. (81) in Appendix B. The second term in (39) is much simpler and found to be

Sδ1 = − 1

2κ2
4

∫
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2ε0

(πρ)2
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Recall that the quantities δk, defined in Eq. (31), represent the differences of the tensions and charges

of the anti three-brane. The complete action (39), in fact, remains valid if one replaces an arbitrary

number of branes with anti-branes. Then δk should be interpreted as the sum of all anti-brane tensions

minus the sum of all anti-brane charges all divided by two.

Significant results can be gleaned merely by inspecting this action.
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• First notice how close the action is, at this order, to the N = 1 supersymmetric result. Recall

that formally switching off the supersymmetry-breaking effect of the anti-brane is achieved by

setting δk → 0. It follows that the Sδ0 portion of the action is identical to the bosonic part of the

usual N = 1 supersymmetric theory [23, 28, 30]. Indeed, if we define the scalar components of

superfields in the standard way [23] by

S = eφ + ε0e
β

N
∑

p=1

(τ (p)
k bk)z2

(p) + i



σ + 2ε0

N
∑

p=1

τ (p)
k χkz2

(p)



 (45)

= eφ + iσ + ε0

N
∑

p=1

τ (p)
k z2

(p)T
k (46)

T k = eβbk + 2iχk

Z(p) = τ (p)
k bkeβz(p) + 2iτ (p)

k (−nk
(p)ν(p) + χkz(p)) (47)

= z(p)τ
(p)
k T k − 2iτ (p)

k nk
(p)ν(p), (48)

then the N = 1 supersymmetric theory, not including the fermions, is given in terms of the Kähler

potential

κ2
4 Kscalar = KD + KT + K + Kmatter , (49)

where

KD = −ln



S + S̄ − ε0

N
∑

p=1

(Z(p) + Z̄(p))
2

τ (p)
k (T k + T̄ k)



 , (50)

KT = −ln

[

1

48
dklm(T k + T̄ k)(T l + T̄ l)(Tm + T̄m)

]

(51)

K(z) = −ln

[

2i(G − Ḡ) − i(zp − z̄
p)

(

∂G
∂zp

+
∂Ḡ
∂z̄p

)]

(52)

Kmatter = eKT /3
∑

p=0,N+1

G(p)MNCMx
(p) C̄N

(p)x , (53)

a superpotential for the matter chiral multiplets given by

W(p) =
√

4παGUT

∑

I,J,K

λIJKf (IJK)
xyz CIx

(p)C
Jy
(p)C

Kz
(p) (54)

and the gauge kinetic functions

f(p) = S , p = 0, N + 1 (55)

f(p)uv = Π(p)uv , p = 1, . . . , N . (56)

This is exactly the standard result for heterotic M-theory without anti-branes [23]. Note that the

superpotential W(p) leads to a non-vanishing potential energy term for the matter scalars CIx
(p).

However, the potential energy of the dilaton and moduli fields vanishes.
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• This, up to a factor of 2, is just the tension of the anti-brane.

• So, from the point of view of moduli stabilization, the `KKLT’ 
procedure of just adding the anti-brane energy to the 
supersymmetric theory is exact to first order....

• ....up to a correction to the gauge kinetic functions which I 
will present now, and corrections to the matter Lagrangian.

• Since Sδ1 in (44) is proportional to δk, we expect that this part of the action breaks the N = 1

supersymmetry. To this order, κ
2
3
11, the supersymmetry breaking part of the four-dimensional

bosonic effective action is very simple, merely adding the single term

V1 = κ−2
4

ε0

(πρ)2
e−φ−2βbkδk (57)

to the potential energy. Note that this breaking term is a direct consequence of the presence of

the anti brane. Even though V1 is not supersymmetric, it can still be expressed in terms if the

scalar fields S and T k defined in (45) and (48) respectively. We find that

V1 = κ−2
4

ε0

(πρ)2
(T k + T̄ k)δkeKT +KD . (58)

