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Chapter 1

Introduction

For more than half a century physicists have tried to unify the four fundamental forces of
nature in a single framework. The first successful step in this direction was the emergence of
the Salam—Weinberg theory of electroweak interactions. Since then, the Standard Model (SM)
of particle physics has been proposed to describe the electromagnetic, weak, and strong in-
teraction in a single gauge theory with gauge group SU(3)c x SU(2)r, x U(1)y. However,
the SM is only tested up to the scale of electroweak symmetry breaking, My, ~ 100 GeV.
In addition, gravity is not included in the SM. To unify the aforementioned interactions with
gravity, described by Einstein’s theory of general relativity at a scale of Mp ~ 109 GeV, an

ultraviolet extension of the SM is needed.

One possible ingredient of such an extension is supersymmetry. In its simplest form, it pre-
dicts the existence of one superpartner for each SM particle which differs in spin by % Among
other things, supersymmetry removes quadratic divergences from scalar mass terms, provides
a natural WIMP dark matter candidate, and makes gauge coupling unification possible. The
idea to unify the three SM gauge groups into a single bigger one is well motivated, since in the
minimal supersymmetric extension of the Standard Model (MSSM) the three gauge couplings
seem to unify at a scale Mgyt ~ 10'6 GeV. Phenomenologically appealing candidates for gauge
groups of such a grand unified theory (GUT) are SU(5) and SO(10) [1].

The probably best-developed theory to describe an ultraviolet completion of the SM cou-
pled to gravity is string theory. In this framework, point-like particles are replaced by one-
dimensional strings whose typical length is fixed by the so-called string scale, which is of a
similar order as the GUT and Planck scales. In this thesis, we are particularly interested in
heterotic string theory [2, 3], which only contains closed strings. It automatically provides su-
pergravity in ten dimensions with an Eg x Eg or SO(32) gauge theory in its low energy limit.
In order to obtain four-dimensional theories with N' = 1 supersymmetry, e.g. the MSSM, six

of these dimensions have to be compactified on a smooth Calabi—Yau manifold or an orbifold.
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On top of being free of ultraviolet divergences, string theory has an elegant way of yielding
anomaly-free and thus consistent theories. It incorporates anomaly cancellation via the Green—
Schwarz mechanism [4], which imposes strong constraints on the gauge group, in particular,
only Eg x Eg and SO(32) are possible.

In this thesis, we deal with four-dimensional theories obtained by compactifying the het-
erotic string on orbifolds [5-7] and their smooth Calabi-Yau counterparts, obtained via a
blow-up procedure (cf. [8-11], and [12,13] for a gauged linear sigma model approach). The
discussion of anomalies differs in these two cases. In orbifold constructions, imposing modular
invariance of the string partition function is sufficient to guarantee consistency of the theory
via the Green—-Schwarz mechanism [14], where the axion dual to the Kalb-Ramond two-form
cancels the anomalies. Since there is only one axion but many different possible anomalies,
anomaly freedom requires that all anomalies are related such that the different anomalies can
be canceled with one universal axion. In smooth Calabi—Yau compactifications, however, the
picture is different. Anomalies are again canceled via the Green—-Schwarz mechanism [15-17].
But, in contrast to the orbifold case, there can be more than one axion and the axionic cou-
plings are in general non-universal, even if there is only one axion. This is true because in
the blow-up phase, the additional axions arise from internal cohomology two-forms and their
couplings are determined by the choice of the gauge bundle used for blowing-up the orbifold.
This anomaly cancellation mechanism becomes important when considering vector bundles or

line bundles over Calabi—Yau manifolds (see e.g. [18-20] for recent applications).

Both of the above mentioned compactification schemes are plagued by a number of phe-
nomenological problems, like too fast proton decay and the so-called p problem. One of the
prevailing methods to circumvent these issues are (discrete) R symmetries. Since R symmetries
act differently on fermions and bosons one might conclude that in string theory, R symmetries
emerge as remnants of the local Lorentz symmetry. However, the exact origin of R symmetries

both in orbifold and smooth Calabi—Yau compactifications is far from understood.

Thesis Outline and Summary

This thesis is organized as follows: In Chapter 2 we briefly review the heterotic string and
its compactification on orbifold spaces. As a simple example we discuss the 7°/Z3 orbifold.
The following chapter is devoted to anomalies and their cancellation. Here, we comment on
the existence of an anomalous U (1) on orbifolds and give expressions for the relevant anomaly
coefficients. In addition, we review the Green—Schwarz mechanism and the concept of anomaly
polynomials. In Chapter 4 we discuss the blow-up procedure for heterotic orbifolds. To this
end, we introduce the necessary tools from toric geometry and employ them to resolve curvature

singularities in compact and non-compact orbifolds. Afterwards, in Chapter 5 we discuss an



explicit blow-up model of the Zj3 orbifold in standard embedding. We use three Abelian
vector bundles to arrive at a model with gauge group SO(8) x SU(3) x U(1)a x U(1)p x Es.
Subsequently, we analyze arising anomalies of both U(1) symmetries to provide an example of
non-universal Green—Schwarz anomaly cancellation. This result agrees with our discussion in
Chapter 3 in which we argue that non-universal axion couplings are indeed the general case
for smooth Calabi—Yau compactifications, thus clarifying some confusion in recent literature.
Furthermore, we comment on the consequences of anomaly non-universality for bottom-up
GUT models and give an example of a Zg (non-R) symmetry which commutes with SU(5)
grand unification and satisfies all important phenomenological requirements. In the remainder
of the chapter we discuss remnant discrete symmetries of the exemplary string model, using
a gauged linear sigma model description. We focus especially on R symmetries and conclude
that the Zs orbifold exhibits a Zé% symmetry which is completely broken by the blow-up
procedure. We also attempt to clarify some notational confusion regarding the order of discrete
R symmetries on orbifolds. The results presented in this chapter have been published in [21].
In Chapter 6 we give an outlook on future research directions, especially the investigation of
superpotential couplings with regard to their charge under R symmetries. We try to find a
connection between R symmetries in orbifold and smooth Calabi—Yau models and attempt
to understand how they are broken during blow-up procedures. Afterwards, we give a short

conclusion.
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Chapter 2

Heterotic Strings on Orbifolds

Among all string theories, the heterotic string [2,3] provides the most interesting phenomeno-
logical applications. In ten-dimensional space-time it supports N/ = 1 super Yang—Mills theory
coupled to supergravity with gauge group Eg x Eg or SO(32). As mentioned before, to re-
late this to four-dimensional theories with A/ = 1 supersymmetry, six dimensions have to be
compactified. Heterotic orbifolds [5—7] constitute simple geometrical compactification spaces.
Orbifolds are flat everywhere except for isolated curvature singularities at the so-called fized
points. It turns out that these singularities do not pose an obstruction to performing exact
string computations. Thus, a very large number [22, 23] of viable and phenomenologically

interesting string compactifications on orbifolds are known.

2.1 The Heterotic String

We start with a brief review of the heterotic string following the description in [24,25], in order
to set the notation and introduce some of the underlying concepts which are relevant to the
following chapters.

Heterotic string theory is the only string theory which contains closed strings only. One
of the key aspects of this theory is to exploit the fact that left- and right-moving excitations
of these closed strings decouple. This results in left-moving bosonic strings living in d = 26
dimensions and right-moving superstrings in d = 10 dimensions. The string is described by
maps X*(7,0) which embed the two-dimensional world-sheet (with coordinates T and o) into
the ten-dimensional target space. Left- and right-movers are then treated separately in the

following way,
X*(r,0) = XP(0") + XL (07), (2.1)

+

where we have introduced the so-called light-cone coordinates o= =1 + 0.
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World-sheet action and mode expansion

The world-sheet action for the ten-dimensional fields of the heterotic string is of the form
1
Siod = - / d*0 (204 X" O_X,, + WhO_tr ) (2.2)

where ;¢ = 0...9 and 0+ denotes the derivative with respect to o*. Thus, the right-moving
superstring is described by ten-dimensional bosons Xf(0~) and Majorana-Weyl fermions
wﬁ(a*) which are related by world-sheet supersymmetry. The left-moving string is described
by X#(oF) and 16 additional bosonic degrees of freedom X7 (oT), where I =1...16.

As a step towards quantization of the theory we perform a mode expansion of the bosonic
and fermionic degrees of freedom. Respecting the periodic boundary conditions on the cylindric

world-sheet, i.e.
XH(ryo+m) = XH(1,0), (2.3)
one finds for the right-moving bosons

_ _ i 1 —2ino—
Xp(o7)=af +pl-o —{—5 E Eaﬁe Ao (2.4)
neZ
n#0

The fermions allow for either periodic (Ramond) or anti-periodic (Neveu—Schwarz) boundary
conditions: (0~ +7) = +k (07). These two sectors have to be treated separately and have

the following mode expansions

WhloT) = dhe R) (2.5a)
neZ

Yh(oT) = > be . (NS) (2.5b)
TEZJr%

Let us now turn to the left-movers. The ten-dimensional bosonic degrees of freedom have a

mode expansion similar to the right-moving ones, i.e.

i 1., s
Xfio¥) =af +pf -0 45 > ~alie 2int (2.6)
7
Pt

In order to preserve modular invariance, the 16 additional bosonic degrees of freedom X' have

to be compactified on a 16-dimensional torus 7%, described by a lattice

' = {ZWZnieﬂni € Z} . (2.7)

I'ig is spanned by 16 linearly independent vectors e; € R'® and is required to be even and
self-dual. With 16 dimensions being compactified on 76 = R'6 /T4, the X' can be thought
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of as strings which are closed after encircling the torus a certain number of times:
16
X ot +m) =X (o) + QWZwieiI , (2.8)
i=1

where w; are called winding numbers. It turns out that I';g can only be the root lattice of
Eg x Eg or Spin(32)/Zsy. This corresponds to the well-known result from ten-dimensional
anomaly cancellation [4] that the only gauge groups which support a consistent heterotic
string theory are Fg x Eg and SO(32). Since the gauge group descends in this way from the 16
compactified dimensions, the X' are frequently called gauge degrees of freedom. Their mode

expansion is given by

i—1_,

XLot) =2l +pl -0t + 3 S Eage 2noT (2.9)
yA
g0

where pr, € I'1g is the internal momentum of the string.

Quantization and massless spectrum

In order to quantize the theory, the expansion modes encountered in the previous paragraph
are taken to be operator-valued. They act on a Hilbert space H and obey the commutation

relations

[alrffu ON‘Z] =0 ’ (210&)
[dfn7 &Z] = [a/ﬁn, Oé%] = n5n+m7077ﬂy ) (210b)
[d{m 6‘1{] = 77‘(sn-i—m,O(SIJ . (2.10C)

The fermionic modes are elements of a Grassmann algebra and thus fulfill the anticommutation

relations

{bff, bZ} = r+s,0"7lw ) (2.11a)
{d%’ d;/L} = n+m,077uy . (2.11b)

Demanding reality of X and the Majorana property of i) then amounts to the following con-

ditions on the modes,

T

—-n>

dy=d ., b=b. (2.12)

o
an—a —_n

ap =« s

Hence we observe that some of the modes act as creation operators and some as annihilation
operators on H. However, negative- or zero-norm states can appear in the spectrum alongside

the physical positive-norm states. In order to remove these unphysical states from the theory,
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we impose a number of constraints on the world-sheet energy-momentum tensor 7,3 and the

world-sheet supercurrent J,:
T++ — Tff — J, — 0 . (213)

The above quantities can be expressed in terms of the fields as follows

T++ = —3+X56+XL7M - 6+X£8+XL7[7 (214&)
i

T = —0-XRO-Xnu— 3URO-tru. (2.14b)

J- = yYRO_Xg . (2.14c)

The mode expansions for these operators, i.e.

T++ _ Z Ene—21n0+ , T = Z Lne_mna_ , (215&)
nez nez

S 23 Rt ) Y i (2.15D)
nez SEZ'F%

define the generators of the super-Virasoro algebra. Using these we can define a physical state

|¢) € H by demanding

(Lo — ar)|$) = (Lo — av)|¢) =0, (2.16a)
Lo|¢) = Lolg) =0,  ¥n>0, (2.16b)

Ful¢)=0, V¥n>0, (2.16¢)

Gslg) =0, Vs >0. (2.16d)

Note that the zero-mode equations contain shifts a;, = 1 and agr = 0 or % — depending on the
boundary conditions (Ramond or Neveu—Schwarz) — which arise from the normal-ordering of

the oscillators.

We are now in a position to discuss mass operators of the theory. In light-cone gauge the

mass-squared operator reads
M? = M} + M3, (2.17)

with level matching condition M7 = MI% The operators in eq. (2.17) are given by

M2 1 I B

%:_%:%4_]\[_1, (2.18a)
M2 M 2

TR _ _pR,ng _ % +N—ag, (2.18b)

where ¢ is the right-moving momentum taken from the weight lattice of SO(8), which is the

little group of the Lorentz group SO(1,9). We have implicitly bosonized the theory, hence in
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this formulation two world-sheet Majorana—Weyl fermions play the role of one holomorphic
boson. For the sake of completeness we give the explicit form of the oscillator number operators
N and N:

o

N =) " an,+aan, (2.19a)
n=1
oo

N:=> o an,. (2.19b)
n=1

Let us now proceed to the determination of the massless spectrum. The massive modes
are of no particular interest to string phenomenology, since the masses are of the order of the
string scale Mg ~ 10'7 GeV [26]. Thus, in a low energy effective theory massive states are not
present.

In the right-moving sector we deduce from demanding (2.18b) to be zero that massless
modes have N = 0 (since N has integral eigenvalues, N > 0 leads to massive states) and
¢> = 1, which is satisfied by

e gy = (£1,0,0,0), which are the weights of the 8, representation of SO(8). The underline

denotes permutations of the entries.

° g5 = (i%,i%,i%,i%) with an even number of plus signs, which correspond to the

weights of the 8 representation of SO(8).

