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4 SU(4)2

SO(5) × SU(4) × SU(2) 1
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SO(5)2 × SU(2)2B
6
+,Y

G2
2 × SU(3) 1
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6
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B
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1
2(0, 1, 0, −1) 1
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2 ×

B
4
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B
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6 (0, 0, 1, −1)B

2 ×
B

6
+,YIY 1

2(0, 1, 0, −1) 1
6 (0, 1, 1, −2)B

4 ×
B

4
1
4(0, 1, 0, −1) 1

4 (0, 0, 1, −1)B
3 ×

B
6

1
3(0, 1, 0, −1) 1

6 (0, 0, 1, −1)B
6 ×

B
6

1
6(0, 1, 0, −1) 1

6 (0, 0, 1, −1)

��= B/J�# �/' �/( � E*� 3�5 
 #
>@5$;<!63 H�; ! �
N × �

M
; !6B/�8H�; J A/3 J8#�= AI��7/� 5$; N = 1

'C+I� ��� AI���&#
7"3���; 7�=�J[>@;!���
."= >@5$����>0=�5$��; 7 J�=�5�56��>0#
3*>0= 7 B�# H�; �"7"A �87G# ' �"' � � � � � ���[)�3�#
# = J�3$; =�./.�#07�AI� ��� 1@'

Yb� 	��=������	�� �����
�p#Q����3
)JA^���*�:?=�����c���>�"��8
?7��)JA^���7�����*���I	��tA!	4)"8
�*)"���u��#a���*�q#28
���K�*�������*���`}<�>�"��8
?
eo�t$ �>$U���*�:�>�"��8
? ��#a�"���I	��������*)����7)��:C<35���:���*)������*) hyA

P ⊂ � (6) $1Yb�*)���)������
����� N = 1
�"�0358*H0�0)`���*�

�*�������*���u}1�>�"��8
?��"�
SU(3)
A*}N������35���
�:���*���"�y#Q���"�

P ⊂ SU(3) ⊂ � (6) .
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−1+ηa

h7−→ e−2πiva
h α̃ā
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Ñ �%$ ��bL�����P�n��/E('& #%(���� !I� � �n�0H��"������	�� �=�:�J	��*)
�*���"�����9	��
���*�����c�������0)
�9	J���:	

�C	$C5���C	��|3
���*���q���9	��"���T��#
Ñ
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/*2"+��435/*6�.��f���fEW�DJK#<1o+pV

SO(32) −→ SO(2n0) × U(n1) × . . . × U(n(N
2
−1)) × SO(2nN/2) ,

|\qcF 0K~
2-#%7>(?6D6D�D1�EO "�,(? 

U(n) = SU(n) × U(1)
F

� P ��� ^Ch.Z0\t^IOba �dc ^`efX[gLObh.i
N j�k T�h

q'1�(?1,(?6�/*EK/*`$�I(?1,(?6DVk�"���s -/t "�,(? @:�2-#%�b#<1p -#%.H�D1
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V =
1

2N

(
(±j)α,−(2N − j)β , 1n1 , 3n3 , . . . , (2N − j)n(2N−j)−α−β, . . . , (N − 1)nN−1

)
,
|\qcF ?K~
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j ∈ {N + 1, N + 3, . . . , 2N − 1} FCd^ !���@(?Ep(?�D1
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SO(32) −→ U(n1) × U(n3) × . . . × U(nN−3) × U(nN−1) .
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V =
1

N

(
(±j)α,−(N − j)β , 0n0 , 1n1 , . . . , (N − j)n(N−j)−α−β, . . . ,

(
N − 1

2

)n
(N−1

2 )
)

, ����� ���
&r�$#<2-#

j ∈ {N+1
2 , N+3

2 , . . . , N} FA���$#s2-#%�"`�6D "�D1�E;35/*`�2f.k�D9X#<1$�"��/*1,(?6uEp(?`�EK#sEW2-/*`�:o���

SO(32) −→ SO(2n0) × U(n1) × . . . × U(n(N−3
2 )) × U(n(N−1

2 )) .
|\qcF ¨K~
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V2 = (V2, �"������� M , V2, ���������$� , V2, ���������! , . . .) ,
|\qIFD§>¡W(K~

Aα = (Aα, �"������� M , Aα, ����������� , Aα, ���������$ , . . .) .
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V2, ���������!�
(?1$.
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Nα
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∑

j

nj = mi
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Λ
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MV2, NαAα ∈ Λ
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(A) G2 × SU(3) × SO(4) 12 6 8

(B) SU(3) × SO(8) 12 3 8

(C) SU(3) × SO(7) × SU(2) 12 3 8
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� ��� G2 × SU(3) × SO(4) 1

6 (0, 1, 2, −3) 3A3 ≈ 2A5 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ 0, A3 ≈ A4

�%$ � SU(3) × SO(8) 1
6 (0, 2, 1, −3) 3A1 ≈ 2A5 ≈ 0; A1 ≈ A2, A3 ≈ A4 ≈ 0, A5 ≈ A6

� � � SU(3) × SO(7) × SU(2) 1
6 (0, 2, 1, −3) 3A1 ≈ 2A5 ≈ 2A6 ≈ 0; A1 ≈ A2, A3 ≈ A4 ≈ 0

� � � SU(6) × SU(2) 1
6 (0, 2, 1, −3) 6A1 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A4 ≈ A5
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 "�$#;�":a#%7< "2"`�9 /?3) "�$#C9X/].�#<6��>F F!/>&e#<JK#<2>Yu�D s&)(*�B.k`�2"�D1�Eo6�/*1�Et "�D9X#WY
&r�D "�$/*`� l7<6�#>(?2 2 `$�" "�4=,7>(? "��/*1wY�+a#<6D��#<JK#%.j "�,(? f.k���-7<2-#< -#s�"V]9;9X#< "2"V_/*1�6DVt(��a#%7< -#%.�y

N × y
M
/*2"+��435/*6�.��>F

���$#<2-#[35/*2-#WY$(@JK#<2"VX�D1U -#<2-#%�" "�D1�EX�U`$#%�" "��/*1_&)/*`�6�.j+g#' -/I "2"VX -/@=$1$.j/*`� �&r�$#< "�$#<2�&e#s(?2-#h�" "�D6D6g9;���-�"�D1�E
�-/*9X#< "���D1�E$F

	 ��� ��&01Q" 	!A �U*-;%*-,d&Q"%/ 	 B
�#;%*-3

�)/*9;:,(*7< "�43\VU�D1�Ej/*1�1$/*1k3¦(*7< -/*2"�DNS(?+�6�#B6Q(? " "��7%#%�h(��Z#%7< -�l9X/*2-#B "�,(?1� "�$#B�-:g#%7< "2"`�9oFr���$#I7%/*9;:�`� b(? "��/*1
/?3 .A`��*(>&)(R7%/*`�:�6D�D1�EK�'�D1o3¦(*7< -/*2"�DNS(?+�6�#I/*2"+��435/*6�.o9X/].�#<6��l���l+,(*�-#%.�/*107%#<2" b(?�D10�b#<6�#%7< "��/*1m2"`�6�#%�'�" b(? -#%.
�D1�(m3\/*2"9� "�,(? ;9O(?�K#%�C`$�-#j/?3! "�$#R35(*7< -/*2"�DNS(?+��D6D�D ^V�/?3! "�$#j6Q(? " "��7%#WFDC�(?2" "��7<`�6Q(?2"6DVKY�7%/*1$�-#<2"J*(? "��/*1�/?3
R
Lx7-�,(?2"EK#B�D1my

6
Lxd-d
3¦(*7< -/*2"�DNS(?+�6�#B/*2"+��435/*6�.��f���f#[nk:�2-#%�-�-#%.o(*�

∑

i

R1
i = −1 mod 6 ,

∑

i

R2
i = −1 mod 3 ,

∑

i

R3
i = −1 mod 2 ,

| �!FD§S~

&r�$#<2-#; "�$#X�-`�9v2"`�1$�B/>JK#<2B "�$#X�" b(? -#%�@/?3f(jEW�DJK#<1�7%/*`�:�6D�D1�E$F
Ra

i

7%/*2"2-#%�":a/*1$.��s -/t "�$#%5fLx7-�,(?2"EK#X/?3
 "�$#

ith
:,(?2" "��7<6�#@/?3i "�$#B7%/*`�:�6D�D1�E_/*1t "�$#

ath 7%/*9;:�6�#[nt:�6Q(?1$#@/?3� "�$#@7%/*9;:,(*7< l�":,(*7%#WFd^1I "�$#e6D�D -#<2b(? "`�2-# >D§ @p©kY5§ ,B0�AxYW�D i����`$�"`,(?6D6DVI�" b(? -#%.B "�,(? 5rLx7b�,(?2"EK#�7%/*1$�-#<2"J*(? "��/*1wYp#%��F]| �!FD§S~<YM3\/*6D6�/S&f�
3\2-/*9  "�$#j�"V]9;9X#< "2"��#%�;/?3' "�$#R "��2-#%#t7%/*9;:�6�#[n�:�6Q(?1$#%�;/?3h(�35(*7< -/*2"�DNS(?+�6�#t/*2"+��435/*6�.ZF�d^1� "�$#R7>(*�b#R/?3
3¦(*7< -/*2"�DNS(?+�6�#ry

6
Lxd-da/*2"+��435/*6�.��>Y?�D u���u7<6�#>(?2u "�,(? i "�$#e "��2-#%#P�D1$.�#<:a#<1$.�#<1p f|\.k���-7<2-#< -#S~w2-/* b(? "��/*1$�iEK#<1$#<2b(? -#%.