This potential term corresponds to precisely twice the “raising term” one would add in a naive

probe brane analysis. Hence, up to a factor of two, our result lends additional weight to the probe

brane approach which, for example, is frequently used within the context of IIB models. However,

we will see in the next section that the probe brane approach breaks down completely at order

κ
4
3
11 where new contributions to the potential appear. In the case where h1,1(X) = 1, expression

(58) simplifies to

V1 = 8κ−2
4

ε0

(πρ)2
δ

1

(S + S̄)(T + T̄ )2
+ O(ε2

0) . (59)

Note that this is the anti-brane induced potential computed in [25] and used to demonstrate the

existence of a meta-stable dS vacuum with a small cosmological constant within the context of an

MSSM heterotic standard model.

To summarize, including the full back reaction of the anti-brane to first order in κ
2
3
11, the bosonic

effective theory (41)–(44) is simply the bosonic part of the supersymmetric theory as specified

by (45)-(56) above plus the single potential contribution (57). We should also stress that, while

the bosonic part of the effective action can be interpreted as a supersymmetric theory plus a

raising term, things are not quite so simple for the fermionic terms. For example, the fermionic

partner of the anti-brane modulus z̄ has the opposite chirality from the fermions which originate

from the boundaries and branes. The above supersymmetric theory would, therefore, not correctly

reproduce terms in the effective action which involve anti-brane fermions.

• The “raising potential” (57) is proportional to e
φ
3 bkδk which, up to a constant, is the volume of

the two-cycle within the Calabi-Yau space wrapped by the anti five-brane. For a Calabi-Yau space

with sufficiently many Kähler moduli (two may be sufficient) we can shrink this cycle to zero size

while keeping the overall Calabi-Yau volume eφ (as well as the orbifold size eβ) large. In this

limit, the anti-brane potential and the supersymmetry breaking it induces become small. As we

will see, this is no longer true once order κ
4
3
11 corrections to the anti-brane potential are included.
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Sδ1 = −
∫

d4x
√
−g4 V1



effective theory is given by

SGKF
4 =

−1

32παGUT

∫

d4x
√
−g4







eφ + ε0e
βbk





N+1
∑

p=0

τ (p)
k

(

z2
(p) − 2z(p)

)

+
4

3
δk







 tr(F 2
(0))

+



eφ + ε0e
βbk





N+1
∑

p=0

τ (p)
k z2

(p) −
2

3
δk







 tr(F 2
(N+1))

−1

2



σ + 2ε0





N
∑

p=1

β(p)
k χk

(

z2
(p) − 2z(p)

)

− β(N+1)
k χk + 2

N
∑

p=1

τ (p)
k (nk

(p)ν(p))







 εµνρσFµν
(0)F

ρσ
(0)

−1

2



σ + 2ε0





N
∑

p=1

β(p)
k χkz2

(p) + β(N+2)
k χk







 εµνρσFµν
(N+1)F

ρσ
(N+1)



 . (63)

Some comments about this result are in order.

• As was the case for the first order results, this expression is valid when we change an arbitrary

number of our branes into anti-branes. In this case, the quantities δk should be taken to be the

sum of the anti-brane tensions.

• The above result agrees with that of standard heterotic M-theory upon taking δk → 0. Despite

the fact that these terms are second order in our expansion, they only contain a single power of

the brane charges. This is necessarily the case, given that the gauge fields themselves only appear

at order κ
2
3
11. This means that all of the threshold corrections to the gauge kinetic functions can be

made small by tuning the bk, χk and ν(p) moduli appropriately. In fact, an inspection of equation

(63) reveals that it suffices to set the volume δkbk of the anti-brane cycle and the associated linear

combination δkχk of the χk axions to zero.