In the left-moving sector the picture is slightly different. From eq. (2.18a) with M? = 0 we
conclude that massless left-moving states must have either p2 = 2 and N = 0, or p? = 0 and
N = 1. In the first case, the internal momenta p are the 480 roots of Eg x Fg or SO(32). In
the second case, the massless states are found to be the oscillator states & ,|0)r, and & |0)y..
The full spectrum of the heterotic string is then obtained by computing the tensor product of

the previously discussed states:

Pr®a” |0, N =1,d=10 SUGRA multiplet, 2.20a.
1

lg)r ® &'1]|0), 16 Cartan generators of Fg x Fg or SO(32), (2.20b)

lg)r®|p)1. 480 generators of Eg x Eg or SO(32). (2.20c)

The 496 states in (2.20b) and (2.20c) transform in the adjoint representation 248 + 248 of
Eg x Eg or the 496 of SO(32). It is also straightforward to verify that the gauge singlet states
in (2.20a) indeed constitute an N’ =1 SUGRA multiplet:

While the oscillators ol ; transform trivially under SO(8), the &, transform in the 8y
vector representation of SO(8). Thus for the case of bosonic ¢, (2.20a) yields the tensor
product

8, x 8, =1+ 28+ 35,, (2.21)
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which can, by merely counting degrees of freedom, be identified with the dilaton ®, the an-
tisymmetric two-form B,,,, and the graviton g,,, respectively. A similar procedure for the

fermionic part of ¢ leaves us with
SS X 8\/ - Sc + 5607 (222)

which corresponds to the dilatino 1 and the gravitino 1,,, respectively.

2.2  Orbifold Compactifications

As mentioned before, in order to reproduce the MSSM or the Standard Model of particle
physics from string theory, six of the ten stringy dimensions have to be compactified. This is

done by choosing the ten-dimensional target space Mig to be of the form
Mo = My 3 x Mg, (2.23)

where M; 3 is four-dimensional Minkowski space and Mg denotes the six-dimensional internal
space. Perhaps the most important restriction on the compactification space Mg is the re-
quirement of N’ = 1 supersymmetry in four dimensions. Demanding one remnant covariantly
constant spinor after breakdown of the ten-dimensional Lorentz group restricts the holonomy
group of Mg to be SU(3). This constraint is satisfied by Calabi—Yau manifolds and orbifolds.

This section is devoted to orbifold geometry and topology, as well as the propagation of
heterotic strings on orbifolds. We discuss the most important concepts by means of a simple
example, the T%/Zs3 orbifold. Compactifications on smooth Calabi-Yau manifolds, especially
blow-ups of heterotic orbifolds, will be discussed in Chapter 4.

2.2.1 Orbifold Geometry

By definition, an orbifold is a manifold with a discrete symmetry modded out. To construct a
toroidal orbifold O suitable for string compactification, we start with a six-dimensional torus

T and divide out a symmetry of the underlying torus lattice I, also known as point group:
O=T%P. (2.24)

Note that P has to act crystallographically on I', hence the number of possible point groups

is finite. P acts on the three complex coordinates z; of the torus according to
0: 2z — 0z = e¥™Vig; (2.25)

where v = (v1,v9,v3) is called twist vector. Note that in this thesis we only consider orbifolds

with P = Zpy whose torus lattices can be factorized into three two-dimensional tori. The
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condition of A/ = 1 supersymmetry in four dimensions amounts to requiring the point group,

which is identified with the orbifold holonomy group, to be a subgroup of SU(3). This implies

3
Zvi =0 mod 1. (2.26)
i=1

Furthermore, since the point group is of order N the twist vector has to satisfy Nv; = 0 mod 1.
Before we start discussing the propagation of strings on orbifolds, let us briefly comment on
a different way to construct orbifolds, namely via the so-called space group. The space group S

is defined by an equivalence relation for the complex torus coordinates,
2z~ (08 )z = 0%z +n, ke{1,2,...,N -1}, (2.27)

where n = n;e; are lattice translations and 6 is the generating element of the point group

introduced in (2.25). Two elements g1, g2 € S obey the multiplication law
groga = (6%,n)o (0", m) = (0 0*m +n). (2.28)
The orbifold O is then constructed as the quotient space
O=0C?/S. (2.29)

Note that P and S do not act freely on €C3: There is a finite number of fixed points f which
satisfy f = (#*,n)f and are thus invariant under S. Due to the non-trivial holonomy these fixed
points constitute curvature singularities on O. If one of the complex coordinates is invariant
under a twist 0%, i.e. 0%z; = z;, there exists a fixed subspace of complex dimension two, which

for orbifolds on factorizable tori is always a fixed torus.

2.2.2 Strings on Orbifolds

Our next step is to consider the compactification of six bosonic coordinates X*, y =4...9
on the orbifold O. It is convenient to express these real coordinates in terms of three complex

coordinates
7%= X%t pix2t3 g =1...3. (2.30)

Due to the orbifold geometry, i.e. the space group action, the boundary conditions (2.3) for

the string coordinates change:
Z(t,0 + 2m) = 08 Z(1,0) + nie; (2.31a)
(1,0 +21) = £0Fy (2.31b)

To give a similar expression for the coordinates X', we have to specify how the space group is

embedded into the gauge degrees of freedom. A convenient choice is to assign to every twist 6;
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a shift vector Vil and to every lattice translation by e; a Wilson line W;. The new boundary

condition for the gauge degrees of freedom then reads

X0t +2m) = X (a%) + V], (2.32)
where
6
Vi =k VT +> W (2.33)
=1

denotes the so-called local shift vector, associated with a space group element g € S at a
particular fixed point. Note that from now on we will drop the index I = 1...16 whenever the
notation is clear without ambiguity. The full group, which acts on both the three complex-
dimensional space and the gauge degrees of freedom, we call orbifold group O.

An important distinction in terms of physical states is made between the untwisted sector

(k= 0) and the twisted sectors (k # 0). In the following, we discuss both cases separately.

Twisted sector

Strings in the twisted sector are subject to the modified boundary conditions (2.31). Thus,
massless twisted strings are localized at fixed points corresponding to some constructing element
g = (0%,ne;) of S. Similar to the way we introduced the local shift Vj it is now useful to
define the local twist

vg = kv, (2.34)

which denotes the twist acting on any string localized at the fixed point with constructing
element g. As a consequence of the twisted boundary conditions the right- and left-moving

momenta are shifted by v, and V,, respectively. The new masslessness conditions can then be

written as
Mg % 1
M2 2 _
?L;O:%—i—]\f—i—éc—l, (2.35b)
where we have defined the shifted momenta as
gsh := ¢+ vg, pshi=p+ V. (2.36)

Note another important difference to the untwisted mass operators (2.18): The presence of
twisted oscillators in the mode expansions of twisted strings leads to a shift in the zero-point

energies of both right- and left-moving sector, given by

3
dc = Zv; (1- v;) , (2.37)

=1
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for 0 < v; < 1.

In order to determine the Hilbert space of physical states we have to consider how a closed
string state |gsn)r ® &|psh)r with constructing element g € S transforms under some element
h € S. It turns out that in case of commuting space group elements, which is given throughout

this thesis, the state transforms with a phase, i.e.

- h rilpl VI Riyt 5
|gsh)R @ &|psn)r, — € (o Vil R0} |gsh)R @ &|Psh)L. 5 (2.38)

where we have introduced the so-called R charge
R =¢l) — N'+ N*'. (2.39)

The combination of oscillators and shifted momenta is chosen in such a way that R’ is invariant
under picture changing [27]. Since physical states have to transform trivially under h, it follows

from (2.38) the projection condition
PLVI — Rivi £ 0 mod 1. (2.40)

One can show that the twisted sector cannot contribute gauge group factors to the compactified
spectrum. In fact, the only states which survive (2.40) form matter representations in the form

of four-dimensional N/ = 1 chiral multiplets.

Untwisted sector

Strings in the untwisted sector fulfill the trivial boundary conditions (2.3). Hence the solutions
to the masslessness conditions (2.18) are simply given by the ten-dimensional spectrum of the
heterotic string. However, to obtain the correct massless physical spectrum on the orbifold we
still have to project out those states which are not invariant under the orbifold action.

From the transformation behavior of the operators and states under the twist 6, given by

lg) — e*Q’Tiqivi\q> , (2.41a)
al — Mg (2.41b)
lp) — 2’V D), (2.41c)

and knowing that physical states must transform trivially, we draw a number of conclusions.
First, from the ten-dimensional supergravity multiplet (2.20a), only an N' = 1, d = 4 super-
gravity multiplet and untwisted moduli like the Kéhler and complex structure moduli survive.
Second, from the 16 Cartan generators (2.20b) we get 16 four-dimensional vector multiplets.
Thus, the rank of the gauge group has not been reduced. Last but not least, the 480 generators
of Eg x Eg from (2.20c) transform under g € S as follows,

i I_ ..
Q)R @ |p)1, > XMV —a0) gy e @ [p)y, (2.42)
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Thus, if qw; = 0, the left-moving momentum must satisfy
pIVgI =0 mod 1. (2.43)

The surviving p are the roots of the four-dimensional gauge group. As stated in our previous
discussion of the twisted sector, these are in fact the only states contributing to the gauge

group. In the case qivg = 0, the condition reads
pIVgI — qiv; < 0 mod 1, (2.44)

in analogy to (2.40). The set of invariant states arising from (2.44) give rise to untwisted

matter transforming in representations specified by their weights p.

Modular invariance and other constraints

The gauge embedding of the twist, i.e. the shift V' and Wilson lines W;, has to satisfy a number
of consistency conditions.
For a Zy orbifold, acting N times with an orbifold group element on the gauge degrees of

freedom and demanding that 8V = 1 leads to a constraint on the shift vector,
NV €T'6. (245)

Thus, a twist of order N is translated into a shift of the same order in the gauge sector. A
similar rule can be derived for Wilson lines. If N; denotes the order of the orbifold action in
the i-th subtorus, acting N; times on the coordinates Z¢ and XI{ with g = (0,e;; V,W;) € O

results in the condition that W; has to be of order IV, i.e.
N;W; €. (2'46)

A number of additional constraints are imposed by modular invariance of one-loop string
amplitudes. One-loop diagrams for closed strings are simply tori, parameterized by a modu-

lus 7. The torus modulus is invariant under IPSL(2, Z) transformations of the form

at +b

cr+d’ c

(“ Z) e SL(2,7), (2.47)

generated by 7 - 7+ 1 and 7 — —%. Therefore, the string amplitude itself has to be invariant

under (2.47), which for Zy orbifolds leads to the consistency conditions

N(V? —2v?) =0mod 2, (2.48a)

where as before IV; denotes the order of W;.



2.2. Orbifold Compactifications 15
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Figure 2.1: The factorized SU(3)3 torus lattice of the Z3 orbifold, spanned by the basis vectors

e1 =e3=e5=(1,0) and ex = e4 = eg = (—%, ‘/75) The black dots mark the 3% = 27 fixed points.

2.2.3 Example: The T°/Z3 Orbifold

Equipped with the previously discussed techniques we can now proceed to study the simplest
example of an orbifold which admits N = 1 supersymmetry in four dimensions, 7°/Z3. The
geometry of the Z3 orbifold has been discussed in great detail in various works [5-7,28]!. Hence,
we merely summarize the most important results for the simple case of standard embedding in
absence of Wilson lines. We will use exactly this orbifold compactification as starting point
for a blow-up model with non-universal anomalies in Chapter 5.

Let us first specify what is meant by standard embedding. We choose the six-dimensional

torus lattice to be factorized as

I'=Tsys) X Lsue) X Usu) s (2.49)

where I'gy7(3) denotes the root lattice of SU (3). Each sublattice lies in one of the three complex
planes of the tori. This is schematically depicted in Figure 2.1. In this case the orbifold twist 0

is realized by the twist vector

b= % (1,1,-2) . (2.50)

The term standard embedding in this context means that the twist is embedded into the gauge

group in the simplest non-trivial way,
1
V=3 (1,1,-2,0%) (0%) . (2.51)

Following the procedure discussed in the previous sections one can now verify that the shift

breaks the gauge group as
Eg X Eg — E6 X SU(3) X Eg. (252)

We remark that in Fg x Eg heterotic string theory there are in fact five inequivalent shift
vectors which satisfy the modular invariance conditions (2.48) [22]. Thus, in the absence of

Wilson lines there are five different Zs orbifolds whose gauge groups are listed in Table 2.1.

'For a detailed account of the SO(32) heterotic string on Zs orbifolds, see [29].
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Shift vector Gauge group
(0%) (0%) Es x Eg
$(1,1,-2,0%) (0%) Es x SU(3) x Ex
3 (1,1,-2,0%) (1,1,-2,0°) Eg x SU(3) x Eg x SU(3)
1 (12,00) (=2,0M) E7 x 50(14) x U(1)?
2 (-2,1%,0%) (-2,07) SU(9) x SO(14) x U(1)

Table 2.1: All modular invariant inequivalent shift vectors for the Zs orbifold with resulting gauge

group.

Returning to the simple case of the standard embedding, we perform the analysis outlined
in Section 2.2.2 to determine the massless chiral spectrum in the remaining four-dimensional
theory. It turns out that in the untwisted sector, the only matter representations which survive
the projection conditions are three copies of (27, 3, 1). A similar analysis in the twisted sector
reveals that at each of the 27 fixed points there are localized matter representations (27,1,1)

and 3-(1,3,1). Thus, the full massless chiral spectrum reads
3(27,3,1) +27[(27,1,1) +3(1,3,1) ] . (2.53)

This completes our discussion of the Zg orbifold for now. However, as already mentioned we

will come back to this particular example in Chapter 5.