+pVR "�$# ��(?2" b(?1oEK#<1$#<2b(? -/*2-�
Ha /?3u "�$#!`�1$.�#<2"6DV]�D1�E SO(6)

| ' SU(4)
~ �w/*2-#<1U "NI�"V]9;9X#< "2"VO6�#>(>JK#h "�$#

7%/*9;:,(*7< "�4=,7>(? "��/*1�6Q(? " "��7%#
|\qh~s�D1pJW(?2"�Q(?1p >F8���$#<2-#[35/*2-#WY
 "�$#_/*2"�DEW�D1,(?6
SO(6)

Ci/*�D1$7>(?2*Et�"V]9;9X#< "2"VH/?3
 "�$#@7%/*9;:,(*7< l�-:,(*7%#s���r+�2-/*�K#<1o -/_y

6 ×
y

3 ×
y

2
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�%� � � y
6 � � �%� � SU(6)×SU(2)

� � �

�
3

e6

e1, e3, e5e2, e4

e2e3

e1e4

e5

e1, e4

e2, e5

e3

� 
���� . � � ��(�) � 4'� .�� � 
 "��<
�
�
��*� � , SU(6) × SU(2)
, ��. �

6 / 0�0 ��. &'
�, � " � � 
 � � ��� 7'"��*6 � � ��.�� 
 � ��
��+� �
	 ��� 	�

� �

6 ����� / 	 SU(6) × SU(2)
�w#< A`$�P7%/*1$�"��.�#<2>Y](*�e(?1O#[n�(?9;:�6�#WYp "�$#

SU(6)×SU(2)
6Q(? " "��7%#WF
���$#r+,(*�"���AJK#%7< -/*2-�P/?3a "�$#r2-/U/* P6Q(? " "��7%#

/?3
SU(6)×SU(2)

(?2-#s#[n]:�2-#%�-�b#%.j�D1o "�$#@�"�4n]Lx.k�D9X#<1$�"��/*1,(?6�/*2" "�$/*EK/*1,(?6i7%/U/*2-.k�D1,(? -#%�l+pV

e1 = (1, 0, 1/
√

3, 0,
√

2/3, 0) ,

e2 = (−1/2,
√

3/2, 1/2
√

3, 1/2, −
√

2/3, 0) ,

e3 = (−1/2, −
√

3/2, −1/2
√

3, 1/2,
√

2/3, 0) ,

e4 = (1, 0, −1/
√

3, 0, −
√

2/3, 0) ,

e5 = (−1/2,
√

3/2, −1/2
√

3, −1/2,
√

2/3, 0) ,

e6 = (0, 0, 0, 0, 0,
√

2) .

| �!F ¡K~

�!/* "��7%#I "�,(? s "�$#c ^&r���" sJK#%7< -/*2h�D10 "�����h+,(*�-���h���'EW�DJK#<1
+UV
v = (0, 1/3, 1/6, −1/2)

FB���$#c6Q(? " "��7%#C���
�D6D6D`$�" "2b(? -#%.t�D1o=$E$F��!FD§WF

�'1$#@�b#%#%�r "�,(? f "�$#@(*7< "��/*1m/?3
R1 ≡ e2πi 1

3
H1 ∈ y 3 ⊂ SO(6)

/*1o#WF E$F
 "�$#s+,(*�"���fJK#%7< -/*2
e1
���

R1 e1 =
1

2
(e1 + e2 − e4 + e5) .

| �!F ¢K~
: �D1$7%#' "�$#l7%/]#��O7<��#<1p -��/*1_ "�$#l2"�DEW�p �L¦�,(?1$.j�"��.�#!(?2-#l1$/* e�D1p -#<EK#<2>Yk "�$#<1

R1
���A1$/* r(@�"V]9;9X#< "2"VX/?3Z "�$#

6Q(? " "��7%#
SU(6)×SU(2)

Fc�'1$#I7>(?1
�"�$/S&« "�,(? h "�$#C/*1�6DV�#<6�#<9X#<1U @/?3
SO(6)

7%/*1U b(?�D1��D1�Eo/*1�6DV ��(?2" b(?1
EK#<1$#<2b(? -/*2-�f "�,(? l6�#>(%JK#%�f "�$#@6Q(? " "��7%#s�D1pJW(?2"�Q(?1p !���

Rt ≡ e2πi 1
6
(2H1+H2−3H3) | �!F @U~

(?1$.t:a/>&)#<2-�l/?3��D >F
GH#X7>(?1� "�$#<1�7%/*1 2 #%7< "`�2-#O "�,(? @ "�$#O7%/*2"2-#%�":g/*1$.k�D1�E�� 5rLx7b�,(?2"EK#O7%/*1$�-#<2"JW(? "��/*1�2"`�6�#��bYu�D1�(?1,(?6�/*EWV

 -/C "�$#h3¦(*7< -/*2"�DNS(?+�6�#B7>(*�-#WYk���
∑

i

Rt
i ≡

∑

i

(2R1 + R2 − 3R3)i = 0 mod 6 .
| �!F 0K~
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Rt

i

/?3c+a/W�-/*1���7H(?1$.}35#<2"9;��/*1���7
�"`�:a#<2":,(?2" "1$#<2-�O7%/*�D1$7<��.�#WY)�¦F #WF� "�$#my

6
�"V]9;9X#< "2"V�EK#<1$#<2b(? -#%. +pV

2H1 + H2 − 3H3
���X1$/* O(?1 5rL

�"V]9;9X#< "2"VKF �������t���-�"`$#0���j1$/* o/*1�6DV}�D1p -#<2-#%�" "�D1�E F��[���%�<Y!+�`� t�D -�t7%/*1$�-#%�U`$#<1$7%#%�t9;�DEW�U o+g#8JK#<2"V
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!��� j �

�D9;:a/*2" b(?1p I3\/*2@:��$#<1$/*9X#<1$/*6�/*EW��7>(?6r7%/*1$�"��.�#<2b(? "��/*1$�SFRd^1H:,(?2" "��7<`�6Q(?2>Y�&)#;�,(%JK#_JK#<2"�4=,#%.H "�$#_#��a#%7< B/?3
 "�$# �x2"`�6�#��c#%��Fi| �!F 0K~r/*10 "�$#B7%/*`�:�6D�D1�EK�h/?3A "�$#;£'¤S¤*£ /*2"+��43\/*6�.ZFlGH#s=$1$.� "�,(? >Y�EW�DJK#<1m "�,(? '&)#B�,(>JK#
6�#%�-�f7%/*1$�- "2b(?�D1p -�f�D1� "�$#s1$/*1k35(*7< -/*2"�DNS(?+�6�#I7>(*�-#WYk9O(?1pVj9X/*2-#@7%/*`�:�6D�D1�EK�h(?2-#@(?6D6�/>&)#%.ZF
: �D1$7%#I "�$#@1U`�9B+a#<2!/?3P�" b(? -#%�'�D1� "�$#B9O(*�-�"6�#%�'�":g#%7< "2"`�9����f2-#%.k`$7%#%.ZYZ(?6��-/O "�$#B7%/*`�:�6D�D1�EK�!&r�D6D6�+a#

2-#%�" "2"��7< -#%.ZFm�������I9;�DEW�U I�,(>JK#O�D9;:a/*2" b(?1p ;7%/*1$�-#%�U`$#<1$7%#%�C/*1�+a/* "�� "�$#_.�#%7%/*`�:�6D�D1�E
/?3l#[nk/* "��7%�C(?1$.
 "�$#B(?:�:a#>(?2b(?1$7%#@/?3
.$(?1�EK#<2-/*`$�l:�2-/* -/*1�.�#%7>(>Vt/*:g#<2b(? -/*2-�>Y$&r����7-�0(?2-#s�- "�D6D6w -/C+g#s�- "`$.k��#%.ZF

� �%�J�rs{��} Γ����� }�¥�pA� � �yqG}�x � � � �	� � ��
 � �
� �

� 1 � 2 � (−1/2,0) φ § ¦ ¦ ¦
� 1 � 2 � (1/2,0) φ̄ § ¦ ¦ ¦
� 3 � 1 � (1/3,−1/3) d̄ § ¨ ¨ ¨
� 3 � 1 � (−1/3,1/3) d � � � �
� 1 � 2 � (−1/2,−1) ` § ¨ ¨ ¨
� 1 � 2 � (1/2,1)

¯̀ � � � �
� 3 � 2 � (1/6,1/3) q ¨ ¨ ¨ ¨
� 1 � 1 � (1,1) ē ¨ ¨ ¨ ¨
� 3 � 1 � (−2/3,−1/3) ū ¨ ¨ ¨ ¨
� 1 � 1 � (0,1) n̄, η̄ ¦ � � § � § � ¦
� 1 � 1 � (0,−1) n, η ��� ��� ��� �
� 1 � 1 � (0,0) h, s0, w ��� ��� ��� � ¦
� 1 � 1 � (0,−2) χ1 � � � �
� 1 � 1 � (0,2) χ2 � � � �
� 1 � 1 � (0,1/2) f̄ ��� � � �
� 1 � 1 � (0,−1/2) f ��� � � �

� �%�J�rs{��} Γ����� }�¥~pA� � �yqG}�x � � � �	� � ��
 � �
� �

� 1 � 1 � (1/2,1) s+, x+ � § � § � § ���
� 1 � 1 � (−1/2,−1) s−, x− � § � § � § ���
� 1 � 1 � (1/2,0) s+ � � � �
� 1 � 1 � (−1/2,0) s− � � � �
� 1 � 1 � (1/2,2) s+ ¦ ¦ ¦ ¦
� 1 � 1 � (−1/2,−2) s− ¦ ¦ ¦ ¦
� 3 � 1 � (−1/3,−2/3) δ ¨ � � �
� 3 � 1 � (1/3,2/3) δ̄ ¨ � � �
� 3 � 1 � (−1/6,2/3) v̄ ¦ ¦ ¦ �
� 3 � 1 � (1/6,−2/3) v ¦ ¦ ¦ �
� 3 � 1 � (−1/6,−1/3) v̄ ¦ ¦ ¦ ¦
� 3 � 1 � (1/6,1/3) v ¦ ¦ ¦ ¦
� 1 � 2 � (0,−1) m ¦ ¦ ¦ ¦
� 1 � 2 � (0,1) m ¦ ¦ ¦ ¦
� 1 � 2 � (0,0) y § § § §
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 ��� "��<
�
�
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6 / 0�0 ��� 4��24'
 ��� � � / ���#�:
 ��.)( ��� � 
 � � � � � & � . � 4��+*�� & ��� � ��� 
5
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�
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���� G2×SU(3)×
SO(4) �.- � 
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�43�<
 � ��� � 7���
 . � � , ��6 � 
�
���� � 
�����7'7 �#� . 
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 �
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P
?_K ��(? " "��7%#