• We can write the result as a supersymmetric piece plus explicit supersymmetry breaking terms,

using the definition of superfields in Eqs. (45)–(48). This leads to a gauge kinetic function which

is no longer holomorphic at second order in our expansions

f(0) = S − ε0



τ (N+1)
k T k + 2

N
∑

p=1

Z(p) − 4

3
eβδkb

k − 4iδkχk(z̄2 − 2z̄)



 (64)

f(N+1) = S + ε0

(

τ (N+1)
k T k − 2

3
eβδkbk + 4iδkχkz̄2

)

. (65)

The above result looks complicated, despite the fact that the component form of the gauge kinetic

functions, given in equation (63), is quite close to the usual result for heterotic M-theory. This is

because in many of the terms in the imaginary parts of these functions it is the charge, and not

the tension, of the extended objects which appears. The complex structure derived in subsection

4.2 contained the tensions rather than the charges. Therefore, we have to add contributions

proportional to δk to the standard holomorphic quantity in order to correct this difference.
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4d gauge kinetic terms to first order:

• The changes from the supersymmetric case have 
important physical consequences: they can change 
which boundary undergoes gaugino condensation for 
example.



• The above result agrees with that of standard heterotic M-theory upon taking δk → 0. Despite

the fact that these terms are second order in our expansion, they only contain a single power of

the brane charges. This is necessarily the case, given that the gauge fields themselves only appear

at order κ
2
3
11. This means that all of the threshold corrections to the gauge kinetic functions can

be made small by tuning the bk, χk and ν(p) moduli appropriately. In fact, an inspection of (67)

reveals that it suffices to set the volume δkbk of the anti-brane cycle and the associated linear

combination δkχk of the χk axions to zero.

• We can write the result as a supersymmetric piece plus explicit supersymmetry breaking terms,

using the definition of superfields in (41)–(45). This leads to a gauge kinetic function which is no

longer holomorphic at second order in our expansions.

f(0) = S − ε0



τ (N+1)
k T k + 2

N
∑

p=1

Z(p) −
2

3
δk(T

k + T̄ k) (70)

+δk(T
k − T̄ k)





(

Z(p̄) + Z̄(p̄)

τ̄k(T k + T̄ k)

)2

− 2
Z(p̄) + Z̄(p̄)

τ̄k(T k + T̄ k)









f(N+1) = S + ε0



τ (N+1)
k T k − 1

3
δk(T

k + T̄ k) − δk(T
k − T̄ k)

(

Z(p̄) + Z̄(p̄)

τ̄k(T k + T̄ k)

)2


 (71)

The above result looks complicated, despite the fact that the component forms of the gauge

kinetic functions, given in (68,69), are quite close to the usual result for heterotic M-theory. This

is because, in many of the terms in the imaginary parts of these functions, it is the charge, and not

the tension, of the extended objects which appears. The complex structure derived in subsection

4.2 contained the tensions rather than the charges. Therefore, we have to add contributions

proportional to δk to the standard holomorphic quantity in order to correct this difference.

• At first glance there appears to be a strange asymmetry in the results (70) and (71) between the

(0) and (N + 1) fixed planes. For example, there is a linear term in Z(p) in (70) but not in (71).

This asymmetry is an artifact of the fact that we measure the position of the branes as a distance

from the (0) plane and the complicated way in which the component scalar fields are combined in

the N = 1 structure (41)-(45). In fact if we apply the transformations (61)-(63), corresponding

to inverting the y direction in Fig. 1, we find that the above gauge kinetic functions turn into one

another as they should. This is a highly non-trivial test of our results.

One could of course simply relabel the branes, swapping (0) and (N + 1) if one so desired. Such

a change of notation is useful in relating these results to some of the previous literature. We

note in addition that either of the fixed planes can be the hidden sector. Which plays this role is

determined by such factors as the choices of the tensions τ (p)
k .

• Note that these corrections to the gauge kinetic functions arise at order εS , while the brane

forces appear at order ε2
S . Hence, if we wish to include the effects of gaugino condensation, this

modification of the gauge kinetic functions is likely to be relevant in regions of moduli space where

the exponential suppression is not too strong. This appears to have been missed in the literature
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These kinetic terms can be written in terms of a `gauge 
kinetic function’ which, in this non-supersymmetric 
system, is no longer holomorphic in the complex fields.



The second order potential can also be obtained

• The first four terms are the expected coulomb forces between the 
branes.