Chapter 3
Anomaly Cancellation

Anomalies arise when a classical symmetry is not preserved in the process of quantization. If
the anomalous symmetry is a gauge symmetry, the theory is rendered inconsistent. Therefore,
anomaly cancellation is of crucial importance in the construction of consistent string mod-
els. The conditions for omalous' theories in ten dimensions have been studied by Green and
Schwarz [4] for the first time. Criteria for discrete symmetries have been investigated in [30,31].
The computation of anomaly coefficients can be performed in various ways: Using a simple
Feynman diagram approach, calculating the anomalous variation of the path integral measure
via a method developed in [32,33], or via the anomaly polynomial [34,35]. In this chapter
we comment on these different methods and discuss the concept of anomaly polynomials in
detail. Afterwards, we explore the presence and consequences of an anomalous U (1) symmetry,

commonly denoted by U(1)anom, on heterotic orbifolds.

3.1 Field Theory Picture

In a d-dimensional field theory, anomalies are represented by non-vanishing (%l + 1)-sided poly-
gon graphs, see Figure 3.1 for examples in four and ten dimensions. Since only diagrams with
chiral fermions in the loop give non-vanishing contributions, anomalies only exist in even di-
mensions. Concretely, let us consider a theory with a gauge group which is a product of a
non-Abelian part, denoted by G, and a number of U(1) symmetries. We also include a number
of chiral fermions f which transform in the representation r¢ of G' and carry U(1); charge qu.
Now one can simply try to calculate the triangle diagram in Figure 3.1a. Considering only

U(1) gauge fields coupled to two other U(1) gauge fields, two gravitons or two non-Abelian

!We use this term coined by Donagi for anomaly-free theories. We also remark that anomalous, stemming

from the greek word homalos (= even, smooth) is in no way related to abnormal (= against the rule).

17
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> XX

(a)

Figure 3.1: Anomaly graphs in four (a) and ten (b) dimensions.

gauge fields, we obtain for the U (1) current .J;

v 1 D
AU( )3 F] 'LWF];LL + —A U(1); tr RMURMV . (31)

8#‘]# ~ AGQfU(l)i tr FHVFMV 2 grav?—

Sijk
Here, F,,, F;,u, and Ry, denote the field strengths of G, U(1);, and the Lorentz group,

respectively. The symmetry factor s;j;, satisfies
sii =3, sy =21, sip=11, (32)

and takes into account permutations of the legs in the triangle diagram. The anomaly coeffi-

cients A are found to be

Ac2_ya) = Z(Jff(rf) ; Agrav2—U(1) qu, Ay quqmqm (3.3)
f

Z]k

where the first sum runs over all fermions f in r; and ¢(r¢) denotes the Dynkin index of 7.
All these anomaly coefficients have to vanish for the theory to be omalous.

For discrete symmetries, especially Zy symmetries, instead of U(1)’s the anomaly coef-
ficients are of the same form as (3.3) but only have to vanish mod N (or mod % it N is
even) [30,31]. Furthermore, it has been argued in various places [31,36] that quadratic and

cubic discrete anomalies are not relevant for the discussion.

3.2 Anomaly Polynomial and Green—Schwarz Mechanism

A more convenient way to discuss anomalies and their cancellation is via the so-called anomaly
polynomial. Whenever a current like (3.1) is not conserved, the path integral measure trans-

forms non-trivially, i.e.

/ DU — / DUeAel (3.4)
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Thus, the effective action I'g appears non-invariant under the considered gauge or local Lorentz

transformation with parameter A or ©, respectively:
I's —T's+ A\ O) . (3.5)

As discussed before, the anomaly A only arises in the quantum theory and could be calculated
using Feynman diagrams or a regularization method developed by Fujikawa [32,33]. In a

d-dimensional theory the anomaly can be expressed as an integral of a d-form,

A= / . (3.6)

It has been argued [37,38] that the non-trivial information about the anomaly can be succinctly
given in terms of a (formal) closed and gauge-invariant (d 4 2)-form I;,9, which is related to

14 via the Stora—Zumino descent equations

Ippo=dI¥ &I, =i, (3.7)
I440 is called anomaly polynomial and Igfl is the Chern—Simons form.

Let us now specialize to the case of interest, which is ten-dimensional N' = 1 supergravity
coupled to super Yang—Mills theory, as a low energy effective theory of the Fg x Eg heterotic
string. Green and Schwarz discovered [4,39] that only reducible anomalies can be canceled,

i.e. I12 has to factorize into an eight-form and a four-form according to
Iy = YsXy. (3.8)

Taking anomalous contributions from the gravitino, the dilatino, and the gauginos into account,

one obtains for Yg and Xy,

1 1 s 1 1 1 2
Ys=-trR*+ = (tr R} —ctr R2tr 2+ — tr §* — = (tr > 3.9
5= g R 4 g ()" - g4 g - o ()" (3.9)
Xy =trR? —tr g2, (3.10)

where R and § denote the ten-dimensional Riemann and field strength tensors, respectively?.
The field strength tensors are constrained to be the ones of Eg x Eg or SO(32). In the case at
hand, the anomaly is canceled by the non-trivial variation of the antisymmetric two-form Bs

from the supergravity multiplet (2.21), given by
0By = tr ©dJ — tr \dd2A , (3.11)

where 2J and 2 denote spin and gauge connection, respectively. In particular, the anomalous
variation (3.5) of the supergravity action is now canceled by the Green—Schwarz action for By,

which is of the form

1
Sas = / §H3 AN*xHs + cBy Xy, (312)

2Note that we usually omit wedge products between forms for convenience.
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By

Figure 3.2: Anomalous hexagon diagram and tree level diagram with the exchange of Ba. The anomalous

variation of Bs exactly cancels the ten-dimensional gauge anomaly.

where the field strength of By is given by
1
H3z =dBy + —(wiM —wh). (3.13)
c
Here ¢ is a free parameter and ng and w:{j denote the Chern—Simons three-forms
YM 213
wg - =tr |AF — 321 , (3.14a)
L 2103
wg = tr [WR — gﬁﬂ . (3.14b)

This cancellation process is schematically depicted in Figure 3.2. Note that I;5 can also contain

more than one anomalous contribution, i.e.
Iy = Z Yg' XY, (3.15)
a

in general. In this case, each of the contributions to (3.15) has to be canceled separately by

variations of appropriate two-forms C9.

Four-dimensional anomaly cancellation

Let us now focus on four-dimensional theories. Here, reducible anomalies factorize as
Is =), Y5 X{, and can thus again be canceled by two-forms. However, in four dimensions
two-forms are dual to zero-forms (scalar fields, in particular axions) in the sense that their field
strengths satisfy *Hs = Hi. Thus, we can phrase the following discussion in terms of scalars
only, which is much more convenient. The two-form Y5 can only be a field strength of a U(1)

gauge group factor, Yo = dAp, and the U(1) is anomalous if X4 # 0. Then X, contains either
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two more U(1)’s or a square of a non-Abelian group (again including gravity), and by an abuse

of notation we denote these as Abelian, non-Abelian and gravitational anomalies, respectively.

For heterotic string compactifications we have to distinguish between two fairly different
cases: Compactifications on orbifolds and on smooth Calabi—Yau manifolds with vector bun-
dles, including orbifold blow-ups.

In the orbifold case, the only field taking part in the cancellation process is the antisym-
metric two-form by which survives the dimensional reduction of Bsy. Its dual, denoted by a, is

known as the model independent axion. Since there is only one possible field we can write

IG:YVQX4:Y72 (tI‘R2—ZCGtI’F3> . (316)
a

Notice that we have chosen a notation where the ten-dimensional field strengths split into

internal background flux and four-dimensional field strength as § = F + F and R = R + R,

assuming that four-dimensional backgrounds and massless internal fluctuations are absent.

The sum in (3.16) runs over all unbroken gauge group factors. The anomaly is then canceled

by the four-dimensional Green-Schwarz action (3.12),

S ~ /aX4. (3.17)

We observe that a couples universally to all four-dimensional gauge group factors, apart from
the somewhat trivial coefficients ¢, which can be determined by group theory arguments only.
In Section 3.3 we will discuss how this universal coupling is related to the existence of an
anomalous U (1) in certain orbifold constructions. In particular, the anomalous U (1) manifests

itself as a shift of a.

Let us now proceed to the second case, compactification on smooth Calabi—Yau manifolds
as blow-ups of heterotic orbifolds. The most important difference is given by the fact that a
number of additional axions (3, enter the theory during the blow-up procedure. Specifically, we
resolve the orbifold singularities by gluing in a number of exceptional divisors E,.. The details
of this procedure are discussed in Chapter 4 and an explicit example is given in Chapter 5.

For now, it suffices to argue that the Kalb-Ramond two-form B can be expanded as
By =by + ;R — By E; (3.18)

where R; denote so-called inherited divisors which will not play a role in our example model.
The transformation of the £, under the anomalous symmetry follows from dimensional re-
duction of (3.11) after expansion of the internal flux F. We will work this out explicitly in

Section 5.1 during the discussion of gauge boson masses of anomalous U(1)’s. From the above
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discussion we conclude that these axions will in general not couple universally to all gauge
group factors.

Let us now work out a way to determine the four-dimensional anomaly coefficients via the
anomaly polynomial. Keeping in mind the Bianchi identity for the six-dimensional backgrounds

(see also Section 4.3),
dH =trR®* —tr F2 =0, (3.19)

where the second equality holds only in cohomology, we can insert the decomposition of § and
R into the ten-dimensional polynomial given by (3.8) and (3.9) and keep the relevant terms,

i.e. the ones cubic in F and R. The result reads

1 1 1 1
Is = —/ [— tr(f’F’)2 + = (trf’2 -t R2> tr F?

(2m)° ) 16 4
. (3.20)
—é <tr F? - 1—52 tr R2> tr RQ] tr(F'F') + (F',F < F", F") .

The field strengths of the first and the second Eg are denoted by F' and F”, respectively.

Apparently, each Fg factor contributes three different terms:

o [ tr(FF )% tr(F'F') gives rise to Abelian anomalies only. This is also true for bundles
with non-Abelian structure group H because the generators of H, for which the trace

gives a nonvanishing contribution, are broken by the bundle.
o [ (trF? = 1trR?) tr F? - tr(F'F’) gives Abelian and non-Abelian anomalies, and
o [y (trF?— 2 tr R?) tr R? - tr(F'F') contributes purely gravitational anomalies.

We observe some partial anomaly universality: The non-Abelian anomalies arising from the
first Eg are captured by one anomalous U(1) factor with universal coefficients, and similar for
the second Eg. Furthermore, if one Eg is unbroken, i.e. 7" = 0, the Bianchi identity (3.19)
implies that the non-Abelian and gravitational anomalies are captured by the same U(1), and
their coefficients are proportional to each other.

This completes our discussion of anomaly polynomials. However, we make excessive use
of the described methods in order to determine the anomaly coefficients of a T°/Zs orbifold

blow-up model in Section 5.1.

3.3 Anomalous U (1) on Orbifolds

In generic orbifold compactifications the four-dimensional gauge group can contain many U(1)
factors. In this section we briefly discuss what has been established in the literature [40-42]

for some time: Although many of the U(1)’s may appear anomalous, one can always perform a
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basis change to rotate the generators in a way that only one U(1) is truly anomalous, which is
then denoted by U(1)anom. We investigate how exactly this can be realized, before we discuss
the four-dimensional version of the Green—Schwarz mechanism which cancels these anomalies.
At the end of this section, we comment on the conditions for an anomalous U(1) to be present

in the first place.

Uniqueness of U(1)anom

As mentioned above, for a set of apparently anomalous U(1) factors we can always rotate the
charges in such a way that only one anomalous U(1) remains. Starting from a number of gauge

group factors U(1); and a state |pgy)r, with charges ¢; given by

gilpsh)t, = tfHI!psh>L = tfpghfpshh, (3.21)

where H! denote the 16 Cartan generators of Eg x Eg, we have from (3.3) potentially non-

vanishing anomaly coefficients
17
Ai=3 ol =3 ting] (3.22)
f f

In [43] it has been worked out that a unique anomalous generator in a proper normalization
can be constructed by
tanom = Z %tz = % Zp£h7 (323)
i ’ f
where we have used (3.21) as well as the fact that the generators ¢; are chosen to be orthogonal.
Using (3.22) one can prove that U(1)anom is indeed anomalous and all other U(1)’s, whose

generators satisfy fl-l tl

snom = U, are not.

Furthermore, the authors of [43] have shown that there is an anomalous space group element

i

t om€). This is in fact related to discrete

corresponding to tanom, given by ganom = (#Fanem n
anomalies arising from stringy symmetries like the space group selection rule or H-momentum
conservation. In particular, ¢, om can be expressed as a superposition of the shift vector V'

and the Wilson lines W of the orbifold model,

tanom = KanomV + Z ’I’L;nomWi s (324)
)

which holds up to lattice vectors of I' gy gg.-

Anomaly cancellation and universality

Since U(1)anom is a gauge symmetry, all anomalies have to be absent or canceled by a Green—
Schwarz mechanism for the theory to be consistent. As we have seen in Section 3.2, ten-
dimensional anomalies are canceled by the variation of a counterterm [ By A Xg. In four

dimensions the cancellation proceeds via a shift of an axion a descending from By [43]:
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Consider a chiral superfield ¥ and a vector superfield V' transforming under U(1)anom as
U — eamomdy Y V(A - AT, (3.25)

where A is a chiral superfield. This transformation is canceled by the variation of a complex

dilaton field S = s + ia of the form
S — S +1idasA. (3.26)

dGs can be shown to be proportional to Apz_gy( where H denotes Abelian, non-Abelian

1)anom ?
and gravitational gauge group factors. The exact relation between those three types of anoma-
lies has been worked out in [42,44] and reads

1 1 1
068 ~ AU (Wanom = 57 Agrav? U Wanem = Gz AU Do = 3, F AV U (1w

(3.27)

This universality condition follows from the fact that several kinds of anomalies have to be can-
celed by only one axion a, frequently called the model independent axion. Therefore, anomaly
universality only holds for orbifold constructions. As we will see, for example in Chapter 5, on
smooth Calabi—Yau manifolds there can generically be many axions, so that anomaly univer-
sality is neither required nor fulfilled in general.