Γ
�)/*1$.k�D "��/*1$�'/*1t "�$#sG}�D6��-/*1t6D�D1$#%�

y
3 SU(3)3 3A1 ≈ 3A3 ≈ 3A5 ≈ 0; A1 ≈ A2, A3 ≈ A4, A5 ≈ A6y
4 SU(4)2 4A1 ≈ 4A4 ≈ 0; A1 ≈ A2 ≈ A3, A4 ≈ A5 ≈ A6

SU(4) × SO(5) × SU(2) 4A1 ≈ 2A5 ≈ 2A6 ≈ 0; A1 ≈ A3 ≈ A4, A4 ≈ 0

SO(5)2 × SU(2)2 2A2 ≈ 2A4 ≈ 2A5 ≈ 2A6 ≈ 0; A1 ≈ A3 ≈ 0y
6
Lxd

G2
2 × SU(3) 3A5 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A4 ≈ 0, A5 ≈ A6y

6
Lxd-d

SU(6) × SU(2) 6A1 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A4 ≈ A5

G2 × SU(3) × SU(2)2 3A3 ≈ 2A5 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ 0, A3 ≈ A4

SU(3) × SO(8) 3A1 ≈ 2A5 ≈ 0; A1 ≈ A2, A3 ≈ A4 ≈ 0, A5 ≈ A6

SU(3) × SO(7) × SU(2) 3A1 ≈ 2A5 ≈ 2A6 ≈ 0; A1 ≈ A2, A3 ≈ A4 ≈ 0y
7 SU(7) 7A1 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A4 ≈ A5 ≈ A6y

8
Lxd

SO(9) × SO(5) 2A4 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A5 ≈ 0y
8
Lxd-d

SO(10) × SU(2) 2A4 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ A3 ≈ 0, A4 ≈ A5

SO(9) × SU(2)2 2A4 ≈ 2A5 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ A3 ≈ 0y
12
Lxd

E6 3A1 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A4 ≈ A5, A6 ≈ 0

F4 × SU(3) 3A5 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A4 ≈ 0, A5 ≈ A6y
12
Lxd-d

F4 × SU(2)2 2A5 ≈ 2A6 ≈ 0; A1 ≈ A2 ≈ A3 ≈ A4 ≈ 0
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Λ 9 
�4 ��� NαAα ≈ 0
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�4���
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Γ / ����� 
�
�
 ��� � ��� 
�4'�  
�"�� ��� "�
 � �+�
&

2 ×
&

2 SU(2)6 2A1 ≈ 2A2 ≈ 2A3 ≈ 2A4 ≈ 2A5 ≈ 2A6 ≈ 0

SU(3) × SU(2)4 �

SU(3)2SU(2)2 �

SU(4) × SU(2)3 �

SU(4) × SU(3) × SU(2) �

SU(4)2 �

SU(3)3 �
&

2 ×
&

4 SU(2)2 × SO(5)2 2A1 ≈ 2A2 ≈ 2A4 ≈ 2A6 ≈ 0; A3 ≈ A5 ≈ 0
&

2 ×
&

6 / 0 SU(2)2 × SU(3) × G2 2A1 ≈ 2A2 ≈ 0; A3 ≈ A4 ≈ A5 ≈ A6 ≈ 0
&

2 ×
&

6 / 0�0 G2
2 × SU(3) A1 ≈ A2 ≈ A3 ≈ A4 ≈ A5 ≈ A6 ≈ 0

&
3 ×

&
3 SU(3)3 3A1 ≈ 3A3 ≈ 3A5 ≈ 0; A1 ≈ A2, A3 ≈ A4, A5 ≈ A6

E6 3A1 ≈ 3A3 ≈ 0; A1 ≈ A2 ≈ A4 ≈ A5 ≈ A6&
3 ×

&
6 SU(3) × G2

2 3A1 ≈ 0; A1 ≈ A2, A3 ≈ A4 ≈ A5 ≈ A6 ≈ 0
&

4 ×
&

4 SO(5)3 2A2 ≈ 2A4 ≈ 2A6 ≈ 0; A1 ≈ A3 ≈ A5 ≈ 0
&

6 ×
&

6 G3
2 A1 ≈ A2 ≈ A3 ≈ A4 ≈ A5 ≈ A6 ≈ 0

� ��&'"�� � � �') / ��� ��
 . ��
 � 
 � ��� 
�4'�  
�"�� ��� "�
 � �+� � , &
N × &

M
��. &'
�, � " � � � � 4�� �'� 
��<
�
 ��� 
�� 
�4��-��� � ���� 
 � 
���&�"��2� ��( �

&
N
��. &'
�, � " � � &

N × &
M

��. &'
�, � " � �
� � 
 � 
 � .�� �'7

P �	� 
���
 *��#�*
 ��. v
� � 
 � 
 � .�� ��7

P �	� 
���
)*��#�*
 ��. v1 �	� 
���
)*��#�*
 ��. v2

&
3

1
3 (0, 1, 1, −2)

&
2 ×

&
2

1
2 (0, 1, 0, −1) 1

2 (0, 0, 1, −1)
&

4
1
4 (0, 1, 1, −2)

&
2 ×

&
4

1
2 (0, 1, 0, −1) 1

4 (0, 0, 1, −1)
&

6 /10 1
6 (0, 1, 1, −2)

&
3 ×

&
3

1
3 (0, 1, 0, −1) 1

3 (0, 0, 1, −1)
&

6 / 0�0 1
6 (0, 1, 2, −3)

&
2 ×

&
6− 0 1

2 (0, 1, 0, −1) 1
6 (0, 0, 1, −1)

&
7

1
7 (0, 1, 2, −3)

&
2 ×

&
6− 0�0 1

2 (0, 1, 0, −1) 1
6 (0, 1, 1, −2)

&
8 /10 1

8 (0, 1, 2, −3)
&

4 ×
&

4
1
4 (0, 1, 0, −1) 1

4 (0, 0, 1, −1)
&

8 / 0�0 1
8 (0, 1, 3, −4)

&
3 ×

&
6

1
3 (0, 1, 0, −1) 1

6 (0, 0, 1, −1)
&

12 /10 1
12 (0, 1, 4, −5)

&
6 ×

&
6

1
6 (0, 1, 0, −1) 1

6 (0, 0, 1, −1)
&

12 /10�0 1
12 (0, 1, 5, −6)

� ��&'"��2� � �') � � 
���
)*��+�:
 ��. � , ��. & N
� ��� &

N × &
M

��. &'
�, � " � � �



� �
�

V (#) � �tsvu �d� }����ro�p V §�� �'�y�t�y}��ypro'�~¥ G4D U �J}����ro�p T2 �J}����royp
� ( 08 )( 08 ) E8 × E8 27 × 9(1, 1)

�
“

2
3
, 1

3

2
, 06
”“

08
”

E6 × SU(3) × E8 3(27, 3, 1) 27 × 1(27, 1, 1)

27 × 3(1, 3, 1)

¦ “
2
3
, 1

3

2
, 06
”“

2
3
, 1

3

2
, 06
”

E6 × SU(3) × E6 × SU(3) 3(27, 3, 1, 1) 27 × 1(1, 3, 1, 3)

3(1, 1, 27, 3)

¨ “
2
3
, 07
”“

1
3

2
, 06
”

SO(14) × E7 3(64, 1)

3(14, 1) 27 × 1(14, 1)

3(1, 56) 27 × 4(1, 1)

3(1, 1)

§ “
1
3

4
, 2

3
, 03
”“

2
3
, 07
”

SU(9) × SO(14) 3(84, 1)

3(1, 64) 27 × 1(9, 1)

3(1, 14)

� ��&'"�� � � �3) � � � 
�����
�&'"�� ��4'
5, 
 *��+�:
 ��. � � ��� � ��.�. �#��7 ����� 
 � � � �<
�
�� . � ��� 
�� � 
 , ��. 
�4'� &
3
��. &'
�, � " � � ,


�4'�
E8 × E8

4'�*
�� .�� 
�
�� ��
 . 
 � � �

V (#) � ��� ������� �	����
 V ��
�������� � � 
 � � � G4DM 1
4

`
12, 2, 013

´
SO(26) × SU(2) × U(1)A × U(1)

� 1
4

`
12, 23, 011

´
SO(22) × SU(4) × SU(2) × U(1)

 1
4

`
16, 010

´
SO(20) × SU(6) × U(1)A

� 1
4

`
15, 3, 010

´
SO(20) × SU(6) × U(1)A� 1

4

`
12, 25, 09

´
SO(18) × SO(10) × SU(2) × U(1)A� 1

4

`
16, 22, 08

´
SO(16) × SU(2)2 × SU(6) × U(1)A� 1

4

`
12, 27, 07

´
SO(14) × SO(14) × SU(2) × U(1)� 1

4

`
16, 24, 06

´
SO(12) × SO(8) × SU(6) × U(1)A� 1

4

`
110, 2 , 05

´
SO(10) × SU(10) × U(1)A × U(1)M�� 1

4

`
110, 23, 03

´
SU(4)2 ××SU(10) × U(1)MAM 1

4

`
114, 02

´
SU(2)2 × SU(14) × U(1)M � 1

4

`
113, 3, 02

´
SU(2)2 × SU(14) × U(1)AM  1

8

`
114, � 1, 3

´
SU(15) × U(1)A × U(1)M � 1

8

`
110, � 1, 35

´
SU(11) × SU(5) × U(1)A × U(1)M � 1

8

`
16, � 1, 39

´
SU(7) × SU(9) × U(1)A × U(1)M � 1

8

`
12, � 1, 313

´
SU(3) × SU(13) × U(1)A × U(1)

� ��&'"�� � ���8)�� "�" � � � 
�����
�&�"�� ��4'
5, 
 *��#�*
 ��. �-, ��. 
�4'� &
4
��. &'
�, � " � � , 
�4'�

SO(32)
4'��
�� .�� 
�
�� ��
 . 
 � � �

� 4'
�, 
"*��#�:
 ��. � "��#� � 
 � � 
 � 
�4'� ��� � �2, � � . / � 
 � � � ��
 ��� ��" � � ����� � .�� �'7 � ��.�. �+��7 ����� 
 � � � � ��"�� � 
�
�4� 
$# � . � � 
 � �<
�
�� . � ��� 
�� � 
 � � � . 
�4'� .=� �*
���
�"��=� . �-7 .�� * 
 � � � 
 � � � . � ��&���
5
���� (+� �! �



� � � � 
 
 j�� ������� � ��� � �	�"�%�G� 
 � ��� j �

�'2"+��435/*6�. �u/*2-�"��/*1
ε
: ���43\ rJK#%7< -/*2

V1
: ���43� lJK#%7< -/*2

V2

y
2 ×

y
2 1

(
1
2 , 0,−1

2 , 0, 0, 0, 0, 0
) (

0, 1
2 ,−1

2 , 0, 0, 0, 0, 0
)

−1
(

1
2 ,−1,−1

2 , 1, 0, 0, 0, 0
) (

1, 1
2 ,−1

2 , 0, 1, 0, 0, 0
)

y
2 ×

y
4 1

(
0, 1

2 ,−1
2 , 0, 0, 0, 0, 0

) (
1
4 , 0,−1

4 , 0, 0, 0, 0, 0
)

−1
(
2, 1

2 ,−1
2 , 0, 0, 0, 0, 0

) (
1
4 ,−1,−1

4 , 1, 0, 0, 0, 0
)

y
2 ×

y
6
Lxd

1
(
0, 1

2 ,−1
2 , 0, 0, 0, 0, 0

) (
1
6 , 0,−1

6 , 0, 0, 0, 0, 0
)

−1
(
3, 1

2 ,−1
2 , 0, 1, 0, 0, 0

) (
1
6 ,−1,−1

6 , 1, 0, 0, 0, 0
)

y
2 ×

y
6
Lxd-d

1
(

1
2 , 0,−1

2 , 0, 0, 0, 0, 0
) (

1
6 , 1

6 ,−1
3 , 0, 0, 0, 0, 0

)

−1
(

1
2 , 3,−1

2 , 1, 0, 0, 0, 0
) (

−5
6 , 7

6 ,−1
3 , 1, 1, 0, 0, 0

)
y

3 ×
y

3 1
(

1
3 , 0,−1

3 , 0, 0, 0, 0, 0
) (

0, 1
3 ,−1

3 , 0, 0, 0, 0, 0
)

e2πi
1
3

(
1
3 ,−1,−1

3 , 1, 0, 0, 0, 0
) (

1, 1
3 ,−1

3 , 0, 1, 0, 0, 0
)

e2πi
2
3

(
1
3 ,−2,−1

3 , 0, 0, 0, 0, 0
) (

2, 1
3 ,−1

3 , 0, 0, 0, 0, 0
)

y
3 ×

y
6 1

(
0, 1

3 ,−1
3 , 0, 0, 0, 0, 0

) (
1
6 , 0,−1

6 , 0, 0, 0, 0, 0
)

e2πi
1
3

(
2, 1

3 ,−1
3 , 0, 0, 0, 0, 0

) (
1
6 ,−1,−1

6 , 1, 0, 0, 0, 0
)

e2πi
2
3

(
4, 1

3 ,−1
3 , 0, 0, 0, 0, 0

) (
1
6 ,−2,−1

6 , 0, 0, 0, 0, 0
)

y
4 ×

y
4 1

(
1
4 , 0,−1

4 , 0, 0, 0, 0, 0
) (

0, 1
4 ,−1

4 , 0, 0, 0, 0, 0
)

i
(

1
4 ,−1,−1

4 , 1, 0, 0, 0, 0
) (

1, 1
4 ,−1

4 , 0, 1, 0, 0, 0
)

−1
(

1
4 ,−2,−1

4 , 0, 0, 0, 0, 0
) (

2, 1
4 ,−1

4 , 0, 0, 0, 0, 0
)

−i
(

1
4 ,−3,−1

4 , 1, 0, 0, 0, 0
) (

3, 1
4 ,−1

4 , 0, 1, 0, 0, 0
)

y
6 ×

y
6 1

(
1
6 , 0,−1

6 , 0, 0, 0, 0, 0
) (

0, 1
6 ,−1

6 , 0, 0, 0, 0, 0
)

e2πi
1
6

(
1
6 ,−1,−1

6 , 1, 0, 0, 0, 0
) (

1, 1
6 ,−1

6 , 0, 1, 0, 0, 0
)

e2πi
1
3

(
1
6 ,−2,−1

6 , 0, 0, 0, 0, 0
) (

2, 1
6 ,−1

6 , 0, 0, 0, 0, 0
)

−1
(

1
6 ,−3,−1

6 , 1, 0, 0, 0, 0
) (

3, 1
6 ,−1

6 , 0, 1, 0, 0, 0
)

e2πi
2
3

(
1
6 ,−4,−1

6 , 0, 0, 0, 0, 0
) (

4, 1
6 ,−1

6 , 0, 0, 0, 0, 0
)

e2πi
5
6

(
1
6 ,−5,−1

6 , 1, 0, 0, 0, 0
) (

5, 1
6 ,−1

6 , 0, 1, 0, 0, 0
)

� ��&'"�� � � � ) & N × &
M
� �8� �#"�� � 
�
�4 � 
���� . ��
�� 
 ��. ��
 ��� � ��� ��
 � ��� � . � � � &3� �'� 
 � � � . � � ( �'
 * ��"�� � 
 
 �� � � ��"�� � 
�
�4 � �8
 � 
���� . �*
�� 
 ��. ��
 ��� � ��� �'��� / ��
�� ��� � .�� � � & � �'� 
 � � �  � � . 
�
�� 
�4'� 
 ��. ��
 ��� 7'4������

,%���*
 ��. ���
ε = e−2πi V2·∆V1 � � 4'� � ��� 7 ��� � � 
�� � ,�
�4'� ��4'
�, 
�� � 
�
�4'
 � 
�4�� ���+� ���3�

E8
��"�" *<� � 
���4 �

� 4'
�� . �#� �'"�
 ��"�� � ��7'7'"�
��#� 
 � ��. &'
�, � " � � �8� ��"�� 
 � � � � � � �*9 � 4'� . � 
�4'� ���#� ����� 4���"�, � , 
�4�� ��4'
�, 

*��+�:
 ��. ��"�� � *<� � 
���4��#� �



� ���

� s�|2¥~x{}�pro:oy�r�doyu SO(32)

α1 � (1,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α2 � (0, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α3 � (0, 0, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α4 � (0, 0, 0, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α5 � (0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α6 � (0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α7 � (0, 0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0)

α8 � (0, 0, 0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 0, 0, 0)

α9 � (0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 0, 0)

α10 � (0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 0)

α11 � (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0)

α12 � (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 0, 0, 0)

α13 � (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 0, 0)

α14 � (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 0)

α15 � (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−1)

α16 � (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1)

¤~�t�_z~�y|2}��:�f��xt�4}�s��y�[�r�.oyu SO(32)

α∗
1 � (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
2 � (1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
3 � (1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
4 � (1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
5 � (1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
6 � (1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
7 � (1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
8 � (1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0)

α∗
9 � (1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0)

α∗
10 � (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0)

α∗
11 � (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0)

α∗
12 � (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0)

α∗
13 � (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0)

α∗
14 � (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0)

α∗
15 �

`
1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, � 12´

α∗
16 �

`
1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1
2
, 1

2

´

� ��&'"��2� ��� ) � 
 � 7'"�� .�� � 
 � αi
� ��� , � ��� � � � � 
���" � �#
 ��4�
 � α∗

i

� ,
SO(32)

: �D9;:�6�#s2-/]/* -�f/?3
E8

α1 � (0, 1,−1, 0, 0, 0, 0, 0)

α2 � (0, 0, 1,−1, 0, 0, 0, 0)

α3 � (0, 0, 0, 1,−1, 0, 0, 0)

α4 � (0, 0, 0, 0, 1,−1, 0, 0)

α5 � (0, 0, 0, 0, 0, 1,−1, 0)

α6 � (0, 0, 0, 0, 0, 0, 1,−1)

α7 �
(

1
2 ,−1

2 ,−1
2 ,−1

2 ,−1
2 ,−1

2 ,−1
2 , 1

2

)

α8 � (0, 0, 0, 0, 0, 0, 1, 1)

{�`�1$.$(?9X#<1U b(?6u&)#<�DEW�p -�!/?3
E8

α∗
1 � (1, 1, 0, 0, 0, 0, 0, 0)

α∗
2 � (2, 1, 1, 0, 0, 0, 0, 0)

α∗
3 � (3, 1, 1, 1, 0, 0, 0, 0)

α∗
4 � (4, 1, 1, 1, 1, 0, 0, 0)

α∗
5 � (5, 1, 1, 1, 1, 1, 0, 0)

α∗
6 �

(
7
2 , 1

2 , 1
2 , 1

2 , 1
2 , 1

2 , 1
2 ,−1

2

)

α∗
7 � (2, 0, 0, 0, 0, 0, 0, 0)

α∗
8 �

(
5
2 , 1

2 , 1
2 , 1

2 , 1
2 , 1

2 , 1
2 , 1

2

)

� ��&�"��2� � ��) � 
 � 7'"�� .�� � 
�� αi
� ��� , � ��� � � � � 
���" � ��
���4 
�� α∗

i

� ,
E8
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 � ��� j �



� ���������	��
 �

� 	 � � 
���� � � ��� 
��
�
B−L

� ��������	�
�� ���������

V − 1
3

1
2

1
2

0 0 0 0 0 1
2

− 1
6

− 1
2

− 1
2

− 1
2

− 1
2

− 1
2

1
2

A3
1
2

− 1
6

1
2

− 1
6

− 1
6

− 1
6

− 1
6

− 1
6

16
3

−5 − 17
3

−5 − 17
3

− 17
3

− 13
3

14
3

A5 − 1
2

− 1
2

0 1
2

1
2

0 0 0 13
4

− 17
4

− 13
4

− 13
4

− 13
4

− 13
4

− 9
4

9
4

tY 0 0 0 1
2

1
2

− 1
3

− 1
3

− 1
3

0 0 0 0 0 0 0 0

tB−L 1 0 1 0 0 − 2
3

− 2
3

− 2
3
− 11

2
− 1

2
5
2

− 1
2

5
2

5
2

11
2

− 5
2

V − 1
3

1
2

1
2

0 0 0 0 0 1
2

− 1
6

− 1
2

− 1
2

− 1
2

− 1
2

− 1
2

1
2

A3
1
2

− 1
6

1
2

− 1
6

− 1
6

− 1
6

− 1
6

− 1
6
− 2

3
0 2

3
0 2

3
2
3

32
3

− 32
3

A5 − 1
2

− 1
2

0 1
2

1
2

0 0 0 13
4

− 17
4

− 13
4

− 13
4

− 13
4

− 13
4

− 9
4

9
4

tY 0 0 0 1
2

1
2

− 1
3

− 1
3

− 1
3

0 0 0 0 0 0 0 0

tB−L 1 0 1 0 0 − 2
3

− 2
3

− 2
3
− 1

6
− 1

2
1
6

− 1
2

1
6

1
6

1
6

− 1
6

V 1
3

− 1
2

− 1
2

0 0 0 0 0 1
2

− 1
6

− 1
2

− 1
2

− 1
2

− 1
2

− 1
2

1
2

A3
1
2

− 1
6

− 1
2

1
6
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d^1s "�����u(?:�:a#<1$.k�4nh&)#P.k���":�6Q(>Vh�D1s3�`�6D6K.�#< b(?�D6U "�$#
9X/W�" w�D9;:a/*2" b(?1p u:�2-/*:g#<2" "��#%�u/?3� "�$#A�-/?Lx7>(?6D6�#%._�W�%�[� �%�*�4�4C
£'¤S¤*£ �D1p "2-/].k`$7%#%.8�D107b�,(?:� -#<2!0kFh�������'9X/].�#<6��,(*�!+g#%#<18�"`�+ 2 #%7< !/?3)(?1,(?6DVk�"���s(?6��-/_�D10/*`�2h:�2-#<J]��/*`$�
&e/*2"�k�>Y�2-#[35�>F > ,B0kY ,4,]Y ,B*�AxF