• The last two terms are new. They are in no sense smaller than the 
coulomb terms.

• We would expect similar terms to arise in other contexts such as type 
II string theories.

The crucial point is that we know all of the relevant quantities required to calculate these contributions.

We may proceed, then, to calculate the O(κ
4
3
11) contribution to the potential energy. The calculation

does not involve any further subtleties than those already mentioned. Therefore, we will simply state

the result. Write the total potential V as

V = V1 + V2, (60)

where V1 and V2 are first and second order in κ
2
3
11, respectively. The first order result, V1, has been

given in Eq. (57) or, equivalently, in (58). For the second order term we find

V2 =
1

(πρ)2κ2
4

ε2
0e

−β−2φ Gklδl





p̄−1
∑

p=0

τ (p)
k z̄ −

N+1
∑

p=p̄+1

τ (p)
k z̄ −

p̄−1
∑

p=0

τ (p)
k z(p)

+
N+1
∑

p=p̄+1

τ (p)
k z(p) +

N+1
∑

p=0

τ (p)
k (1 − z(p))z(p) −

2

3
δk



 . (61)

Recall that p = p̄ labels the anti three-brane and z̄ is the normalized anti-brane position modulus.

Equivalently, in terms of the fields defined in (45)-(48), this second order term can be written as

follows.

V2 =
1

4(πρ)2κ2
4

ε2
0e

KT +2KDK k̄l
T δl





p̄−1
∑

p=0

τ (p)
k

Z(p̄) + Z̄(p̄)

τ̄m(Tm + T̄m)
−

N+1
∑

p=p̄+1

τ (p)
k

Z(p̄) + Z̄(p̄)

τ̄m(Tm + T̄m)
(62)

−
p̄−1
∑

p=0

τ (p)
k

Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

+
N+1
∑

p=p̄+1

τ (p)
k

Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

+
N+1
∑

p=0

τ (p)
k

(

1 −
Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

)

Z(p) + Z̄(p)

τ (p)
n (T n + T̄ n)

− 2

3
δk





In the above expression K k̄l
T is the inverse of KT k̄l = ∂T̄ k∂T lKT .

As before, one can extract interesting physics simply by inspecting these expressions.

• The physical interpretation of the first four terms in equation (61) is clear. The beginning two

terms represent a force on the anti-brane. This force is proportional to the anti-branes charge

and receives two contributions; first, a contribution proportional to the sum of the charges to the

left of the anti-brane and second, a force in the opposite direction proportional to the sum of

the charges to the right of the anti-brane. This simply represents the Coulomb attraction of the

anti-brane to the brane-like charges, a force which is no longer zero in this non-BPS configuration.

Similarly, the third and fourth terms are the force the branes experience pulling them towards the

anti-brane. Each of these terms is proportional to the charge of the brane of interest multiplied

by the charge of the anti-brane. Note that in the first four terms in V2 the three-branes do not

attract one another, that is, there are no terms quadratic in the brane (as opposed to anti-brane)

charges.
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The crucial point is that we know all of the relevant quantities required to calculate these contributions.

We may proceed, then, to calculate the O(κ
4
3
11) contribution to the potential energy. The calculation

does not involve any further subtleties than those already mentioned. Therefore, we will simply state

the result. Write the total potential V as

V = V1 + V2, (60)

where V1 and V2 are first and second order in κ
2
3
11, respectively. The first order result, V1, has been

given in Eq. (57) or, equivalently, in (58). For the second order term we find

V2 =
1

(πρ)2κ2
4

ε2
0e

−β−2φ Gklδl





p̄−1
∑

p=0

τ (p)
k z̄ −

N+1
∑

p=p̄+1

τ (p)
k z̄ −

p̄−1
∑

p=0

τ (p)
k z(p)

+
N+1
∑

p=p̄+1

τ (p)
k z(p) +

N+1
∑

p=0

τ (p)
k (1 − z(p))z(p) −

2

3
δk



 . (61)

Recall that p = p̄ labels the anti three-brane and z̄ is the normalized anti-brane position modulus.