Another important point which follows from (3.27) is that the Kahler potential for the
dilaton S, which is generically of the form Kg = —In(S + ST), has to be modified to be

invariant under U (1)anom:
1
K¢ — ng =—1In (S + 57— 55(}3‘/) , (3.28)

where V' denotes the vector multiplet of U(1)anom. The modified Kédhler potential (3.28)

contains a D-term of the schematic form

[Ks]p ~ tT Ganom ~ AgraV2—U(1)anom ) (3.29)

where tr ganom = >_; @lnom. With (3.27) it follows that the presence of an anomalous U(1)
symmetry automatically induces a non-vanishing Fayet—Iliopoulos (FI) D-term. The interpre-
tation of this FI term and its connection to supersymmetry breaking have been discussed in

various places in the literature [41,43].

Presence of U(1)anom

In the literature, many models with an anomalous U(1) have been known for some time.
However, until the authors of [40] were able to derive general conditions on the appearance
of U(1)anom the detailed spectrum and U(1) charges of each model had to be analyzed to
determine whether an anomalous U (1) was present or not. These conditions can be summarized

as follows.
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e Any orbifold compactification with an unbroken Eg gauge group factor has no anomalous
U(1). This is true for the following reason: From the universality condition (3.27) it
follows that if a U(1) symmetry has no mixed U(1) — G? anomaly for a certain G, it
has no anomaly of any kind. Thus, it suffices to check for those anomalies which are
easiest to calculate, namely the mixed anomaly with the largest gauge group. Since the
masslessness conditions (2.35) forbid Eg matter fields, mixed U(1) — E2 anomalies always

vanish.

e Even for models with two broken Eg factors — labeled E{ and EY — which contain U(1)
symmetries, the presence of U(1)anom is not guaranteed. In particular, if there is no
mixing between Ef§ and EY for massless twisted matter there is no anomalous U(1).
In this context, absence of mixing means that no massless field transforming under an

unbroken subgroup of E{ is charged under any U(1) descending from E} and vice versa.

e Another condition is related to the presence of Wilson lines and is therefore of less
importance to the remainder of this thesis: An omalous U(1) which survives the breaking
of FEg by a shift V' will not become anomalous when switching on Wilson lines orthogonal
to V. This is due to the fact that in case of orthogonal shift and Wilson lines there exists

a certain discrete symmetry which cancels potential anomalies of the U(1).

Apparently, these rules impose strong restrictions on the presence of U(1)anom. Again, we
stress the fact that these rules only hold for orbifold compactifications. On smooth Calabi—Yau
manifolds some of the contributing assumptions — such as anomaly universality — have to be
dropped so that other methods have to be invoked to classify models with anomalous U(1)

symmetries.
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Chapter 4

Blow-Up of Heterotic Orbifolds

In Chapter 2 it was argued that apart from orbifolds also smooth Calabi—Yau manifolds pro-
vide viable compactification spaces. We also realized that orbifolds, while providing a useful
background for explicit string computations, exhibit curvature singularities. The blow-up pro-
cedure described in this chapter resolves those singularities, and hence provides a conceptual
bridge between orbifolds and smooth Calabi—Yau spaces. This idea is schematically depicted
in Figure 4.1.

We start this chapter by reviewing the most important properties of generic Calabi—Yau
manifolds. To that end, we introduce important quantities like the Kéahler form and concepts
like intersection numbers of codimension-one submanifolds. We then very briefly discuss toric
geometry!' as a useful tool to investigate blow-ups of heterotic orbifolds, and subsequently
describe the resolution procedure itself. Since in this thesis we only use the blow-up procedure
as a means to investigate anomalies on smooth Calabi—Yau manifolds, we do not cover the full
depth of this mechanism. The interested reader is referred to [8-11,47-49] which discuss this
topic in some detail.

There is another point worth stressing: While toric geometry provides helpful mathemat-
ical tools to study blow-ups, there is a perhaps more intuitive picture in field theory: From
Chapter 3 we know that the existence of an anomalous U(1) on the orbifold implies the ap-
pearance of certain Fayet—Iliopoulos terms. In order to preserve N' = 1 supersymmetry these
terms have to be canceled. Thus, certain twisted fields charged under U(1)anom have to attain
a vev. When giving a vev to these so-called blow-up modes the corresponding fixed points are
smoothed out and the curvature singularities are resolved. It turns out that the bundle vectors
which characterize the gauge flux are the weight vectors of the blow-up modes. In Chapter 5
we will use both toric geometry and the above field theory picture to describe a blow-up model
of the Zs orbifold.

'For a thorough treatment, see [45,46].

27
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Figure 4.1: To obtain a blown-up orbifold, we cut out the neighborhoods around curvature singularities

and replace them with smooth hypersurfaces.

4.1 Smooth Calabi—Yau Manifolds

As mentioned earlier, in order to arrive at a four-dimensional theory with A" = 1 supersym-
metry via compactification on a compact, six-dimensional smooth manifold X, there must be
exactly one covariantly constant spinor on X. One can show that this leads to the condition
that X must admit a metric of SU(3) holonomy. It was conjectured by Calabi [50] and later
proved by Yau [51] that any Kihler manifold? with vanishing first Chern class ¢; := % tr'R,

where
R = Rydz'dZ (4.1)

is the curvature two-form, admits such a metric. Compact Kéhler manifolds with ¢;(X) = 0
are thus called Calabi—Yau manifolds. Note that the requirement of vanishing first Chern class

is equivalent to the following statements:
1. The Ricci tensor on X vanishes.
2. The metric on X has holonomy group SU(3).
3. X admits a globally defined and nowhere vanishing holomorphic three-form.
4. X has a trivial canonical bundle.

Let us briefly comment on some of the equivalences of these statements. The equivalence of
c1(X) = 0 to the first statement is highly non-trivial and was covered in Yau’s proof. The
equivalence of the first two statements can be proved by arguing that for any Kéahler metric
the holonomy group must be contained in U(3) (see, for example [52]), and that the condition
of vanishing Ricci-form eliminates a U(1) factor within this U(3). Thus, the holonomy group

must be contained in SU(3). The converse can be proved in a similar fashion. Furthermore, the

2A Kihler manifold is a complex Hermitian manifold whose Kéhler form J is closed, i.e. dJ = 0.
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equivalence of the last two statements can be shown by interpreting forms on complex manifolds
as sections of certain vector bundles: The canonical bundle Kj; of a complex manifold M of
real dimension 2n is a complex vector bundle, sections of which are (n,0)-forms. Since Ky is
a holomorphic line bundle, triviality implies Ky = M x C. Thus, there is a nowhere vanishing
(m, 0)-form corresponding to the unit section M x {1}, namely the unique constant function 1.

Again, the converse of this statement can be proved analogously.

The investigation of Calabi—Yau manifolds and their application as string compactification
spaces has been a highly discussed subject for many years. However, a thorough treatment of
this incredibly rich topic is beyond the scope of this thesis. We restrict ourselves to reviewing
the most important properties and quantities describing Calabi—Yau manifolds. For details,

we recommend [52-55].

Hodge diamond and Euler characteristic

Let us denote the covariantly constant spinor on X by 7. Being covariantly constant, it satisfies
D;n = 0, which implies that

RijuI"n=0 = TFRyn=0, (4.2)

where R;j; and R;, denote Riemann and Ricci tensor, respectively?. From (4.2) it follows
that R;; = 0, and hence X is Ricci-flat. Using the fact that any tensor field constructed from
products of 1 with itself is again covariantly constant, we can now introduce a number of basic
forms on X: The Kéhler form J;; = nI';;n, which is closed since any Calabi-Yau manifold
is also a Kéhler manifold, the complex structure I]i» = gikaj, and finally the aforementioned

holomorphic three-form

Qijie = 0" Tijin . (4.3)

As mentioned before, it can be shown that a Kéhler manifold has ¢; = 0 if and only if there
is a unique and nowhere vanishing holomorphic (3,0)-form 2, thus R0 = 1. In addition, it
is easy to verify that for any Calabi-Yau manifold h?? = A37P9 and thus h%? = 1. Using

this and a number of other properties the Hodge numbers of any Calabi—Yau manifold can be

3This result can be obtained using curvature and gamma matrix identities.
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written as a Hodge diamond,

h33 1
h3’2 h2,3 0 0
h3’1 h2’2 h1,3 0 hl’l 0
3.0 B! p1.2 pO3 = 1 B2 B! 1. (4.4)
h2’0 hl’l h0,2 0 hl’l 0
hLO hO,l 0 0
h00 1

We observe that the Dolbeault cohomology of X is completely determined by hAl! and h?!,
which give the number of Kahler moduli and complex structure moduli, respectively. Using

this result, we can express the Euler characteristic of X as
X =3 (=1)PFaprd = o(hbt — p>1). (4.5)
X

Note that for compactifications with standard embedding, i.e. in cases where the spin connec-
tion is identified with the gauge connection, the number of chiral families in four dimensions

is given by .

Divisors and intersections

In the following chapters we will frequently make use of special complex codimension-one
submanifolds of X called divisors, denoted by S;. These divisors are homology four-cycles,
which by Poincaré duality correspond to cohomolgy (1,1)-forms. The number of independent
S; is therefore given by h!. By abuse of notation we denote the form and cycle by the same
symbol S;. Divisors and their intersections encode important topological information of the
Calabi—Yau manifold, which can be accessed by rather simple means. The intersection number

of three divisors is defined as

Int(SiSjSk) = /Sz VAN Sj ASE = / 1. (4.6)
X SiS;Sk

Notice that Poincaré duality was used in the second equality. As will become clear in Chapter 5,
eq. (4.6) will be of great importance when investigating blow-ups of orbifolds. We will use

intersection numbers to calculate the volumes of X, divisors S and cycles C', given by

vol(X):%/J/\J/\J, vol(S):%/J/\J, vol(C'):/J. (4.7

X S C
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Since dJ = 0 as discussed before, the Kihler form defines a non-trivial equivalence class in H!.

We can therefore choose a basis of divisors and expand J as follows,

hl,l

J=> 1S, (4.8)

where t; denote the Kéhler moduli. They correspond to scalar fields in the four-dimensional

low energy effective theory.

4.2 Toric Geometry and Resolution of Orbifold Singularities

Toric geometry provides useful concepts to study blow-ups of orbifolds. The principle idea
is to employ a new set of coordinates on so-called toric varieties which allow us to describe
a singularity of the type C"/Zy and replace it with smooth hypersurfaces. These smooth
spaces turn out to be the divisors introduced in Section 4.1. Hence, it is necessary to look
at each orbifold fixed point separately and then glue the resulting spaces together in order to
obtain blow-ups of compact orbifolds like 72" /Zy. Note that we do not wish to explore the
mathematical details in great depth. We follow the description in [11,46,47].

Toric varieties and toric diagrams

A toric variety can be thought of as a generalization of a complex projective space. It consists
of a set of homogeneous coordinates z1,...,z, as well as a set of k projective relations of the

form
(21,0 vy2n) ~ ()\?lzl,...,)\?"zn> , forj=1...k, (4.9)

where \; € C*. Since the aim is to mod out a discrete symmetry we need to specify collections
of coordinates which are not allowed to vanish simultaneously, specified by the exclusion set Z.

One then defines a toric variety T of dimension d = n — k as

cr-Z
=— . 4.10
con 10
Notice the similarity to the definition of the complex projective space CIP", in which case the

exclusion set is simply given by the origin of C"*1:

:®"+1—{(0,...,0)}.

cP"
C*

(4.11)

A very useful geometrical tool in toric geometry is the toric diagram. It is given by an

n-dimensional lattice isomorphic to Z, which is triangulated into a set of cones. Each of
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DQ D3

>

0 D D [)2

Figure 4.2: Toric diagram of Res(C?/Zs) and the two-dimensional projection of the toric diagram of
Res(C3/Zs3). There is one ordinary divisor for each complex plane and one exceptional divisor for each

fixed point. Note that the diagram of Res(C3/Z3) depicts the only possible triangulation.

the lattice vectors is associated with one of the homogeneous coordinates z;. The projective

relations (4.9) then translate to a set of k linear relations
> aiwi =0, (4.12)
i

where v; denote the lattice vectors and a; € RF are linearly independent vectors. As an
example, the toric diagrams for the resolved singularities Res(C?/Zs) and Res(C3/Z3) are

depicted in Figure 4.2. A very instructive derivation can be found in [11,47].

Divisors and intersections: A second glance

We have already encountered divisors as complex codimension-one submanifolds of generic
Calabi—Yau manifolds. Let us now investigate their connection to toric geometry. We start
by defining ordinary divisors, labeled D;, as the zero loci of the homogeneous coordinates of a

toric variety,

As explained before, they are n—2 cycles which, by Poincaré duality, correspond to (1,1)-forms.

Each ordinary divisor Dj; is associated with one vector v; in the toric diagram. However,
in many cases the set of ordinary divisors is not sufficient to resolve a given singularity. One
therefore needs another class of divisors, called exceptional divisors E,, which are associated
with new homogeneous coordinates x,.. Exceptional and ordinary divisors can then be brought
together in the toric diagram, which can in turn be used to determine the intersection num-
bers (4.6) after choosing a particular triangulation. Note that the case of C3/Zs is in this sense

particularly simple, since there exists only one triangulation. Details are given in Appendix A.
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Resolutions of compact orbifolds are more complicated to describe than the previously
discussed non-compact case. The non-compact resolutions have to be glued together in an
appropriate way to form the correct compact resolution space. For example, we need 27 copies
of the variety Res(C?/Z3) to describe a blow-up of the 7% /73 orbifold. In this process another
class of divisors is introduced, called inherited divisors Ry. They extend the toric diagram to
so-called auziliary polyhedra. The exact form of the gluing is encoded in certain equivalence
relations between ordinary, exceptional, and inherited divisors. The most important aspects
of this gluing procedure are summarized in Appendix A.2. However, for details we refer to
the literature mentioned above. Furthermore, one can show that on the resolved orbifold the
inherited and exceptional divisors form a basis of (1,1)-forms. Thus, the expansion of the
Kahler form (4.8) becomes

J=> arR,—> bE,. (4.14)
k r

From the previous discussion follows that aj and b, are the Kéahler moduli describing the
size of the tori and blow-up cycles, respectively. Therefore, the relevant volumes on a blow-up
space (4.7) can be determined via intersection numbers of divisors, deduced from toric diagrams

or auxiliary polyhedra.