	 ��� 
 /U<#*-; 
 *���	="�&Q"%/ 	#3 � 	#< � 
 *-,.&]1 � 

���$#s9X/].�#<6Z���f.�#[=$1$#%.o+UV_�D -�fEp(?`�EK#B#<9B+a#%.�.k�D1�E$Y$�¦F #WF��-���43� l(?1$.tG}�D6��-/*1t6D�D1$#%��> ,B0kY ,4, A

V SO(10),1 =
(

1
3 , −1

2 , −1
2 , 0, 0, 0, 0, 0

) (
1
2 , −1

6 , −1
2 , −1

2 , −1
2 , −1

2 , −1
2 , 1

2

)
,

|\{�FD§>(K~
A3 =

(
−1

2 , −1
2 , 1

6 , 1
6 , 1

6 , 1
6 , 1

6 , 1
6

) (
10
3 , 0, −6, − 7

3 , −4
3 , −5, −3, 3

)
,

|\{�FD§<+�~
A5 =

(
1
4 , −1

4 , −1
4 ,−1

4 , −1
4 , 1

4 , 1
4 , 1

4

) (
1, −1, − 5

2 , −3
2 , −1

2 , −5
2 , −3

2 , 3
2

)
.
|\{�FD§%7S~

���$#s`�1U+�2-/*�K#<1�Ep(?`�EK#sEW2-/*`�:m(M3\ -#<2l7%/*9;:,(*7< "�4=,7>(? "��/*10���
G4D = [SU(3) × SU(2)] × [SO(8) × SU(2)] × U(1)8 .

|\{�F ¡K~
���$#

U(1)
EK#<1$#<2b(? -/*2-�!(?2-#s7b�$/W�-#<1� -/C+a#

t1 = tY =
(
0, 0, 0,− 1

2 ,−1
2 , 1

3 , 1
3 , 1

3

)
(0, 0, 0, 0, 0, 0, 0, 0) ,

|\{�F ¢W(K~
t2 = (1, 0, 0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0, 0, 0) ,

|\{�F ¢?+�~
t3 = (0, 1, 0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0, 0, 0) ,

|\{�F ¢*7S~
t4 = (0, 0, 1, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 0, 0, 0) ,

|\{�F ¢*.,~
t5 = (0, 0, 0, 1, 1, 1, 1, 1) (0, 0, 0, 0, 0, 0, 0, 0) ,

|\{�F ¢*#S~
t6 = (0, 0, 0, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0, 0, 0) ,

|\{�F ¢M3[~
t7 = (0, 0, 0, 0, 0, 0, 0, 0) (0, 1, 0, 0, 0, 0, 0, 0) ,

|\{�F ¢?E]~
t8 = (0, 0, 0, 0, 0, 0, 0, 0) (0, 0, 0, 1, 1, 0, 0, 0) .

|\{�F ¢?��~
���$#B(?1$/*9O(?6�/*`$�

U(1)
���rEK#<1$#<2b(? -#%.o+pV

tA =
∑

ci ti ,
&r�$#<2-#

ci =

(
0,

7

3
,−1,−5

3
,
1

3
,
2

3
,−2

3
,−2

3

)
.

|\{�F @U~
���$#@�"`�9 /?3A(?1$/*9O(?6�/*`$�!7-�,(?2"EK#%�f���

tr tA =
170

3
> 0 .

|\{)F 0K~
§>¡W¢
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� � � ��� � �	�"�%�G� ����������� � j 
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���$#s9X/].�#<6u(?6D6�/S&f�f`$�r -/;.�#[=$1$#c(C�"`��D b(?+�6�#

B − L
EK#<1$#<2b(? -/*2>Y

tB−L =

(
−1,−1, 0, 0, 0,

2

3
,
2

3
,
2

3

)
,

(
−1

2
,−1

2
, 0,−1

2
,−1

2
, 0, 0, 0

)
.

|\{�F ?K~
&r�D "�o ^&e/X�D9;:a/*2" b(?1p ':�2-/*:g#<2" "��#%�I|\7[3�F� b(?+�6�#B{)FD§S~E3

•  "�$#t�":a#%7< "2"`�9 �D1$7<6D`$.�#%�; "�$#R3¦(?9;�D6D��#%�;/?3h�U`,(?2"�k�C(?1$. 6�#<:� -/*1$�X:�6D`$�;JK#%7< -/*2"6D�D�K#o#[n�/* "��7%�C&r�D "�
2-#%�-:g#%7< f -/

GSM × U(1)B−L
Y$(?1$.

•  "�$#<2-#B(?2-#c¤?£��"�D1�EW6�#< -�r&r�D "�
B−L

7-�,(?2"EK# ±2
Y�6Q(?+a#<6�#%.�(*�

χi
F

� � ��7 . �#��� � 
 �<
�
 ��� � ��& ��"

� (3,2;1,1)(1/6,1/3) qi

� (1,1;1,1)(1,1) ēi

� (
3,1;1,1

)
(1/3,−1/3)

d̄i

� (1,2;1,1)(−1/2,−1) `i

� (1,2;1,1)(−1/2,0) φi

�
(
3,1;1,1

)
(1/3,2/3)

δ̄i

�
	 (1,1;1,1)(1/2,∗) s+
i

( � (1,1;1,1)(0,1) n̄i

� (1,1;1,2)(0,1) η̄i

�
	 (1,1;1,2)(0,0) hi

� (1,1;1,2)(1/2,1) x+
i

� (1,1;1,1)(0,±2) χi

� (
3,1;1,1

)
(−1/6,∗)

v̄i

� (1,1;8,1)(0,−1/2) fi

� (1,1;8,1)(0,0) wi

� � �#7 . �+��� � 
��<
�
 ��� � ��& ��"

�
(
3,1;1,1

)
(−2/3,−1/3)

ūi

� (1,2;1,1)(0,∗) mi

( (3,1;1,1)(−1/3,1/3) di

( (1,2;1,1)(1/2,1)
¯̀
i

� (1,2;1,1)(1/2,0) φ̄i

� (3,1;1,1)(−1/3,−2/3) δi

��	 (1,1;1,1)(−1/2,∗) s−i

(�� (1,1;1,1)(0,−1) ni

� (1,1;1,2)(0,−1) ηi

� (1,2;1,2)(0,0) yi

� (1,1;1,2)(−1/2,−1) x−

i

( � (1,1;1,1)(0,0) s0
i

� (3,1;1,1)(1/6,∗) vi

� (1,1;8,1)(0,1/2) f̄i

� ��&'"�� � ��(�)�� 73�+�:
 . � � � � � � � . � �	� 4'� ( ��� � 
 � �D� � � & � . � � ��� � .
SU(3)×SU(2)×[SO(8)×SU(2)]� . � ��4 � � � 
 � & � " � ,%���*�
� 4 � 73� . � 4�� . ���2� ���

B−L
� 4�� . ��� ��7'7 �#� . ��� ���'&3��� . 
�78
�� � - � 
�� 
�4���
 
�4����
 �<
��#�

s±i 9 mi
� ���

vi
4��+*�� � 
$# � . � � 
 $ / � � 43� . ���#� , ��. � 
%# � . � � 
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 	 / 	 �!A �S1�� &0"%/ 	��5"�&0 R � � �21Q"A&��
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{s̃i} = {χ1, χ2, s
0
3, s

0
5, s

0
8, s

0
9, s

0
12, s

0
15, s

0
16, s

0
22, s

0
24, s

0
35, s

0
41, s

0
43, s

0
46, h2,

h3, h5, h9, h13, h14, h20, h21, h22}
|\{�F ,W~

.�#<JK#<6�/*:H(X1$/*1�N>#<2-/ 687 6 &r���D6�#B "�$#C#[nk:g#%7< b(? "��/*18JW(?6D`$#%�'/?3)(?6D6�/* "�$#<2!=,#<6�.��!J*(?1����"�wF!���$#c#<9X#<2"EW�D1�E
#��Z#%7< "�DJK#s "�$#%/*2"Vj�,(*�r "�$#h35/*6D6�/>&r�D1�EX:�2-/*:a#<2" "��#%�13



�
� ����������� ��� � �"� �#��� ��
 ��� � 
��	
!�
R � 
 ���#�	
 � �9���

§WFr "�$#@`�1p+�2-/*�K#<1�Ep(?`�EK#B�"VU9;9X#< "2"��#%�!(?2-#

GSM × Ghidden
&r�D "�

Ghidden = SO(8) .
|\{�F *K~

¡kFf�-�D1$7%#
B−L

���r+�2-/*�K#<1o+pVj ^&e/X`�1��D -�SYk "�$#<2-#s���l(?1�#��Z#%7< "�DJK#s9O(? " -#<2f:,(?2"�D ^Vmy M
2

F
¢kFr "�$#!Fl�DEWEK�r9O(*�b�r -#<2"9X�'(?2-#

φ̄i (Mφ̄φ)ij φj
&r�$#<2-# Mφ̄φ =




s̃4 0 0 s̃

s̃ s̃3 s̃3 s̃6

s̃5 0 0 s̃3

s̃ 0 0 s̃3


 .

|\{�F ¨K~

���$#@`�:kL¦ xV]:g# F'�DEWEK�
hu

���l(c6D�D1$#>(?2l7%/*9I+��D1,(? "��/*10/?3
φ̄1
Y
φ̄3
(?1$.