Equivalently, in terms of the fields defined in (45)-(48), this second order term can be written as

follows.

V2 =
1

4(πρ)2κ2
4

ε2
0e

KT +2KDK k̄l
T δl





p̄−1
∑

p=0

τ (p)
k

Z(p̄) + Z̄(p̄)

τ̄m(Tm + T̄m)
−

N+1
∑

p=p̄+1

τ (p)
k

Z(p̄) + Z̄(p̄)

τ̄m(Tm + T̄m)
(62)

−
p̄−1
∑

p=0

τ (p)
k

Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

+
N+1
∑

p=p̄+1

τ (p)
k

Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

+
N+1
∑

p=0

τ (p)
k

(

1 −
Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

)

Z(p) + Z̄(p)

τ (p)
n (T n + T̄ n)

− 2

3
δk





In the above expression K k̄l
T is the inverse of KT k̄l = ∂T̄ k∂T lKT .

As before, one can extract interesting physics simply by inspecting these expressions.

• The physical interpretation of the first four terms in equation (61) is clear. The beginning two

terms represent a force on the anti-brane. This force is proportional to the anti-branes charge

and receives two contributions; first, a contribution proportional to the sum of the charges to the

left of the anti-brane and second, a force in the opposite direction proportional to the sum of

the charges to the right of the anti-brane. This simply represents the Coulomb attraction of the

anti-brane to the brane-like charges, a force which is no longer zero in this non-BPS configuration.

Similarly, the third and fourth terms are the force the branes experience pulling them towards the

anti-brane. Each of these terms is proportional to the charge of the brane of interest multiplied

by the charge of the anti-brane. Note that in the first four terms in V2 the three-branes do not

attract one another, that is, there are no terms quadratic in the brane (as opposed to anti-brane)

charges.

22



• Note these potentials would be straight lines in the 
case of the naive coulomb force.

• Note these inter-brane forces are second order in       
and so relatively weak in any controlled regime of 
moduli space.
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Figure 3: Anti-brane potential in the absence of other branes (from the bracket on the RHS of Eq. (61)),

assuming h1,1(X) = 1. The solid, green curve corresponds to charges (β(p)) = (3,−2,−1). In this

case the anti-brane is attracted to the positively charged boundary at z = 0. The red, dashed curve

corresponds to charges (β(p)) = (2,−3, 1). The anti-brane is attracted to either one of the boundaries,

depending on its position z.

calculated in different ways. For example, one can switch to a dual description of this system

[23] where the β̂ terms in the bulk five-dimensional action are exchanged for a bulk five-form

field strength. We have performed the calculation in this dual description and again reproduce

the above potential. In short, there are robust checks one can perform, despite the fact that the

system is not supersymmetric. The above result for V passes all of these tests.

5.2 Threshold corrections to the gauge kinetic functions

Another set of quantities relevant for moduli stabilization which arise at second order in κ
2
3
11 are the

threshold corrections to the gauge kinetic functions. Again, we are fortunate. Standard arguments [28]

tell us that these are among the few terms which can be reliably calculated at this order. The arguments

are slightly altered in the current situation, but are essentially unchanged.

Consider the possible sources of second order contributions to the gauge kinetic functions. One

possible source is higher order terms involving the gauge field strengths in the higher dimensional action.

Clearly, such terms can only occur on the boundaries where the gauge fields are located. Dimensional

analysis shows that such contributions are either all higher order or, possibly, come with a non-integer

power of κ2/3
11 . This latter possibility is probably forbidden by the supersymmetry of the five-dimensional
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•      gives size of orbifold

•      gives size of Calabi-Yau

•      is position of anti-brane

•               are charges of fixed planes and anti-brane 
respectively (                            )

A simple example.