Another important fact which will be exploited during the analysis in Chapter 5 is the

following. The total Chern class of T, which is usually defined via the curvature two-form R,

27

o(T) = det (1 + 3) , (4.15)

can be expressed in terms of divisors and products of divisors. From this follows, for instance,

that the second Chern class ¢3(7) is given by

1

T) = 5 30 (T) - 5)8 = 3 3782, (4.16)
S S

where S stands for all classes of divisors and the sum runs over all divisors. Note that the

second equality only holds if 7 is Calabi—Yau.

4.3 Model Building on Resolved Orbifolds

In order to construct explicit models on blow-ups of heterotic orbifolds and to match their
spectra with the ones from the underlying orbifold theory, we have to consider the low energy
effective theory called heterotic supergravity. Since it is unknown so far how to construct
the explicit metric on resolution spaces, we can not perform exact CFT calculations as in
the orbifold case. During the dimensional reduction of the effective theory the gauge group

breaking is achieved by wrapping gauge bundles around the resolutions. For a gauge bundle F
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with structure group H, the gauge group G = FEg x Ejg is then broken to the commutant
of H in G. Since the description of gauge fluxes with non-Abelian structure group is fairly
complicated, we restrict ourselves to sums of U(1) line bundles. These can be expanded in

terms of the Cartan subalgebra elements H; of Fg x Fg and exceptional divisors as
F=EV!H;, (4.17)

where V,,I are called bundle vectors. Thus, for this choice of expansion the background flux
is supported at the exceptional divisors only, which, as explained in Section 4.2 reside at the
orbifold singularities. From our discussion of gauge group breaking on heterotic orbifolds in
Section 2.2.2 it is quite clear that the bundle vectors V,. have to be related in some way to the

local shift vectors Vj at each fixed point. In fact it turns out that [11]
VgIJ,H[:VTIH[—F)\, A€l Bk - (4.18)

This relation can be proved using Stokes’ theorem over an appropriate curve.

However, in order to render a consistent theory with /' = 1 supersymmetry in four dimen-
sions, the gauge bundle and thus the bundle vectors have to satisfy a number of additional
consistency conditions. For instance, the gauge flux has to be quantized properly, which means
it has to lie in the Eg x Ejg root lattice when integrated over any compact curve. Furthermore,
it has to satisfy the Bianchi identities and the Donaldson—Uhlenbeck—Yau (DUY) equations,
both of which will be discussed in the following.

Bianchi identities

We have briefly mentioned the Bianchi identities as consistency conditions in the low energy
effective theory in Chapter 3. The field strength Hj3 of the Kalb-Ramond two-form and its

exterior derivative
dH3 = tr R?* — tr 2, (4.19)

have to be globally defined as they appear in the low energy effective action, e.g. in (3.12).
Since dHj is exact, it follows from Stokes’ theorem that its integral over any closed four-cycle C

must vanish

0= /dH3 = /(mz? —tr F?). (4.20)

C C
This result is commonly known as integrated Bianchi identity. As explained before, one partic-
ular basis of four-cycles (which are dual to the two-forms) is spanned by the exceptional and

inherited divisors. Thus, using (4.20) and knowledge about the relevant intersection numbers
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one can find conditions on the bundle vectors V,!. For example, in the case of a blow-up of

T°/73 one finds that the Bianchi identities read

4
V2= §I VIVI= 2, (4.21)
for all bundle vectors.

Donaldson—Uhlenbeck—Yau equations

In order to preserve N/ = 1 supersymmetry in four dimensions, the gauge flux on a Calabi-
Yau X has to be F-flat and D-flat. It has been proved* that this is equivalent to demanding

Fap=Fz5=0, (4.22a)

a

Fz9™ =0, (4.22b)

where g denotes the metric on X. These conditions are known as Hermitian Yang—Mills
equations. Notice that (4.22a) indeed restricts F to be a (1,1)-form, and thus the ansatz
in terms of exceptional divisors we made in (4.17) is justified. The DUY equations are an

integrated version of the D-flatness condition (4.22b) [56]. At tree level they read [15]

1
5/JAJMT:O. (4.23)
X

Inserting the ansatz (4.17) for the gauge flux we obtain constraints on the bundle vectors of

the form

1 1
5 / JANJNEVIH =Y vol(E)V, =0, (4.24)
X T

where we have used (4.14) for J and assumed that vol(E,) > 0 in the Kéhler cone ag > b, > 0.

Chiral spectrum

In the beginning of this chapter we mentioned that the gauge flux wrapped around the resolved
singularities is responsible for the gauge group breaking from Fg x Eg to some subgroup. Anal-
ogous to the case of orbifold compactifications, only those roots of Egx Eg which are orthogonal
to the bundle vectors V, survive the compactification. However, the others can still appear
in the massless chiral spectrum of the four-dimensional theory as weights of matter represen-

tations. The multiplicity of these chiral multiplets can then be deduced from the gaugino

4See, for example, [55] for a very well explained account.
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contribution to the ten-dimensional anomaly polynomial. Integrating over the resolution space

yields the multiplicity operator [10],

1 1 1
N=—_[(zF -~ tR2. 42
(277)3/<6]: 24trR .7-"), (4.25)
X

which corresponds to a special version of the Atiyah—Singer index theorem. Acting with (4.25)
on the 496 gaugino states of Fg x Fg gives the number of each of these states in the four-
dimensional chiral spectrum. Note that the integral depends on the resolution (and therefore
on the particular choice of triangulation), and so does the spectrum. Anomaly freedom of
the chiral spectrum is on the one hand ensured by the Bianchi identities, as they forbid the
presence of non-Abelian anomalies. On the other hand, all Abelian anomalies are canceled by

an appropriate Green—Schwarz mechanism as explained in Chapter 3.



Chapter 5

A T%/7Z3 Blow-Up Model

We are now in a position to fit the previously introduced concepts together and study non-
universal anomalies on smooth Calabi—Yau manifolds by means of a blow-up model of the Zs
orbifold. In this chapter we construct a very simple family of models via three Abelian
vector bundles which resolve the Zs orbifold to a smooth CY manifold with gauge group
SO(8) xU(1)? x SU(3) x Eg. Furthermore, we investigate potential anomalies of both U(1) fac-
tors in detail and work out the spectra and anomaly coefficients of three specific configurations.
We stress the fact that the axions which cancel the arising anomalies couple non-universally to
the gauge group factors and the Lorentz group. Afterwards, we investigate remnant discrete
symmetries, in particular R symmetries, from the orbifold and the blow-up perspective. At the
end of this chapter we discuss implications of anomaly non-universality for bottom-up models
with phenomenological restrictions. An explicit example of a Zg non-R symmetry is given
which commutes with SU(5) grand unification and fulfills all phenomenological requirements

while having non-universal anomaly coefficients.

5.1 Blow-Up Procedure

Let us now construct an explicit string-derived realization illustrating the arguments made in
Chapter 3. We consider a model on the T°/Z3 orbifold in Eg x Fg heterotic string theory.
In analogy to the example in Section 2.2.3 we choose the case of standard embedding with
shift vector given by (2.51) and without Wilson lines. Thus, the unbroken gauge group is
Egs x SU(3) x Eg and the massless chiral spectrum is given by (2.53). In particular, there is
no anomalous U(1) in this setup. In order to resolve the orbifold singularities and construct a
smooth Calabi—Yau manifold we follow the procedure outlined in Chapter 4: The orbifold fixed
points are replaced by 27 exceptional divisors E,., where r = 1...27. We choose an Abelian
background flux F which can be expanded in terms of the Fg x Eg Cartan subalgebra and

exceptional divisors according to (4.17).

37
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The bundle vectors V,! are chosen to coincide with shifted momenta of twisted orbifold
states. Since our primary goal is to break the Fg and leave the SU(3) factor unbroken, we
take

V= %( 2, 2, 2, 0,0%)(0%), (5.1a)
Vs = é (-1,-1,-1, 3,0%) (0%) , (5.1b)
Vs = % (-1, 1,-3,0%) (0%) , (5.1c)

from the twisted states (27,1,1). We assign V; to the first k fixed points, V5 to the next p
fixed points and V3 to the remaining ¢ = 27 — k — p ones.

However, as explained in Chapter 4 the bundle vectors have to fulfill flux quantization,
the Bianchi identities, and the DUY equations. Since the bundle vectors are given by shifted
momenta of the twisted states (27,1,1), the flux quantization condition 3V,! € Tp,p, is
automatically fulfilled. It is also easy to check that the Bianchi identity (4.21) is satisfied.
The relevant tree level DUY equations are given by (4.24). They can be fulfilled for all
configurations (k, p, q) with arbitrarily large exceptional divisor volumes. In particular, (4.24)

can be rewritten as

k+p k+p+q
Zvol Vi + Z vol(E,) - Vo + Z vol(E,) - V3 =0. (5.2)
r=k+1 r=k+p+1

Since in our model the bundle vectors add up to zero, this simplifies to the condition

k k+p k+p+q
> vol(E,) = > vol(E,) = ) vol(E,). (5.3)
r=1 r=k+1 r=k+p+1

Each of the bundle vectors in Eq. (5.1) breaks Eg to a differently embedded SO(10) x U(1),
but only two breakings are independent. We are thus left with the gauge group

G=5S08)xU(1)4 xU(1)g x SU(3) x Es. (5.4)
The two U(1) factors are generated by
ta=(2,2,2,0,0") (0°),  tz=1(0,0,0,2,0") (0% . (5.5)

In this normalization all charges are integer. The U(1) generators are related to the bundle

vectors (5.1) via

1 1 1 1 1
Vi=-t Vo = ——t —t Vo= ——ty — =tp. 5.6
1= 3ta, 2 6A‘|‘2Ba 3 gla— 5B (5.6)
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The induced decomposition of the 27 of Eg (via SO(10) x U(1)) is

27 — 161 +10_5 + 14 (5 7)
— (8)1,-1 + (8c)11+(8v)—20+12 2+1 25+ 149.

As outlined in Chapter 4, this blow-up procedure in the field theory picture corresponds to
giving a vev to the twisted states with shifted momenta (5.1). In particular, the three bundle
vectors (5.1) on the Calabi-Yau side correspond on the orbifold side to a vev of the three singlets
in (5.7). The massless chiral spectrum on the blow-up then depends on the distribution (k, p, q)
of the bundle vectors over the 27 fixed points. The untwisted sector and the twisted (1,3)’s
in the orbifold spectrum (2.53) always contribute 72 - (1,3) and 9 - (8,3), while some of the

twisted 8’s get massive or vector-like. As a result, we get

(p—q) - 8v,1)+(k—q) (8,1)+ (k—p)-(8c,1) . (5.8)

Furthermore, the U(1) charges of the states from the twisted sector will be shifted by the
charges of the blow-up modes at the respective fixed point. The blow-up mode at the r-th
fixed point is redefined as [16,49]

q)?]"BU—Mode _ ebm-l—iﬁr ’ (59)

where b, are the Kéhler moduli of the r-th blow-up cycle dual to F,, and (3, are the localized

(I)Orb

axions. In addition, the twisted orbifold states are redefined as

OPY = @O . o= (brifh) (5.10)
With this, the U(1) charges of the blow-up states are given by
(@) = g(@O°P) — g(@BUNode). (5.11)

For a detailed discussion of this redefinition procedure and a complete match of the orbifold

and blow-up spectra, see [16,17].

5.2 Anomaly Coefficients

Once the spectrum on the blow-up is determined, we can calculate the anomaly coefficients
of U(1)a and U(1)p via the corresponding triangle graphs using (3.3). As an important
consistency check, we compare the result with the coefficients appearing in the four-dimensional
anomaly polynomial (3.20).

From the structure of the anomaly polynomial we draw a number of conclusions: First we

take (3.20) for the first Eg (and hence drop the primes on all field strengths) and express it in
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terms of the second Chern class ¢y as follows

1 1 5 1 9 T 9
Ig = —— —tr(FF)" — —cotr F* + —cotr R*| tr(FF) . 5.12
= / {6 HFF) — cortr B2 4 onte B n(FF) (5.12)
X
Here we have used that tr R? = —2¢y and tr F2 = tr R? in cohomology, as long as the second Eg

remains unbroken. We expand the flux and the four-dimensional field strength as F = E, V;I Hy
and F = F'H; and insert k times the contribution from V;, p times the contribution from V5,

and ¢ times the contribution of V3 to obtain

k—6 k—18
3 . —_— 2 .
i (M50 )+ marg (S0
7 k—9
+ Fa [tr Fiys) +tr Faog) — —trR2] : <_> (5.13)

12 2

Lo 1,0 2 2 7 2 b—aq
We have also used relations (5.6) and [y c2 E,V,!F; = =63, V,/F;. From (5.13) it is evident
that U(1)p is omalous if p = ¢, that the cubic U(1)4 anomaly vanishes for £ = 6, and that
the non-Abelian anomalies of U(1)4 vanish for k¥ = 9. In particular, there is no configuration

with omalous U(1)4.

5.2.1 Gauge Boson Masses

Although U(1)p is omalous in some bundle configurations, both U(1)’s are always massive.
The axion associated with U(1)p always feels a shift proportional to A due to the transforma-
tion (3.11) and hence gets a mass via the Stiickelberg mechanism. From the expansion of Bs

given by (3.18) and the transformation (3.11) we deduce that 3, transforms as
5B, = tr AV, . (5.14)

Notice that the inherited divisors R; and thus the axions «; do not play a role in our case, since
we have chosen to expand the gauge flux in exceptional divisors only. Thus, the anomalies in
our model are canceled by the non-universal axions 5,.. There can be no contribution from the
universal by because of the absence of an anomalous U(1) on the orbifold. In particular, (5.6)
indicates that the first k of the 3, cancel the anomalies of U(1)4 and the rest cancel a mixture
of both U(1)’s. Hence the axions can be redefined such that only two of the 1 + 27 possible
axions transform with a shift, and the others are invariant under (3.5).