φ̄4
Y

hu ∼ s̃2φ̄1 + φ̄3 + s̃4 φ̄4 ,
|\{�FD§>©K~

&r���D6�#@ "�$#@.�/>&r1kL¦ ^VU:a#!F'�DEWEK�r���f7%/*9;:a/W�-#%.o/*`� f/?3
φ2
(?1$.

φ3
Y

hd ∼ φ2 + φ3 .
|\{�FD§W§S~

���$#@J*(*7<`�`�9 7%/*1k=$EW`�2b(? "��/*1m���r�"`$7-�t "�,(? f "�$#
µ
Tp -#<2"9oY�+a#<�D1�EX.�#[=$1$#%.o(*�r "�$#s�"9O(?6D6�#%�- f#<�DEK#<1kL

JW(?6D`$#@/?3 Mφ̄φ

Y
µ =

∂2W

∂hd ∂hu

∣∣∣∣
hu=hd=0

|\{�FD§>¡K~
JW(?1����"�$#%�r`�:� -/;/*2-.�#<2

s̃6 Y$(? r&r����7b��&)#s&e/*2"�aF
@$Fr&)#s7-�$#%7b�_ "�,(? r�"&r�D -7b���D1�EX/*1 {s̃i}

TK=,#<6�.��f(?6D6�/>&f�r`$�) -/C7>(?1$7%#<6Z "�$#h{idA -#<2"9 &r�D "�$/*`� r�D1$.k`$7<�D1�E
D
L¦ -#<2"9X�I|\7[3"F��-#%7< "��/*1�{�F ¢K~[F

0kFl(?6D6u#[nk/* "��7%�f.�#%7%/*`�:�6�#R|\7[3�F��b#%7< "��/*1�{�F 0K~[F
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 "�$#C£'¤S¤*£ (?1$.
R
Tp:,(?2"�D ^VKF

���$#s`�:]T F'�DEWEK� .A`��W(%&�(X7%/*`�:�6D�D1�EK�'.�#%7%/*9;:g/W�-#@�D1p -/

WYukawa ⊃
4∑

k=1

(Yu)
(k)
ij qi ūj φ̄k ,

|\{�FD§>¢K~

&r�$#<2-#

Y (1)
u =




0 0 s̃6

0 0 s̃6

s̃3 s̃3 1


 , Y

(2)
u =




0 0 0

0 0 0

0 0 s̃6


 ,

|\{�FD§ @p(K~

Y (3)
u =




0 0 0

0 0 0

0 0 s̃6


 , Y

(4)
u =




0 0 0

0 0 0

0 0 s̃6


 .
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3 × 3
`�:]T Fl�DEWEK� .A`��*(>&)(;9O(? "2"�4nt���

Yu ∼ s̃2 Y (1)
u + Y (3)

u + s̃4 Y (4)
u =




0 0 s̃8

0 0 s̃8

s̃5 s̃5 s̃2


 .

|\{�FD§10K~

GH#I=$1$.0 "�,(? s(? s/*2-.�#<2@�"�4nm�D1H¤*£«�"�D1�EW6�#< !=,#<6�.��>Y
Yu

.�/U#%�!1$/* h�,(%JK#C9O(Mnk�D9O(?6
2b(?1��gYg&r����7b�
9X#>(?1$�
 "�,(? s "�$#C`�:]TU�U`,(?2"�����h9O(*�-�"6�#%�b�@(? ! "�����@6�#<JK#<6¦F�F!/>&)#<JK#<2>Yu(? @/*2-.�#<2@�-#<JK#<18�D1�¤?£ �"�D1�EW6�#< -�

Yd
 b(?�K#%�

 "�$#h35/*2"9

Yu ∼ s̃2 Y (1)
u + Y (3)

u + s̃4 Y (4)
u =




s̃7 s̃7 s̃8

s̃7 s̃7 s̃8

s̃5 s̃5 s̃2


 ,

|\{�FD§1?K~

:�2-/>J]��.k�D1�EO "�$#<1�9O(*�-�-#%��35/*2l(?6D6Z`�:]Tp xV]:g#B�p`,(?2"�k�>F
���$#@.�/S&r1]T Fl�DEWEK� .A`��W(%&)(O7%/*`�:�6D�D1�EK�l.�#%7%/*9;:a/W�-#s�D1U -/

WYukawa ⊃
4∑

k=1

(Yd)
(k)
ij qi d̄j φk ,

|\{�FD§ ,W~

&r�$#<2-#

Y
(1)
d =




s̃4 s̃4 s̃5 s̃5

s̃4 s̃4 s̃5 s̃5

s̃5 s̃5 s̃6 s̃6


 , Y

(2)
d =




1 s̃4 0 0

s̃4 1 0 0

s̃ s̃ 0 0


 ,

|\{�FD§1*W(K~

Y
(3)
d =




1 s̃4 0 0

s̃4 1 0 0

s̃ s̃ 0 0


 , Y

(4)
d = 0 .

���$#I:��pVk�"��7>(?6
3 × 3

.�/>&r1]T F'�DEWEK�
.A`��*(>&)(_9O(? "2"�4nm#<9X#<2"EK#%�!+pVo�D1U -#<EW2b(? "�D1�Eo/*`� h(X:,(?�D2!/?3AJK#%7[L
 -/*2"6D�D�K#

d− (?1$.
d̄
TU�U`,(?2"�]�SY

Yd =




1 s̃3 0

1 s̃3 0

s̃ s̃4 0


 .

|\{�FD§>¨K~

GH#r=$1$.O "�,(? )(? P/*2-.�#<2"?s�D1R¤*£ �"�D1�EW6�#< A=,#<6�.��SY
Yd
.�/]#%�A1$/* P�,(>JK#f9O(Mnk�D9O(?6,2b(?1��aYp&r����7b�O9X#>(?1$�e "�,(? 

 "�$#B.�/S&r1]TU�p`,(?2"�����f9O(*�-�"6�#%�b�'(? l "�����l6�#<JK#<6¦F F'/S&e#<JK#<2>YZ(? '/*2-.�#<2!#<�DEW�p !�D18¤*£ �"�D1�EW6�#< -�
Yd
 b(?�K#%�l "�$#

35/*2"9

Yd =




1 s̃3 0

1 s̃3 s̃8

s̃ s̃4 s̃8


 .

|\{�F ¡W©K~

:�2-/>J]��.k�D1�EO "�$#<1�9O(*�-�-#%��35/*2l(?6D6w.�/>&r1]Tp ^VU:a#B�U`,(?2"�]�SF
���$#@7b�,(?2"EK#%.o6�#<:� -/*1�.A`��W(%&�(X7%/*`�:�6D�D1�EK�'.�#%7%/*9;:g/W�-#@�D1p -/

WYukawa ⊃
4∑

k=1

(Ye)
(k)
ij `i ēj φk ,

|\{�F ¡k§S~
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&r�$#<2-#

Y (1)
e =




s̃4 s̃4 s̃5

s̃4 s̃4 s̃5

0 0 0

0 0 0


 , Y

(2)
e =




1 s̃4 s̃

s̃4 1 s̃

0 0 s̃6

0 0 s̃6


 ,

|\{�F ¡W¡W(K~

Y (3)
e =




1 s̃4 s̃

s̃4 1 s̃

0 0 s̃6

0 0 s̃6


 , Y

(4)
e =




0 0 s̃5

0 0 s̃5

0 0 s̃6

0 0 s̃6


 .

���$#s:��UV]�"��7>(?6
3 × 3

9O(? "2"�4nt#<9X#<2"EK#%�l+pVR�D1p -#<EW2b(? "�D1�Ej/*`� '(c:,(?�D2l/?3�JK#%7< -/*2"6D�D�K#
`− (?1$. ¯̀− 6�#<:� -/*1$�>Y

Ye =




1 1 s̃

s̃ s̃ s̃2

0 0 s̃6


 .
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7>(?2"2"Vo1$#< '1$#<Ep(? "�DJK#;(?1$/*9O(?6�/*`$�s7b�,(?2"EK#WF
q'1o#[n�(?9;:�6�#h35/*2f�"`$7b�m(C9X/*1$/*9;�Q(?6w�D1UJK/*6DJU�D1�Ej(?6D6

s̃i
���

I(s̃i) = χ1 χ2

(
s0
3

)3




s0
5

s0
9

s0
12

s0
16




3

(
s0
8

s0
15

) (
s0
22

s0
24

) (
s0
35

)2 (
s0
41

)3 (
s0
43

)4 (
s0
46

)3

× h4
2 h3 h5

5 h2
9 h2

13 h2
14 h20 h3

21 h6
22 .

|\{�F ¡=@U~

F!#<2-#WYAEp(?`�EK#j#%�p`��DJW(?6�#<1p _#[n]:�2-#%�-�-��/*1$�C(?2-#o(?2"2b(?1�EK#%. JK#<2" "��7>(?6D6DVKY)#WF E$F
s0
22

(?1$.
s0
24

7>(?2"2"V� "�$#t�b(?9X#
7-�,(?2"EK#%�c|\7[3�F$ b(?+�6�#@{�F ¡K~[F
���$#s9X/*1$/*9;�Q(?6u7>(?2"2"��#%�!(?1$/*9O(?6�/*`$�l7-�,(?2"EK# ∑

i q
A
i = −52/3

F

	 ���
F �

	 ; �2&�	=*-303
C
2-/SJU��.�#%.� "�$#@�"`�:a#<2":g/* -#<1U "�Q(?6u(? l/*2-.�#<2l�"�4n

W = s0
32h5(s

0
5h1 + s0

12h2) + (s0
15h15 + s0

8h13)(s
0
42 + s0

43)(h23 + h25)