S = − 1
2κ2

4

∫ √
−gd4x

[
R

2
+

3
4
(∂β)2 +

1
4
(∂φ)2

eβ

eφ

q1, q2, q
q1 + q2 + q = 0

+e−β−2φ

(
6|q|q1z̄ − 6|q|q2z̄ + 6q2(1− z̄)z̄ + 6|q|q2 −

4
3
q2

)]
+

1
2

|q|eβ−φ(∂z̄)2 + 2|q|e−2β−φ

z̄



Extensions:
• Flux can be added - resulting potential terms 

essentially unchanged from SUSY case:

• Gaugino condensation can be added. Only change from 
SUSY case is due to change in G.K.F.

large complex structure limit.

G = −1

6

d̃abcZaZbZc

Z0
(52)

Note here we are splitting up the index A into an index a and the remaining possible value 0. Substituting

this expression into (50) we find the following.

Wflux =

√
2

κ2
4

(

1

6

d̃abcZaZbZc

(Z0)2
X 0 − 1

2

d̃abcZaZb

Z0
X c − X̃aZa − X̃0Z0

)

(53)

We now use the definition of the affine coordinates, za = Za

Z0 . We also use the scale invariance of the

physical theory under rescalings of the homogeneous coordinates Z to set Z0 to 1.

Wflux =

√
2

κ2
4

(

1

6
d̃abcz

a
z
b
z
cX 0 − 1

2
d̃abcz

a
z
bX c − X̃az

a − X̃0

)

(54)

Using equations (45) and (46) we obtain, finally, (35) which we repeat here.

Wflux =

√
2

κ2
4

ε0
v

1
6

(πρ)2

(

1

6
d̃abcz

a
z
b
z
cn0 − 1

2
d̃abcz

a
z
bnc − z

ana − n0

)

(55)

The results in this section were derived implicitly assuming two important constraints on the mag-

nitude of the G-form expectation values. The first of these concerns the value of the non-zero mode,

G(nzm)
ab̄cd̄

. The smallness of the εS and εR parameters ensures that the back-reaction of this flux is ad-

equately described by the warping it induces along the orbifold direction. Hence, one can continue to

perform the analysis on a Calabi-Yau threefold, despite the presence of this component of the background

flux, although the geometry of this space does change along the orbifold direction. This assumption

is standard in the discussion of all strong coupling heterotic vacua. The second assumption concerns

the magnitude of the G-flux corresponding to the various non-vanishing GABCy harmonic components.

For these components, we are making the standard “weak flux” approximation. That is, we assume

that, despite the presence of these G-fluxes, one can still compactify on a Calabi-Yau threefold and do

not require a more general manifold of SU(3) structure. This approximation is particularly easy to

control from the point of view of the five-dimensional theory. The fluxes are expectation values of the

y-derivative of certain five-dimensional moduli. Thus, the Calabi-Yau approximation is valid whenever

the five-dimensional y-derivatives of the associated moduli are small compared to the Calabi-Yau com-

pactification scale. This will be the case whenever the number of units of flux is chosen to be sufficiently

small and the moduli take appropriate values.

Finally, one may ask about the effect of the diffuse source of curvature, which the flux represents, on

the bulk warping. The above discussion makes it clear that, for the case where we have a small number

of units of flux quanta, this warping modification can only come in at second order in εS . This, as was
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least one four-dimensional derivative. Since we are interested here in obtaining potential energy terms

only, we discard these contributions henceforth.

A straight forward dimensional reduction of the first term of equation (47), using the reduction

ansatz described in [1, 49], gives the following as the flux-dependent contribution to the potential

energy in four-dimensions.

− 1

2κ2
4

∫

d4x
√
−g4

[

− 1

b3
0V0

(X̃A − M̄AB(z)XB)([Im(M(z))]−1)AC(X̃C − MCD(z)XD)

]

. (48)

Here κ4 is the four-dimensional Planck constant defined by κ2
4 = κ2

5/πρ, and X , X̃ are the quantized

quantities described in (45) and (46). An examination of the parameters appearing in this action, and

the quantized quantities therein, reveals that these terms are of order ε2
Sε2

R. The fact that they are

already second order in the strong coupling parameter εS , means that we will not consider higher order

corrections to this flux potential arising from the warping. Such contributions are small and beyond

the order to which we calculate the four-dimensional effective theory in this paper.