Specifically, to see that both U(1)’s are massive we consider the mass term for the four-

dimensional gauge bosons arising from the action (3.12),

)IJ

/H3 NxHsz = ALART (MP)7 4 (5.15)
X
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with the mass matrix

(MQ)” =viv/. /Er A *g Es . (5.16)

Here, #¢ denotes the six-dimensional Hodge star. Using the result from [57],

3 vol(Es) 1
E,=" _ 2B, 1
v TR (5.17)

and the DUY equations (4.24) we find for the mass matrix

my mp mp Mg
g 9 11mi mi mp me
(M) = ivj VI 8psiby = 3 , (5.18)

my mi1 Mmi M2

ma Mm2 M2 M3

and (Mz)U =0 for I,J > 4. The entries m; are given by

k+p

—4Zb+2b+z by,

r=k+1 r=k+p+1

k+p
my=-3Y b +3 Z (5.19)
r=k+1 r= k:+p+1
k+p
m3=9> b +9 Z by,
r=k+1 r=k+p+1

which means that (M?2)!/ always has rank two in the blow-up phase.

5.2.2 Examples

As an example of the above statements we discuss three simple models with different (k, p, q).
Their spectra and anomaly coefficients are summarized in Table 5.1(a) and 5.1(b), respectively.
Model 1 has the configuration (k,p,q) = (9,9,9). As explained before, U(1)p is omalous and
U(1)a only has Abelian anomalies. Model 2 has (k,p,q) = (25,1,1). Here, U(1)p is still
omalous and U(1)4 has Abelian and non-Abelian anomalies. Model 3 with configuration
(k,p,q) = (13,13,1) is an example of the most general case, where all anomaly coefficients are
nonzero.

In all models the anomaly coefficients from the triangle diagrams and from the anomaly
polynomials match. All models exhibit Green—Schwarz anomaly cancellation with non-universal

axions.
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(k,p,q) Massless chiral spectrum

(9,9,9)  24(1,3),0+24(1,3)_, o +24(1,3)_,,
+3(8v,8) 11 +3(8:3)_1 1 +3(8c:3)ag
(25,1,1) 72(1,3)4’0
+24(84,1);, +24(8c,1);_,
+3(8,3)_1, +3(86.3)_ _; +3(8c,3)s

(13, 13, 1) 36(173)4,O +36(1’3)—2,2
+12(8y,1)go + 12(8s,1)3,
+3(8v,8) 11 +3(8:3)_1 1 +3(8c:3)ag

(a) Chiral massless spectra of the three example models.

(k,p,q)  UQ) factor  Agor):  Asuez  Avay Avwz  Aga?
U1 0 0 54 -18 0
(9,9,9) Wa
U5 0 0 0 0 0
Ul 4 4 342 14 28
(25,1,1) ()a
Ul)5 0 0 0 0 0
U1 1 1 126 -10 7
(13,13, 1) (L)
U1) g 1 1 2 2 7

(b) Anomaly coefficients.

Table 5.1: Details of the three example models in an obvious notation. The gauge group is always
SO8) x U(1)a x U(1)p x SU(3), with the unbroken Es factor omitted.

5.3 Remnant Discrete Symmetries

Discrete symmetries find a large number of applications in string phenomenology. They are,
for example, very useful for explaining the absence of a perturbative y term and of dimension-
four and -five proton decay operators. While discrete non-R symmetries often stem from
broken U(1) symmetries, discrete R symmetries arise as remnants of the internal Lorentz sym-
metry after compactification. Although the discussed family of models does not exhibit a
phenomenologically interesting gauge group the detailed investigation of discrete symmetries
is still worthwhile, since the procedure outlined in this section can be performed in a simi-
lar way in other models. After a short comment on non-R symmetries we analyze remnant

R symmetries. A full introduction into the theory of R symmetries, especially on orbifolds, is,
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however, beyond the scope of this thesis. Therefore, we recommend [44,58] for further reading.
Another instrument we use is the GLSM description [59] of complete intersection Calabi—Yaus
(CICYs). For a thorough introduction, see [12,13].

5.3.1 Non-R Symmetries

Since the blow-up is generated from twisted orbifold fields that get a vev, discrete symmetries
can arise from remnants of the U(1) gauge groups under which the blow-up fields were charged.

In the family of models at hand, the discrete non-R symmetries are the ones left over from
the two broken U(1)’s. One finds from the branching of the 27 of Es in (5.7) that the bundle

vectors (5.1) correspond to the blow-up modes
(1,1)40, (1,1)—2-2, (1,1)-22. (5.20)

When these get a vev, a Zy X Zo subgroup survives'. It is easy to check that both Zs factors

are omalous.

5.3.2 R Symmetries

The discussion of remnant R symmetries is more involved. R symmetries are those transfor-
mations that do not commute with supersymmetry, which in superspace language means that
the Grassmann coordinate 6 transforms non-trivially. Since there is only one such coordinate
in four-dimensional N' = 1 supersymmetry, this can at most be a single U(1) or Zy: If there
are several such symmetries, they can be redefined such that only one of them transforms 6,
while the others act as usual non-R symmetries. This convention only fixes the charges of the
fields up to an admixture of non-R symmetries that leave 6 invariant. The normalization is
commonly chosen such that 6 transforms with charge 1, which implies that the superpoten-
tial W has charge 2. Furthermore, a Zs R symmetry can be turned into a non-R symmetry
by a combination with a sign reversal on the fermions, so Zs symmetries do not lead to true
R symmetries.

In the following, we begin by reviewing R symmetries from the orbifold point of view. After

that, we discuss them from the Calabi—Yau perspective.

R symmetries on the orbifold

The T°/Z3 orbifold possesses a discrete (Z3)? rotational symmetry stemming from rotating
27i
5
not an orbifold space group element). In the literature [44], one often finds the R charge of the

each torus independently by (note that this is a symmetry of the compactification space but

!Generically, this is a Zs x Z4. In our family of models, however, all states have charge 0 or 2 under both
Z4ys.
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orbifold state defined as in (2.39). Notice that this only holds for space-time bosons. The ones
of space-time fermions are obtained via qih = Qsh— {%, %, %, %}, and hence Rf = Ri—%. R charge
conservation requires that for a superpotential coupling involving L chiral superfields ®,, the
charges satisfy
L
Y R,=1mod N;, i=1,2,3. (5.21)
a=1

Here N, is the order of the orbifold twist in the i-th torus. Note that in this convention the
superpotential W has R charge 1 and thus 6 has R charge %

2ri

In cases where rotating a sub-torus independently by N

is a symmetry, an orbifold state ®

transforms as
R: & — ™M ligp (5.22)
with v = (0 Lo, 0) and similarly for the other sublattice rotations. Explicitly, this transfor-

» Ny
mation acts in the following way:

e The bosonic R charge from (2.39) is quantized in units of %, so under (5.22) bosons get
2mi

2
a phase e™i .
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e The R charges of the fermions are shifted by —%, so 6 transforms with a phase e2Vi, i.e.

sublattice rotations act as a Zay, R symmetry.

e Finally, the order of (5.22) acting on the fermions is given by the least common multiple
of Nl-2 and 2N;.

To summarize, the R transformations form a Z2N¢2 symmetry, under which the charges of
bosons, fermions and # are of the form 2k, 2k — N and N, respectively, where k is an integer.
If NV is even, so are all charges, and consequently, only a 7Z N? is realized on the fields. Due to this
slightly confusing symmetry pattern, one finds at least three different R charge normalizations

in the literature:

1. W has charge 1, and the smallest charge quantization is in units of 2LN¢ This is inspired
by the orbifold R rule (5.21).

2. W has charge 2, and the smallest charge quantization is in units of N%_, which fits with

the usual four-dimensional R symmetry conventions.
3. W has charge 2N;, and the smallest charge quantization is in units of 1.

In the case at hand, each two-torus can be rotated independently (with N; = 3 for i = 1,2,3)

and we use the second normalization, such that we speak of a Zé% symmetry where fermion
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charges are quantized in multiples of %, bosonic ones in multiples of %, and 6 has charge 1. Note
that in particular the twisted states ® corresponding to the 27 of Fg have R = %(O, 1,1,1) and
thus transform with charge % under each Zs sublattice rotation. Clearly, this is not a bona
fide Zg symmetry because applying it six times does not give the identity of the fields, but it
fits with the standard R symmetry normalization from four-dimensional supersymmetry, and

the orbifold R charge conservation (5.21) becomes a mod 6 condition.

R symmetries from the blow-up perspective

To find unbroken R symmetries after switching on vevs to generate the blow-up, we seek
combinations of the three sublattice rotations R; and the two U(1) generators t4 p which

leave the blow-up modes invariant,

r s A B
Loaags — (R1)" (R2)* (Rs)' (tA)" (tB)" Lgaas = Lgaas (5.23)

for (qa,q8) = (4,0), (—2,2) and (—2,—2). This implies that r + s + ¢ = 0 mod 3, i.e. only a
trivial Zo R symmetry remains. Note that by combining with discrete non-R Z symmetries,
higher Zy R symmetries (with N > 3) can be obtained. For the examples presented here, the
discrete non-R symmetries are Zgy X Zs, such that in this case no R symmetry enhancement
by mixing with other symmetries is possible. Hence for the models at hand it is expected that
no non-trivial R symmetry will be left after blowing up. However, as discussed in Section 5.4,
both R and non-R symmetries can forbid the unwanted superpotential terms once anomaly

universality is not required.

GLSM description

We now investigate how to reproduce this from the perspective of the resolution space. One
way to uncover discrete R symmetries on the resolution Calabi—Yau manifolds is to describe
the model via a gauged linear sigma model (GLSM). In our case, this GLSM is a (0,2) super-
symmetric two-dimensional field theory with U(1) gaugings, which in the infrared limit flows
to the superconformal world-sheet description. In this framework, changes in topology like
blowing-up an orbifold to a smooth CY manifold can be described by phase transitions of the
underlying GLSM [59]. For the sake of clarity, we focus on the (k,p,q) = (9,9,9) model, where
the blow-up can be described with just three exceptional divisors. However, using the results
from [13], the following analysis can be repeated for more general configurations and for other
orbifolds in the same fashion.

The starting point is the observation that the geometry of our model can be realized as the
blow-up of a complete intersection in (]P2[3])3 /Z3. The coordinates and charges for the GLSM
realization are given in Table 5.2. The notation is chosen as follows: The z;, correspond to
the inherited divisors, where ¢ = 1,2, 3 labels the torus and p = 1, 2,3 labels the fixed point.
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Charges z11 212 213 221 222 223 %231 232 4233 111 T211 X311 €1 C2 €3

Ry 1 1 1 0 0 0 0 0 0 0 0 0 -3 0

Ry 0 0 0 1 1 1 0 0 0 0 0 0 0 -3

Rs 0 0 0 0 0 0 1 1 1 0 0 0 0 0 -3
Ein 1 0 0 1 0 0 1 0 0 -3 0 0 0 O
Fon 0 1 0 1 0 0 1 0 0 -3 0 0 O
Esn 0 0 1 1 0 0 1 0 0 0 -3 0 O

Table 5.2: Charge assignment of the GLSM superfields describing the geometry in the notation of [13].

The three coordinates x,11 label the three exceptional divisors where each resolves nine of the
27 orbifold fixed points. The ¢; correspond to charges of extra chiral superfields which are
inserted to ensure invariance of the superpotential.

27i

The orbifold twist acts with a phase e’3 on 211, 201 and z3;. From this and Table 5.2, one

derives the F-term equations for the ¢;

3 3 3

0 = 2112111 + 222211 + 2132311 (5.24a)
3 3 3

0 = 251211122112311 + 239 + 293, (524b)
3 3 3

0 = 2317111 T211T311 + 239 + 233, (5.24c¢)

specifying the complete intersection, and the D-term equations

|21a]? + | 2212 + |231|% — 3|Za11]? = bat1 ae{1,2,3}, (5.25a)
|zi1)? + |zi2|* + |23 = a4, ie{1,2,3}, (5.25b)

specifying the geometric phase (the vevs of the ¢; have already been set to zero). Note that the
Fayet-Iliopoulos parameters a; and b,11 are related to the sizes of the tori and the exceptional
divisors, respectively. We have chosen a phase where a; > 0 and a; > b,11. For b,11 > 0, one
uncovers the blow-up regime, while b,11 — —o0 corresponds to the orbifold regime.

To find R symmetries in this picture, we have to find holomorphic automorphisms of the
ambient space which leave (5.24) and (5.25) invariant. In addition, the automorphisms must
transform the holomorphic (3,0)—form Q non-trivially [58]. The latter can be seen from the
definition of € in (4.3). Q can acquire at most a phase 7 = €?™® o € R, i.e. Q — ¥€. This
means that n — i’y% and thus the superpotential W transforms as W — yW i.e. like €.
On the orbifold, the twisted 273 coupling is allowed, so the 27 of Eg has to transform with a
phase 7%.

In our case, we find that the F- and D-term constraints are invariant under the Zs trans-
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formations?
Zio —> €3 Mg Vi, . (5.26)
Furthermore, there is the Zgz symmetry
(2111, 2211, T311) — €3 (111, D211, T311) - (5.27)

Note that the presence of these symmetries is inherited from the symmetries of the orbifold.
In other words, the polynomials in (5.24) are not the most general ones in (PP2[3])® but have
been chosen to be compatible with the orbifold action. In particular, the complex structure
of the elliptic curves has been frozen at 7 = e%, so that we are already at a special sublocus
of the whole moduli space which exhibits enhanced symmetries. At even more special points
in moduli space, there appear certain symmetries under coordinate exchange: When ao = as,

there is a symmetry
290 ¢ 230, a=1,23. (5.28)
When b; = by = b3, we find an S3 permutation symmetry acting on

{(z11,2111) , (212, ®211) , (213, T311) } - (5.29)

We can interpret these as exchanges of exceptional or inherited divisors, which are symmetries

whenever the corresponding volumes, given by the Kéahler parameters a; and b,, are equal.

27i

Focusing on the Z3 symmetries, we find combinations such that € — ¢ Q. Thus y=e3
and the 27 of Fg transforms with e%, which reproduces the quantization in multiples of %
from the orbifold, and hence the same Zé% symmetry.

So far, we have used the GLSM merely as a book-keeping device to realize the geometry of
the blow-up space. It does, however, contain more information. Specifically, from the preceding
discussion it seems that the Zs3 symmetries (5.27) cannot be broken in the GLSM, since the z;,
appear only cubed or as absolute values. This seems puzzling, since we previously found that
all R symmetries are generically broken on the blow-up. On the other hand, from the GLSM
point of view the Zs symmetries are merely accidental symmetries, and we would expect them
to be broken by quantum effects. However, notice that up to now we have not incorporated the
gauge bundle into the GLSM description, which, as in the field theory description, is expected
to be responsible for the breaking of the R symmetry.

To see this explicitly, in analogy to the blow-up modes (5.1) we consider the line bundle
L = 0(0,0,0,2,—1, —1)3 @ 0(0,0,0,0,3,—3). The chiral spectrum is then given by various
line bundle cohomology groups (see Table 5.3). Using cohomCalg [60,61] we can reproduce

*Note that not all of these symmetries are independent, since some can be related using the GLSM U(1)

charges.
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Representation Bundles
(1,3) 0(0,0,0,4,—-2,—-2) ® 0(0,0,0,—-2,4,—2) ® 0(0,0,0,—2, —2,4)
(8, 3)\,757C 0(0,0,0,2,—-1,-1), 0(0,0,0,-1,2,—-1), ©(0,0,0,—1,—1,2)
(8, 1)y s 0(0,0,0,0,-3,3), 0(0,0,0,-3,0,3), ©0,0,0,-3,3,0)

Table 5.3: The bundles whose cohomology groups determine the chiral spectrum. The number of

left-chiral representations in each case is given by h'(V) — h%(V).

the chiral spectrum of the (9,9,9) model in Table 5.1(a), which is in turn consistent with the
orbifold picture.

The transformation of the states under the discrete symmetries can also be calculated
via cohomCalg. Starting from the symmetries (5.26) and (5.27), which are given in terms of
their actions on the GLSM coordinates, we have to determine how they act on the respective
cohomologies of our bundle restricted to the Calabi—Yau hypersurface. A priori, it is not clear
that the restriction of the symmetry to the Calabi—Yau can be lifted to the gauge bundle. A lift
of the discrete symmetry to the gauge bundle which is consistent with the bundle projection
and which preserves the group action is known as an equivariant structure [20,62]. It can be
shown that this exists for all line bundles in the case of Zj; symmetries. Given an equivariant
structure, we have to check how the relevant bundle cohomologies transform. As in the case of
the chiral spectrum, this is done by relating the gauge bundle on the Calabi—Yau to the gauge
bundle of the ambient space via the so-called Koszul resolution. The transformation of the
matter states is then given in terms of the action of the symmetry on the global sections® of the
gauge bundle, which are given by polynomials in the homogeneous coordinates of the ambient
space. Unfortunately, it is beyond this thesis to explore this rich mathematical description.

Instead, we want to resort to the non-compact C3/Z3 orbifold, where a consistent connec-
tion between the orbifold and the GLSM bundle description is known [12]. In this case, the
bundle is described by chiral-Fermi multiplets A ,I=1,...,16, which correspond to the Car-
tan subalgebra of Fg x Eg. The AT are charged under the exceptional symmetries E,11, with
charges given by the line bundle vectors (5.1) corresponding to the orbifold shifted momenta.
Now the coordinates z and x enter the action when determining the charged spectrum [12]:
The massless target space modes ¢4q(z#) appear as deformations of the GLSM kinetic terms
for the Al as

/d29+¢4dN}](Ziaa Cﬂan) AIKj + Qbildej(Zia, xall) ATAY + h.c. (530)

3If the bundle is not globally generated, one can twist it by an equivariant ample line bundle and check the

transformation for the twisted bundle.
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Charges A® A* A N, N§ N* N, NI Ny Nf

Ein 2 0 0 -4 2 2 -2 -2 0 0
Eoq -1 3 0 2 -4 2 1 1 -3 -3
Esn -1 -3 0 2 2 -4 1 1 3 3

(a) Charges of the chiral-Fermi fields and of the polynomials arising as kinetic

deformations.
Polynomial Some contributing monomials
Nap i (221522)2 ) (5%12712213.)2 , T1T2T3%721 222
Na,1, NZ ToT 323, 259, 23 212213, T1 201 522
Nur, N{ Ta3, 212213, V133251 2

(b) Some monomials contributing to the chiral massless spectrum.

Table 5.4: Charges of the chiral-Fermi multiplets A and the deformation coefficients N and some of the
contributing monomials. The monomials for N§ and N%* can be obtained from N,;, by permutations

of indices.

Here the N/ and N }] denote polynomials in the coordinate fields which are chosen such that
the expression is gauge invariant. Note that this is a Kéahler potential term, so the N’s need

not be holomorphic.

While locally at each fixed point the gauge group is SU(3) x SO(10) x U(1) x Eg, the global
model in the end has gauge group SU(3) x SO(8) x U(1)? x Eg. With regard to this, we split
the index I into I = (a,4,[, j) with @ = 1,2,3, I = 5,...,8. Furthermore, J corresponds to
the second Eg which is unbroken and hence omitted in the following discussion. The gauge
fields are determined by the neutral deformations N2 and Nj for SU(3) x U(1)? and N{ and
Nyj for SO(8). We can also read off the charged spectrum from the coefficients: Ngp, N,
and N correspond to (1,3) and (1,3), N,; and N/ correspond to (8,3), and Ny; and Nf
correspond to (8,1). The relevant charges of the bundle and the resulting polynomial charges
are summarized in Table 5.4(a). Some of the contributing monomials are given in Table 5.4(b).
Note that the charges of the N’s reproduce some of the line bundle charges of Table 5.3, but
not all of them: The missing ones correspond to spinorial roots of Eg which are not captured
in the outlined procedure.

The important fact we deduce from this discussion is the following: Generically, the pres-

ence of the N’s in (5.30) breaks at least some of the discussed Zg symmetries. However, a more

thorough understanding of these deformations is needed, e.g. as to which monomials actually
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Operator Charge Yukawa coupl. ~ Weinberg op. SO(10) GUT
Hy,Hg qm, + qm, 4R — (3q10 +¢5) 5 —5q10 0
(LH,)? 295 + 2qm, 4R — (2q10 — g5) 2R 2R
1055 q10 + 2q3 q10 + 2q3 —2R + 5q10 3R
1010105 3q10 + g5 3q10 + g5 —R + 5q10 AR
101010 5, 3q10 + 11, 2R + 210 — ¢s 3R 3R
55m,5H,5H, G5+ qu, +2qm, 6R — 5q10 6R — 5q10 R

Table 5.5: Charges of relevant operators in MSSM models with U (1) x. The first two operators are the -
term and the Weinberg operator, respectively. All others violate baryon number conservation. The last
three columns are to be read as additional constraints, i.e. allowing the usual Yukawa couplings, allowing
the Weinberg operator, and requiring U(1)x to commute with SO(10) grand unification. Remember
that for a coupling to be allowed the charge has to be 2R, where R = 1 and R = 0 distinguishes between

R symmetries and non-R symmetries.

contribute in a given phase: Depending on the Kahler parameters, certain coordinates may or
may not vanish. This will play a role in determining the appearing operators and hence the
symmetry breaking. In particular, we should expect R symmetries to reappear in the orbifold
limit b,11 — —oo. However, in agreement with the field theoretic description it seems that the

gauge bundle is responsible for the breaking of the discussed R symmetries.

5.4 Bottom-up Models with Non-Universal Anomalies

Now that we have completed our discussion of the Z3 blow-up model with non-universal anoma-
lies, we want to comment on the consequences of non-universality for bottom-up models. As a
simple example of a model which does not require anomaly universality, consider an extension
of the MSSM by an additional U (1) x symmetry. Here, the anomaly coefficients depend on the
U(1)x charges of the MSSM superfields, i.e. on the imposed phenomenological requirements.
We have summarized the U(1)x charges of all relevant operators and the constraints that
follow from phenomenological requirements in Table 5.5.

From this, we draw a number of conclusions. First, anomaly universality is a strong addi-
tional constraint which, as was discussed in Chapter 3, is not required for consistency of the
theory. This comes about as follows: Assuming the U(1)x allows all MSSM Yukawa couplings
and the Weinberg operator, is flavor-blind, and commutes with SU(5) [but not necessarily with

SO(10)] results in the anomaly coefficients

3
Asuep-va)x = 5 (3qw0+4s5) = 3R, (5.31a)
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N q10 qs qH., qH,

Table 5.6: Charge assignments for a Z¢ symmetry with R = 0 which fulfills all phenomenological

requirements.

Asv@p-v()y = (3a10 +¢5) = 3R, (5.31b)
3 9
AU(l)%,—U(l)X =5 (3q10 + g5) — §R, (5.31c)

which generically do not fulfill the universality condition (3.27). Notice that we have also
assumed absence of light Higgs triplets. Our conventions are chosen such that ¢(fundy) = %
and K(adj f) = N for SU(N). Furthermore, while generically U (1) normalizations in a bottom-
up approach are not fixed, we use the GUT normalization for the hypercharge U(1)y. We can
also go a step further and argue that anomaly universality does not automatically follow from
grand unification: Assuming an SU(5) x U(1)x theory at some high scale, after the breaking

to the MSSM we might expect that Agy(3)2_p1), = Asv(2)2—v(1)y- However, this only holds

e for non-R symmetries, since for R symmetries, the gauginos contribute a non-universal
factor K(adjf),

e and before doublet-triplet splitting, as removing the triplets will change Agy(3)2—p(1)y
but not Agy(ay2_p(1), (unless qm, + gu, — 2R = 0, in which case the p term is not

forbidden).

From this also follows that if the anomaly was universal before doublet—triplet splitting, it will
not be afterwards and vice versa. However, this of course depends on the type of symmetry
breaking mechanism. In a continuous breaking, e.g. a Higgs mechanism, only vector-like pairs
of chiral states are removed from the massless spectrum and thus universality is maintained.
In contrast, a discrete breaking mechanism, as for example in orbifold compactifications, will
generically violate this universality and the above arguments are valid. The above discussion
works analogous for the case of a Zy instead of U(1)x. In that case the anomaly coefficients
are only defined mod N or mod %, depending on whether N is odd or even.

A second conclusion we draw from Table 5.5 concerns the p term: Only when SO(10) grand
unification is imposed, an R symmetry is necessary to forbid the p term. For SU(5) grand

unification we have
2(qm, + qm,) = 10(R — q10) mod N, (5.32)

and thus the p term can be forbidden by both R and non-R symmetries once anomaly univer-

sality is not imposed. As an explicit example, we give a Zg non- R symmetry with corresponding
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charge assignments in Table 5.6. It fulfills all constraints from Table 5.5 except for SO(10)

grand unification.



Chapter 6

Outlook and Conclusion

In the preceding chapter we have seen that the discrete R symmetry on the Zs orbifold blow-
up, both in field theory and GLSM description, can be understood in terms of the underlying
orbifold R symmetry. However, it should be interesting to investigate this connection for more
general cases. In particular, for a generic smooth manifold of SU(3) holonomy one expects
a U(1)r symmetry to be the unbroken remnant of the local Lorentz group. One might ask
what causes this U(1)r to be broken to a discrete subgroup in the case of orbifold blow-up
manifolds.

In this chapter, we discuss certain orbifold superpotential terms as origins of such a break-
ing. As an example, we discuss a blow-up of the Zj3 orbifold in standard embedding, i.e. we
resolve the singularities using a vector bundle with structure group SU(3). As this is work in
progress, the results and arguments made in this chapter still require critical evaluation. In

the very last section of this chapter, we give a short conclusion of this thesis.

6.1 R Symmetry Breaking via Superpotential Couplings

Before we consider the superpotential for chiral fields and moduli to investigate couplings which
break the R symmetry during the resolution procedure, let us fix the notation. The spectrum
of the T%/7Z3 orbifold is given in (2.53). We adopt the following notation for the untwisted

and twisted sector fields:

Uf = (27,3)(7170’0) ) i,a=1...3, (6.1a)
Sy = (27,1)(7%,7%77%) ) r=1...27, (6.1b)
Ti=1,3)z 1 1y, r=1...27; i,a=1...3, (6.1c)

where @ is the SU(3) index and the subscript on the irreducible representations denotes the

orbifold R charges R?, with i = 1...3, in the three complex planes. Using this sign convention,

93
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the R charge conservation rule for superpotential couplings of L superfields reads
L . .
> R, =-1mod N’ = —1mod 3. (6.2)
a=1

Orbifold cubic superpotential

The superpotential for this model contains 496 terms of cubic order (as computed by the

Orbifolder [63]). We observe the following structure:
e The untwisted fields U; only couple as U;UyUs since otherwise (6.2) is violated.
e There are no couplings between twisted and untwisted sector.

e The twisted fields S, couple as SS’ or as S,.5:,5; with r # s £ t # r, according to a

number of non-trivial selection rules for r, s, and ¢ (see, for example [27,64,65]).

e The twisted Eg singlets T.; only couple as T} ;T ;1;; with r, s, and ¢t as above. There
are no T3 couplings at a single fixed point since the antisymmetric SU(3) contraction

TiﬂTi’bTme“bc vanishes.

Higher order couplings

Order Couplings No. of couplings
4 US?*T 1134
5 U2ST? 3321
6 U3S3, U3T3, U3U3, S3T3, 17373 >2.10°

Table 6.1: Superpotential couplings allowed by gauge invariance under Eg x SU(3). The last column
gives the number of couplings computed by the Orbifolder, taking into account R charge conservation

and other selection rules.