It is well-known that flux potentials in supersymmetric theories should be derivable from a Gukov-

Vafa-Witten type superpotential of the form

Wflux =

√
2

κ2
4

1

πρ v
1
2

∫

X×S1/Z2

Ω ∧ G . (49)

Substituting (40) into this expression gives

Wflux =

√
2

κ2
4

(

XAGA − X̃BZB
)

, (50)

where the complex structure moduli space is parametrized by the periods (ZB ,GA(Z)) defined as 1

ZB =

∫

aB

Ω, GA(Z) =

∫

bA

Ω. (51)

It is now necessary to show that the term (48) in the four-dimensional action is actually of this form.

Applying the usual supergravity formalism, using the Kähler potential found in [1] and reproduced in

(102) of Appendix A, we find that this is indeed the case. However, we postpone a proof of this until

the next section and Appendix B, where we also include anti M5-branes. Here, instead, we will assume

that (49) is the correct four-dimensional flux superpotential and use (50) and (51) to calculate its explicit

form in terms of the affine complex coordinates za in the large complex structure limit.

We proceed as follows. It is a well known fact (following from an examination of the large Kähler

modulus limit of the mirror compactification) that the prepotential, G, takes the following form in the

1Note that the Z
B denote a set of projective coordinates on the complex structure moduli space. One can obtain a set

of affine coordinates by the usual procedure of picking one non-vanishing homogeneous coordinate and dividing the others

with respect to it: that is, z
a = Z

a/Z0, a = 1, . . . , h2,1 when Z
0 is not zero. It is this set of affine coordinates that appears

in action (1).

17

supersymmetric gaugino kinetic terms written, however, in terms of the gauge kinetic function (89)

and (90).

We conclude that the action for the gauge theories on the boundaries is, in the gaugino condensation

limit, of exactly the same form as in globally supersymmetric Yang-Mills theory. The gauge kinetic

functions which appears in all of the kinetic terms are, however, given by the non-holomorphic combi-

nation of moduli derived in [1] and presented in (89) and (90). Because of this non-holomorphicity, the

Yang-Mills sector of the theory is not, in general, supersymmetric. However, in any situation where the

moduli are treated as constant, that is, independent of space-time, the Yang-Mills sector is supersym-

metric. The non-holomorphy of the gauge kinetic function is not manifest if the moduli, and, hence,

the gauge coupling, are simply regarded as numbers. Therefore, in this region of moduli space one can

apply exactly the same analysis of the gauge condensate as in the supersymmetric case discussed in the

previous subsection. That is, one simply needs to replace f by the correct gauge kinetic function for the

case at hand. We conclude, therefore, that in the gaugino condensate, εS << 1 limit, the condensate in

the presence of anti-branes is given by

X̄Λ
y = ieκ2

4K(z) A√
2
κ2

4ε(S + S̄)e−εf , (91)

where the gauge kinetic function f is

f(0) = S − ε0



τ (N+1)
k T k + 2

N
∑

p=1

Z(p) − 2

3
δk(T

k + T̄ k) (92)

+δk(T
k − T̄ k)





(

Z(p̄) + Z̄(p̄)

τ̄k(T k + T̄ k)

)2

− 2
Z(p̄) + Z̄(p̄)

τ̄k(T k + T̄ k)







 ,

f(N+1) = S + ε0



τ (N+1)
k T k − 1

3
δk(T

k + T̄ k) − δk(T
k − T̄ k)

(

Z(p̄) + Z̄(p̄)

τ̄k(T k + T̄ k)

)2


 (93)

for a condensate on the (0) and (N + 1) boundary walls respectively.

This condensate can now be substituted into (74) to give the combined potential due to flux and

gaugino condensation for heterotic M-theory in the presence of anti-branes. The result is

Vc+c/f+f =
1

2
eκ2

4Kmod

(

κ2
4|Aε(S + S̄)e−εf |2 + Āκ2

4ε(S + S̄)e−εf̄Wflux + κ2
4W̄fluxAε(S + S̄)e−εf

)

(94)

+eκ2
4Kmod

(

Kij̄
modDiWfluxDj̄W̄flux − 3κ2

4|Wflux|2
)

In this expression Wflux is given in (63), f is presented in (92),(93) and Kmod is defined in (102) of

Appendix A.
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Vflux =

6 Conclusions

In this paper, we have included the effects of flux and gaugino condensation in the four-dimensional

effective description of heterotic M-theory including anti-branes [1]. While the parts of the resulting

potential which are due purely to flux are unchanged from the supersymmetric result, those which are

caused by gaugino condensation are modified in important ways.

It is not even obvious, a priori, that gaugino condensation would occur in such a non-supersymmetric

setting. However, because in a certain limit the system still looks like globally supersymmetric gauge

theory, we have argued that indeed it does. We have also argued that we can calculate an approximation

to the potential for the moduli which it gives rise to. It should be noted that, in addition to the points

explicitly mentioned in the proceeding sections, the threshold corrections which anti-branes give rise to

in the gauge kinetic functions can completely change which extended objects in the higher dimensional

theory are strongly coupled - and so, which exhibit gaugino condensation.

Let us summarize the results derived in Sections 4 and 5. We have shown that the moduli potential

energy that arises from 1) perturbative effects, 2) gaugino condensation and 3) flux in heterotic M-theory

vacua with both M5-branes and anti M5-branes is, to our order of approximation, given by

V = V1 + V2 + Vc+c/f+f (95)

V1 =
ε0 κ−2

4

(πρ)2
(T k + T̄ k)δke

κ2
4(KT +KD) . (96)

V2 =
ε2
0 κ−4

4

(πρ)2
eκ2

4(KT +2KD)K k̄l
T δl





p̄−1
∑

p=0

τ (p)
k

Z(p̄) + Z̄(p̄)

τ̄m(Tm + T̄m)
−

N+1
∑

p=p̄+1

τ (p)
k

Z(p̄) + Z̄(p̄)

τ̄m(Tm + T̄m)
(97)

−
p̄−1
∑

p=0

τ (p)
k

Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

+
N+1
∑

p=p̄+1

τ (p)
k

Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

+
N+1
∑

p=0

τ (p)
k

(

1 −
Z(p) + Z̄(p)

τ (p)
m (Tm + T̄m)

)

Z(p) + Z̄(p)

τ (p)
n (T n + T̄ n)

− 2

3
δk





Vc+c/f+f =
[

eκ2
4Kmod

(

κ2
4|Aε(S + S̄)e−εf |2 + Āε(S + S̄)e−εf̄κ2

4Wflux + κ2
4W̄fluxAε(S + S̄)e−εf

)

(98)

+eκ2
4Kmod

(
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the appropriate gauge kinetic function, f , should be chosen from (89) or (90) and the Kähler potential

Kmod is defined in (102) of Appendix A.

The contribution of non-perturbative membrane instanton effects will be added to this potential in

future work, as will an analysis of the vacua of the resulting system [2].
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6 Conclusions

In this paper, we have included the effects of flux and gaugino condensation in the four-dimensional
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
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


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Here the superpotential for the flux is given by the expression

Wflux =
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4

∫

X
Ω ∧ G =
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(

XAGA − X̃BZB
)

, (99)

the appropriate gauge kinetic function, f , should be chosen from (89) or (90) and the Kähler potential

Kmod is defined in (102) of Appendix A.

The contribution of non-perturbative membrane instanton effects will be added to this potential in

future work, as will an analysis of the vacua of the resulting system [2].
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Conclusions
• We have included anti-branes in the vacuum of heterotic 

M-theory.

• There are unexpected forces between the branes and 
anti-branes. These are vital in any discussion of the  
cosmology or stabilization of anti-branes.

• There are corrections to the gauge kinetic functions 
which change the potential obtained from gaugino 
condensation.

• One can calculate the supersymmetry breaking seen in 
the matter sector explicitly (next thing to be done).

• Similar conclusions would be expected in other contexts 
involving anti-branes.