The schematic form of all couplings allowed by gauge invariance up to sixth order is sum-
marized in Table 6.1. As will become clear in the following two sections, not all of these cause
possible R symmetry violation in the blow-up phase. Of particular interest are the couplings

T3T3, U3U3, and U3S3. Furthermore, we investigate couplings of the form UST3.

Blow-up spectrum and superpotential

In the blow-up phase the SU(3) piece of the gauge group is completely broken by the vector
bundle. In the field theory picture, this corresponds to giving a vev to the twisted T}, fields
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of the form [66]
(T2 = Avoy. (6.3)

Thus, only three of the nine T’s situated at each fixed point gets a vev. A, corresponds to
the freedom in choice of the size of the blow-up cycle, and the remaining eight fields become
massive. The blow-up vev (6.3) also breaks the orbifold R symmetry in a way that only a Z&
symmetry survives (cf. the discussion in Section 5.3).

The resulting massless spectrum under Fg contains 36 fields in the 27 as well as A1) =
36 singlets corresponding to the volumes of the three tori and the blow-up cycles around
the singularities, respectively [54,66]. Expanding the Kéhler form J in terms of exceptional

divisors F, and inherited divisors R; as
J = aiRi — brEr s (6.4)

these singlets correspond to the 30 Kéhler moduli a; and b,.. The six additional moduli are
related to a number of additional non-intersecting divisors S,, with a = 1...6. Together with

the antisymmetric two-form B, expanded as
By = by + a;R; — B Ey (6.5)

one can construct the so-called complexified Kahler form J + iBs and define the complexified

Ké&hler moduli as follows,
t, = b, +1if,, 7?2 =aq; +io; . (66)

For convenience, we choose a normalization of R charge such that R(f) = 1 and R(W) = 2.
To determine the R charge of the moduli, we compute the Kihler potential K (t,f) according
to the description in [54]:

—1In J/\J/\J>

ln< a1a2a3R1R2R3 — /brbsthrEsEt>
=—1In <9a1a2a3 — 92 b3>

DB T+ B+ ) — 5 (1 1)

T

= —1In

(6.7)

Hence K (t,t) = K (t+t*,t+t*) and therefore R(t) = R(t) = 0. From this it follows immediately

that superpotential terms which contain moduli only must vanish due to R charge conservation.
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The combined superpotential for chiral matter and moduli (which give zero contribution)

matches the orbifold superpotential nicely. It reads [54]
W = 9U,UsUs 4 9(S,.)? (6.8)

where U and S now denote the blown-up counterparts of (6.1a) and (6.1b), respectively.

Thus, all charged matter fields must have R charge % Note that this superpotential takes
no instantonic corrections into account, which on the orbifold correspond to couplings over

different fixed points.

R symmetry breakdown

Let us now focus on those superpotential terms which are allowed on the orbifold, but break
the R symmetry in the blow-up phase. As mentioned earlier, interesting candidates for such
couplings are 7%, US, U353, and UST3. For the sixth order couplings we observe the following

facts:

e The coupling US has R charge 4 on the blow-up and thus leaves only a Z& symmetry

unbroken. The argument for this works as follows:

For a generic discrete R symmetry we choose the charge normalization such that
R(f) = 1, R(W) = 2, and R(chiral matter) = % However, let us now choose a case
where under a Zé% symmetry 6 has charge 3, W has charge 6, and chiral matter (in
the following denoted by ®) has charge 2. A coupling ®% integrated over d?# then has

charge 6. We can write the surviving symmetry generator as
Ty = €264, (6.9)

where ¢ is the charge under the surviving symmetry. Looking at (6.9) we deduce that a

Zg symmetry is left over. However,
Ty 0 = e*™60 = —0, (6.10)
and therefore the R-part of the surviving symmetry is merely a Z.

e On the orbifold these couplings of type U® seem to be allowed, since UU;Usz has
R' = (=1,—1,-1) and U? has R = (—3,0,0) and thus can be added without vio-
lating (6.2). However, it has been argued several times in the literature [27,67] that
untwisted couplings are only allowed at cubic order. In [65] it was argued that this is

L Therefore,

due to Rule 5. Indeed, this can be verified in an explicit CFT calculation
the discussion of U® appears irrelevant. But, since only untwisted couplings up to order
three are allowed, it seems that the untwisted sector is subject to an effective U(1)r

symimetry.

We thank Damian Kaloni Mayorga Pena for pointing this out and performing the calculation.
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e The above discussion concerning R charge of US works analog for U283, for which there
is no reason to vanish. For example, one non-zero contribution to the superpotential is

given by
I by K
Cysss = €1k LM N€abe U ’aUlJ’ U, ’chSéVISthTSt, (6.11)

where capital letters denote Eg indices and a, b, c denote SU(3) indices. f"$! encodes
the selection rules for couplings over different fixed points. Both e tensors are totally
antisymmetric. This is possible, as the tensor product 27% contains both a symmetric
and an antisymmetric singlet. The contribution of the symmetric Fg contraction vanishes.
Also note that couplings with r = s = ¢ vanish, so that all contributing terms of type
U352 can be interpreted as instantonic corrections. In total, there are 351 non-vanishing

couplings of this kind.

e Since the t’s and #’s, which are some linear combination of the orbifold T’s after gauge
symmetry breaking, have R charge 0 on the blow-up, couplings of the form 7" will always
break the R symmetry. However, as discussed above, the superpotential for the moduli
actually vanishes. This can also be seen from the orbifold perspective. Consider the

coupling

N
=)

Efrstuvaa_Tb Ath,kTg’lTe T . €abctde f

i 5, v,mLw,n

6
=A €ijk€lmn »

where we have used (6.3) in the second equality. This requires that i # j # k # i and
I # m # n # 1, but then the total orbifold R charge of this coupling is R' = (0,0,0),
which clearly violates (6.2).

Couplings of type U®T?

The discussion of couplings of the form U®T® is more involved. Several cases have to be dis-
tinguished since gauge invariance allows for different kinds of index contractions. As discussed
before, the Eg tensor product 27% contains a symmetric as well as an antisymmetric singlet.
In SU(3), the tensor products 3% and 3 x 3 both contain a singlet. After giving a vev to the

T’s the discussed coupling has the generic form

Co = €1k LuNUY 0 Uf o UK UL UM UN - 5716260 - A A A7 (6.12)

a,a1 v,a3 K,as

where again capital letters denote Fg indices and a; and b; are SU(3) indices. Greek indices
as well as 7, 7, and k label the three different triplet states in the orbifold spectrum (2.53). As
before, r, s, and t label fixed points and f7*! again encodes the selection rules. In total, there

are 10773 couplings of this kind, each belonging to one of the following cases:
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(i)

(i)

(iii)

erJkLMN 1S symmetric (thus, in this case we omit capital indices) and U’s and T’s are

contracted antisymmetrically among themselves. Then (6.12) becomes
€b1babs €11203 180 Cy = N’ eijk(UOé,al Us,a2Uy a3 €"12%9) (U5,a4 Uk,asUna €118%0) (6-13)

which is clearly antisymmetric in (o, 8,7) and (0, k,\). However, this is forbidden by
orbifold R charge conservation. Therefore, this case gives no contribution to the discussed

coupling.

€rJKLMN is symmetric and the T’s are contracted symmetrically with three of the U’s
while the remaining three U’s are contracted antisymmetrically. The coupling then be-

comes
1032853 €59 Cy = XU U Uk Us s Ui Unag€®™) . (6.14)

which gives a non-zero contribution for a = § = =, since 9, x, and A all have to be
different.

€rJkLMN is antisymmetric and U’s and T’s are contracted antisymmetrically among

themselves. In this case we have
3 I J K L 7tM 77N
AN €1k LMN€ijk(Ua,a1 Ugas Usnas € %) (Us/ay U s U ag € %) (6.15)

which is symmetric in («, 8,7) and (0, k,\). We deduce that there can be non-vanishing

contributions in a number of cases, e.g. for & = 8 =« while § # k # X # 4.

In the last possible scenario €7y ran is antisymmetric and the T’s are contracted sym-
metrically with three of the U’s while the remaining three U’s are contracted antisym-
metrically. The relevant coupling then reads

NerxrmnUL UG U (U, UY U, €459 (6.16)

which is antisymmetric in (e, 3,7) and symmetric in (J,%,\). Therefore, there is a

contribution to the superpotential if and only if § = x = A.

This completes our discussion of R symmetry breaking via higher order superpotential cou-

plings. Note that the breaking could be induced both via purely localized couplings at single

fixed points and via finite volume effects, i.e. twisted couplings over three different fixed points.
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6.2 Conclusion

In this thesis we investigated anomaly cancellation and R symmetries in Eg x FEg heterotic
string theory models. We studied the compactification of heterotic strings on orbifolds, in par-
ticular the T /73 orbifold, and its resolved Calabi-Yau manifold. The most important result of
this discussion is that Green—Schwarz anomaly cancellation does not require a universal axion
coupling to different gauge group factors and the Lorentz group in generic compactifications.
Although this result has been established in the literature for some time, it was recently under
dispute. We first demonstrated non-universality by deriving the four-dimensional anomaly
polynomial for a compactification in the presence of finite-volume four-cycles which resolve
the orbifold singularities. Afterwards, we gave an explicit example by constructing a string
model on the T°/7Z3 orbifold and its resolution. By computing all relevant anomaly coeffi-
cients we proved that anomaly universality is not a necessary condition for the Green—Schwarz
mechanism to work, thus clarifying some confusion which recently arose in the literature.
Another important result of this work concerns R symmetries on orbifolds and their smooth
counterparts. In the aforementioned model, we were able to identify a Zé% symmetry in the
orbifold phase and match it to the remnant R symmetry in the blow-up phase using a GLSM
description. The investigation of R symmetries and their origin is a very interesting topic
for future research. In the last part of this thesis we commented on the potential connec-
tion between R symmetries on orbifolds and smooth Calabi-Yau manifolds. In particular, we
compared superpotential terms on the Zg orbifold and its blow-up in standard embedding for
untwisted fields, twisted fields, and moduli to find those terms which might break a contin-
uous U(1)gr symmetry to a discrete Zﬁ. The prime goal of future work will be to obtain a

fundamental understanding of R symmetries as remnants of the local Lorentz group.
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Appendix A

A.1 Resolution of C3/Z3

Ds

D Dy

Figure A.1: Two-dimensional projection of the toric diagram of Res(C?/Z3).

The toric diagram of Res(C?/Z3), depicted in Figure A.1, contains three three-dimensional
cones: (D1, FE,Ds), (D1, E,Ds), and (D3, E, D3). Thus, there is a single linear equivalence

relation between the ordinary divisors D; and the exceptional divisor E, given by
0~3D;+ F, 1=1...3. (A1)

From this it follows that the only non-vanishing triple-intersection number is given by E3 = 9.

A.2 Resolution of T°/Z3

The T°/73 orbifold has 27 isolated quotient singularities. On each of these singularities we
put one compact exceptional divisor denoted by E,g., where «, 3,7 = 1...3 label the fixed
points on the three T2 tori. In addition, there are nine divisors Rjj, inherited from T6 and
nine ordinary divisors D;,, where i,a = 1...3 label the three tori and fixed points per torus,

respectively. In the global resolution, the equivalence relation (A.1) becomes

Ri~Dia+ Y Eapy. (A.2)
Byy
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Since all exceptional divisors are compact and do not intersect the R;;, the intersection ring is

of a very simple form. One can show that all non-vanishing intersection numbers are given by
RiRyR3 =9, and  Ejg =9. (A.3)

We can now use the expression for the Euler number of a given divisor S [47],
X(S) = c2(X) - S+ 53, (A.4)

to calculate the second Chern classes of the inherited and exceptional divisors. Applying (A.4)

to D;o and E,p, and plugging into (A.2) gives

c2- R =0, and c2 - FEopy = —6. (A.5)

A.3 Differential Forms

A complex (p, q)-form w, 4 is a totally antisymmetric tensor with p holomorphic and ¢ anti-
holomorphic indices. It is usually expanded in the coordinates of a given complex manifold
as

1

Wp,q = ITCJ!%...zpjl...jqdz“ Ao A2 AN AdE (A.6)

where the wedge-product of k& one-forms is defined by
dzU A - Ad2t = Z sgn(P)dzP@ A - AdziP®) (A.7)
PeSy

For r-forms on a real n-dimensional manifold M with coordinates x;, the exterior derivative d

maps r-forms to (r 4 1)-forms as follows,

dw, = = ( : >d5'3j/\d33”/\---/\dx“. (A.8)

= i
1\ 9 1.0
Furthermore, if M has a metric g and Levi-Cevita tensor ¢;,. ;, there is a natural opera-

tor * called Hodge duality operator, which maps r forms to (n — r)-forms according to

V19l i1y dzIr+1 Ao A dadn (A.9)

* W, = Wii i € - »
ol )T Jra1-gn

From this and our definition of the wedge-product follows that the product

wWp A%k = —”!f”wilmirnil“'”dxl AL da™, (A.10)

is symmetric and an n-form. Note also that the invariant volume element of M is given by

A/ g . .
x1 = %eh___lndx“ A ANda'n = /|gldzt Ao A da™. (A.11)
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Returning to the case of complex differential forms, the exterior derivative separates into
the so-called Dolbeault operators d = O + 0. Each of them is nilpotent, i.e. 9> = 9> = 0. With

these operators one defines the Dolbeault cohomology as

B O-closed (p, q)-forms in M

H2(M)

v (A.12)

~ O-exact (p,q)-forms in M

the dimension of Hg’q(M ) is the Hodge number hP9. In addition, define the adjoint Dolbeault

operators 0* and 0* and the Laplacians
Ay = 00" + 970 Ay = 00" +0°0. (A.l?))

Then the Az-harmonic (p,q)-forms are in one-to-one correspondence with the cohomology

classes Hg’q(M ). This fact is of central importance to the notion of index theorems.
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