+ (s0
22h14 + s0

24h16)(s
0
42 + s0

43)(h18 + h20)
|\{�F ¡40K~

+ h22(s
0
5h3 + s0

12h4)
(
s0
41(s

0
26 + s0

28) + s0
32(s

0
42 + s0

43) + s0
35(s

0
45 + s0

46)
)
9
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Fs0
5

= h1h5s
0
32 + h22h3((s

0
26 + s0

28)s
0
41 + s0

32(s
0
42 + s0

43) + s0
35(s

0
45 + s0

46)) , � � �,� � �
Fs0

8
= h13(h23 + h25)(s

0
42 + s0

43) ,

Fs0
12

= h2h5s
0
32 ,

Fs0
15

= h15(h23 + h25)(s
0
42 + s0

43) ,

Fs0
22

= h14(h18 + h20)(s
0
42 + s0

43) ,

Fs0
24

= h16(h18 + h20)(s
0
42 + s0

43) ,

Fs0
26

= h22h3s
0
41s

0
5 ,

Fs0
28

= h22h3s
0
41s

0
5 ,

Fs0
32

= (h22h3(s
0
42 + s0

43)s
0
5 + h5(h2s

0
12 + h1s

0
5)) ,

Fs0
35

= h22h3(s
0
45 + s0

46)s
0
5 ,

Fs0
41

= h22h3(s
0
26 + s0

28)s
0
5 ,

Fs0
42

= (h18 + h20)(h14s
0
22 + h16s

0
24) + h22h3s

0
32s

0
5 + (h23 + h25)(h15s

0
15 + h13s

0
8) ,

Fs0
43

= (h18 + h20)(h14s
0
22 + h16s

0
24) + h22h3s

0
32s

0
5 + (h23 + h25)(h15s

0
15 + h13s

0
8) ,

Fs0
45

= h22h3s
0
35s

0
5 ,

Fs0
46

= h22h3s
0
35s

0
5 ,

Fh1 = h5s
0
32s

0
5 ,

Fh2 = h5s
0
12s

0
32 ,

Fh3 = h22((s
0
26 + s0

28)s
0
41 + s0

32(s
0
42 + s0

43) + s0
35(s

0
45 + s0

46))s
0
5 ,

Fh5 = s0
32(h2s

0
12 + h1s

0
5) ,

Fh13 = (h23 + h25)(s
0
42 + s0

43)s
0
8 ,

Fh14 = (h18 + h20)s
0
22(s

0
42 + s0

43) ,

Fh15 = (h23 + h25)s
0
15(s

0
42 + s0

43) ,

Fh16 = (h18 + h20)s
0
24(s

0
42 + s0

43) ,

Fh18 = (h14s
0
22 + h16s

0
24)(s

0
42 + s0

43) ,

Fh20 = (h14s
0
22 + h16s

0
24)(s

0
42 + s0

43) ,

Fh22 = h3((s
0
26 + s0

28)s
0
41 + s0

32(s
0
42 + s0

43) + s0
35(s

0
45 + s0

46))s
0
5 ,

Fh23 = (s0
42 + s0

43)(h15s
0
15 + h13s

0
8) ,

Fh25 = (s0
42 + s0

43)(h15s
0
15 + h13s

0
8) .
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�
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(?2-#
xi Mij

xx̄ x̄j .
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M ¯̀̀ =
`
es2 es2 es3 es3

´
, � ¤Q� ¦ � ���

Mdd̄ =
`
es6 es6 es3 es3

´
, � ¤Q� ¦ � q�� Mx+x− =

„
es5 es5

es5 es5

«
, � ¤Q� ¦ � ���

Mmm =

0
BB@

0 0 es6 es6

0 0 es6 es6

es6 es6 0 es6

es6 es6 es6 0

1
CCA , � ¤Q� ¦ � z��

Mvv̄ =

0
BB@

es es5 0 0

es5 es 0 0

0 0 es5 es5

0 0 es5 es5

1
CCA , � ¤Q� ¦ � }��

Myy =

„
es1 es5

es5 es1

«
, � ¤Q� ¦ � u��

Mδδ̄ =

0
@
es3 es3 es3

es3 es3 es3

0 es3 es3

1
A , � ¤Q� ¦ � ���

Mff̄ =

„
0 es3

0 es3

«
, � ¤Q� ¦ � ���

Mww =

0
BBBB@

es es5 0 es5 es5

es5 es 0 es5 es5

0 0 0 es3 es3

es5 es5 es3 es6 es6

es5 es5 es3 es6 es6

1
CCCCA

, � ¤Q� ¦ � s��

Ms+s− =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 es6 es6 es6 0 es6 es6 es6

es6 0 es6 es6 0 es6 0 0 0 0 0 es6 es6 0 0 0 es6 0 0 0

es6 0 0 es6 0 0 0 0 0 0 es6 0 es6 0 0 0 es6 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 es6 es6 es6 0 es6 es6 es6

es6 0 es6 es6 0 es6 0 0 es6 0 0 0 es6 0 0 0 es6 0 0 0

es6 0 0 es6 0 0 0 es6 0 0 0 0 es6 0 0 0 es6 0 0 0

0 es 0 0 es5 0 es 0 0 es5 0 0 0 es6 es6 es5 0 es6 es6 es5

es5 0 es6 es5 0 es6 0 0 0 0 0 0 0 0 0 0 0 0 0 0

es6 0 es6 es6 0 es6 0 es6 0 0 0 0 es6 0 0 0 es6 0 0 0

0 es5 0 0 es 0 es5 0 0 es 0 0 0 es6 es6 es5 0 es6 es6 es5

es5 0 es6 es5 0 es6 0 0 0 0 0 0 0 0 0 0 0 0 0 0

es6 0 es6 es6 0 es6 0 0 0 0 es6 0 es6 0 0 0 es6 0 0 0

0 0 es6 0 0 es6 0 es6 0 0 es6 0 es5 0 0 0 es5 0 0 0

0 0 0 0 0 0 es5 0 0 es5 0 0 0 es5 es5 es5 0 es5 es5 es5

0 0 0 0 0 0 es5 0 0 es5 0 0 0 es5 es5 es5 0 es5 es5 es5

0 0 0 0 0 0 es6 0 0 es6 0 0 0 es5 es5 es5 0 es5 es5 es5

0 0 es6 0 0 es6 0 es6 0 0 es6 0 es5 0 0 0 es5 0 0 0

0 0 0 0 0 0 es5 0 0 es5 0 0 0 es5 es5 es5 0 es5 es5 es5

0 0 0 0 0 0 es5 0 0 es5 0 0 0 es5 es5 es5 0 es5 es5 es5

0 0 0 0 0 0 es6 0 0 es6 0 0 0 es5 es5 es5 0 es5 es5 es5

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
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SU(2)
���l+�2-/*�K#<1wFe�������l9X#>(?1$�l "�,(? l "�$#

ηi
(?1$.

η̄i
EW�DJK#@2"���-#s -/C3\`�2" "�$#<2¤?£��"�D1�EW6�#< -�f&r�D "�

qB−L = ±1
Y

η̄1 =

„
n̄16

n̄17

«
, . . . η̄3 =

„
n̄20

n̄21

« �y�tz η1 =

„
n13

n14

«
, . . . η3 =

„
n17

n18

«
. � ¤Q� ¦ � �
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Mnn =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 es2 0 es6 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 es6 0 es2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

es2 es6 0 es6 0 es6 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

es6 es2 0 es6 0 es6 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
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Mnn̄ =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 es3 0 0 es6 0 es6 0 es6 es6 es6 es6 es6 es6 es2 es6 es6 0 0 0 0

0 es6 0 0 es3 0 0 es6 es6 es6 es6 es6 es6 es6 es6 es6 es6 0 0 0 0

es6 0 0 es6 0 0 es6 es6 0 0 0 0 es6 es6 0 0 0 0 0 0 0

es es2 es3 es5 es4 es4 es6 es6 0 0 es6 es6 es6 es6 es6 0 0 es6 es6 es6 es6

es6 0 0 es6 0 0 es6 es6 0 0 0 0 es6 es6 0 0 0 0 0 0 0

es5 es4 es4 es es2 es3 es6 es6 0 0 es6 es6 es6 es6 es6 0 0 es6 es6 es6 es6

0 0 es6 0 0 0 es6 es6 es6 es6 es6 es6 0 0 es3 es6 es6 0 0 0 0

0 0 es6 0 0 0 es6 es6 es6 es6 es6 es6 0 0 es3 es6 es6 0 0 0 0

es6 0 0 es6 0 0 es6 es6 0 0 0 0 es5 es5 0 0 0 0 0 0 0

es6 0 0 es6 0 0 es6 es6 0 0 0 0 es5 es5 0 0 0 0 0 0 0

0 es3 0 0 es3 0 es2 es6 es3 es3 0 0 es2 es6 0 0 0 0 0 0 0

0 es3 0 0 es3 0 0 0 0 0 es3 es3 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 es6 es6 es6 es6 es6 es6 es6 es6 0 es6 es6 es3 es3 es3 es3

0 0 0 0 0 0 es6 es6 es6 es6 es6 es6 es6 es6 0 es6 es6 es3 es3 es3 es3

0 0 0 0 0 0 0 0 0 0 es6 es6 0 0 0 es3 es3 0 0 0 0

0 0 0 0 0 0 0 0 0 0 es6 es6 0 0 0 es3 es3 0 0 0 0

0 0 0 0 0 0 0 0 0 0 es6 es6 0 0 0 es3 es3 0 0 0 0

0 0 0 0 0 0 0 0 0 0 es6 es6 0 0 0 es3 es3 0 0 0 0

1
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Mn̄n̄=

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 es4 0 0 0 0 0 0 0 0 0 0 0 0 es3 es3 0 0 0 0

0 es4 0 0 0 0 0 0 0 0 0 0 0 0 es3 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 es4 0 0 0 0 0 0 0 0 0 es3 es3 0 0 0 0

0 0 0 0 es4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 es3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 es3 0 0 es3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 es3 0 0 es3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

.� ¤Q� ¨ � ���
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Mν̄ν̄ =

( Mn̄n̄ MT
nn̄

Mnn̄ Mnn

)
,

|\{�F ¢k§S~

(?1$.t�,(*��3\`�6D6Z2b(?1��aF
���$#s1$#<`� "2"�D1$/%.A`��*(>&)(;7%/*`�:�6D�D1�EK�!.�#%7%/*9;:a/W�-#s�D1p -/

WYukawa ⊃
4∑

k=1

(Yn)
(k)
ij `i nj φ̄k + (Yn̄)

(k)
ij `i n̄j φ̄k

|\{�F ¢W¡K~

&r�$#<2-#

Y
(1)

n =

0
BB@

0 0 0 0 0 es3 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 es3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1
CCA , � ¤Q� ¨'¨y� �

Y
(2)

n =

0
BB@

0 0 0 es6 0 es6 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 es6 0 es6 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1
CCA , � ¤Q� ¨'¨�q��

Y
(k>2)

n = 0 , � ¤Q� ¨y¨y���
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Y
(1)
n̄ =

0
BB@

0 es5 0 0 es4 0 0 0 es6 es6 es5 es5 0 0 0 0 0 0 0 0 0

0 es4 0 0 es5 0 0 0 es6 es6 es5 es5 0 0 0 0 0 0 0 0 0

0 es5 0 0 es5 0 0 0 0 0 1 es4 0 0 0 0 0 0 0 0 0

0 es5 0 0 es5 0 0 0 0 0 es4 1 0 0 0 0 0 0 0 0 0

1
CCA � ¤Q� ¨'¨yz��

Y
(2)

n̄ =

0
BB@

0 0 0 0 0 0 0 0 0 0 es5 es5 0 0 0 es5 es5 0 0 0 0

0 0 0 0 0 0 0 0 0 0 es5 es5 0 0 0 es4 es4 0 0 0 0

0 es2 es6 0 es2 es6 0 0 0 0 es6 es6 0 0 0 es5 es5 0 0 0 0

0 es2 es6 0 es2 es6 0 0 0 0 es6 es6 0 0 0 es5 es5 0 0 0 0

1
CCA � ¤Q� ¨y¨y}��

Y
(3)

n̄ =

0
BB@

0 es6 0 0 es6 0 0 0 0 0 es es 0 0 0 es5 es5 0 0 0 0

0 es6 0 0 es6 0 0 0 0 0 es es 0 0 0 es5 es5 0 0 0 0

0 es2 es6 0 es2 es6 0 0 0 0 es6 es6 0 0 0 0 0 0 0 0 0

0 es2 es6 0 es2 es6 0 0 0 0 es6 es6 0 0 0 0 0 0 0 0 0

1
CCA � ¤Q� ¨y¨�u��

Y
(4)

n̄ =

0
BB@

0 es6 0 0 es6 0 0 0 0 0 es es 0 0 0 es5 es5 0 0 0 0

0 es6 0 0 es6 0 0 0 0 0 es es 0 0 0 es5 es5 0 0 0 0

0 es2 es6 0 es2 es6 0 0 0 0 es6 es6 0 0 0 0 0 0 0 0 0

0 es2 es6 0 es2 es6 0 0 0 0 es6 es6 0 0 0 0 0 0 0 0 0

1
CCA .� ¤Q� ¨y¨y���

G}�D "�t "�$#%�-#@7%/*`�:�6D�D1�EK�>Y$/*1$#B7>(?1�7>(?6�7<`�6Q(? -#@ "�$#s#��Z#%7< "�DJK#
`
+��D6D�D1$#>(?2

Meff
`` =

1

2
Yν M−1

ν̄ν̄ Y T
ν ,

|\{�F ¢=@U~
&r�$#<2-#

Yν = (Yn, Yn̄)
F �)V��D1U -#<EW2b(? "�D1�E�/*`� ; "�$#o�$#>(%J]V

`
Ye/*1$#o(?2"2"�DJK#%�R(? ; "�$#

3 × 3
#��a#%7< "�DJK#

1$#<`� "2"�D1$/X9O(*�b�f/*:g#<2b(? -/*2
κ
Yk&r����7-�m���r2-#<6Q(? -#%.t -/; "�$#h6D�DEW�U l1$#<`� "2"�D1$/;9O(*�-�f9O(? "2"�4njJ]�Q(

mν = v2
u κ

|\{�F ¢40K~
&r�D "�

vu
+a#<�D1�E� "�$#O`�:]Tp xV]:g# Fl�DEWEK��68796AF �)V8`$�"�D1�E� "�$#O9X#< "�$/U.�#[n]:�6Q(?�D1$#%.��D1��-#%7< "��/*1 0kF 0kFD§WYu&)#

=$1$.t "�,(? 
mν

���B|�JK#<2"VR2-/*`�EW��6DV�~�EW�DJK#<1o+pV

Meff ∼ − v2
u

M∗




1 s s

s s2 s2

s s2 s2


 ,

|\{�F ¢4?K~

(?1$.t "�$#s#��Z#%7< "�DJK#B�-#%#%��(%&��-7>(?6�#s���fEW�DJK#<1o+pV

M∗ ∼ 0.1 s5 Mstr ,
|\{�F ¢-,W~

&r�$#<2-#
Mstr = 2 · 1017 GeV

���r "�$#s�" "2"�D1�EO�b7>(?6�#h b(?�K#<10(*�r "�$#s/SJK#<2b(?6D6u�-7>(?6�#@/?3 Mν̄ν̄
F
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 � 
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	��
������� ��
��<
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 � 
�4�� &�����
�� � , ��� � � . �<
 ��. � 9 � ( � � � � � � � Ri
� � �'� 
�� & � � ��� 
��

R / � 4�� . ���+� � γ(ϑ)

��


�4'�-� � / ����"�"�� � γ / 7'4������ � �  � � � 
 � ���#� � � ��� � Tk(n1,n2,n3,n4,n5,n6)

� � �'� 
��#��
�4'�
k / 
�4 
 � 
���
�� � ���#�*
 ��.

� ��.�. �+��7 ����� 
 � � 
 � 
�4'� � ��� ��
 . �3�:
�
 � � ��"�� � � � 

g = (ϑk , nαeα) �

� }����ro�p � � � 
 � � � � � � ����� � qY q1 q2 q3 q4 q5 q6 q7 qB−L R1 R2 R3 γ(ϑ)

U1 (1, 1,1,1) 0 − 1
2

− 1
2

1
2

5
2

0 0 0 2 −1 0 0 0 χ2

(1, 1,1,1) 0 1 1 0 0 0 0 0 −2 −1 0 0 0 χ1

(3, 2,1,1) 1
6

− 1
2

1
2

− 1
2

1
2

0 0 0 1
3

−1 0 0 0 q3

(1, 1,8,1) 0 0 0 0 0 1
2

− 1
2

−1 1
2

−1 0 0 0 f̄1

U2 (1, 1,1,1) 1 1
2

− 1
2

− 1
2

1
2

0 0 0 1 0 −1 0 0 ē3

(3, 1,1,1) − 2
3

1
2

− 1
2

− 1
2

1
2

0 0 0 − 1
3

0 −1 0 0 ū3

(1, 1,1,1) 0 1
2

1
2

1
2

5
2

0 0 0 0 0 −1 0 0 s0
3

U3 (1, 2,1,1) − 1
2

0 0 −1 1 0 0 0 0 0 0 −1 0 φ1

(1, 2,1,1) 1
2

0 0 1 −1 0 0 0 0 0 0 −1 0 φ̄1

T2(0,0,0,0,0,0) (1, 2,1,1) − 1
2

− 1
3

0 0 1 0 2
3

0 0 − 2
3

− 1
3

0 0 φ2

(3, 1,1,1) − 1
3

− 1
3

0 0 −1 0 2
3

0 − 2
3

− 2
3

− 1
3

0 0 δ1

(1, 1,1,2) 0 2
3

0 0 0 0 − 1
3

−1 0 − 2
3

− 1
3

0 0 h18

(1, 1,1,2) 0 2
3

0 0 0 0 − 1
3

1 −1 − 2
3

− 1
3

0 0 η2

(1, 1,8,1) 0 2
3

0 0 0 0 − 1
3

0 − 1
2

− 2
3

− 1
3

0 0 f1

T2(0,0,1,1,0,0) (1, 1,1,1) 0 − 5
6

1
2

− 1
6

− 5
6

− 1
3

− 1
3

2
3

0 − 2
3

− 1
3

0 2
3

s0
42

(1, 1,8,1) 0 1
6

− 1
2

− 1
6

− 5
6

1
6

1
6

− 1
3

0 − 2
3

− 1
3

0 2
3

w4

(1, 2,1,1) − 1
2

1
6

1
2

− 1
6

1
6

− 1
3

− 1
3

2
3

−1 − 2
3

− 1
3

0 1
3

`3

T2(0,0,0,1,0,0) (1, 1,1,1) 0 − 1
3

0 2
3

− 5
3

1
3

− 1
3

− 2
3

0 − 2
3

− 1
3

0 2
3

s0
45

(1, 1,1,2) 0 1
6

− 1
2

1
6

5
6

1
3

2
3

1
3

0 − 2
3

− 1
3

0 2
3

h23

(1, 1,1,2) 0 1
6

− 1
2

1
6

5
6

− 2
3

− 1
3

1
3

1 − 2
3

− 1
3

0 0 η̄2

T2(1,0,0,0,0,0) (1, 2,1,1) − 1
2

− 1
3

0 0 1 0 2
3

0 0 − 2
3

− 1
3

0 0 φ3

(1, 1,1,1) 0 − 1
3

0 1 0 0 2
3

0 0 − 2
3

− 1
3

0 1
2

s0
41

(3, 1,1,1) − 1
3

− 1
3

0 0 −1 0 2
3

0 − 2
3

− 2
3

− 1
3

0 0 δ2

(1, 1,1,2) 0 2
3

0 0 0 0 − 1
3

−1 0 − 2
3

− 1
3

0 0 h20

(1, 1,1,2) 0 2
3

0 0 0 0 − 1
3

1 −1 − 2
3

− 1
3

0 0 η3

(1, 1,1,1) 0 − 1
3

1 0 0 0 2
3

0 −1 − 2
3

− 1
3

0 1
2

n11

(1, 1,8,1) 0 2
3

0 0 0 0 − 1
3

0 − 1
2

− 2
3

− 1
3

0 0 f2

T2(1,0,1,1,0,0) (1, 1,1,1) 0 − 5
6

1
2

− 1
6

− 5
6

− 1
3

− 1
3

2
3

0 − 2
3

− 1
3

0 2
3

s0
43

(1, 1,1,2) 0 1
6

− 1
2

− 1
6

− 5
6

− 1
3

2
3

− 1
3

0 − 2
3

− 1
3

0 1
2

h22

(1, 1,1,2) 0 1
6

− 1
2

− 1
6

− 5
6

2
3

− 1
3

− 1
3

0 − 2
3

− 1
3

0 5
6

h21

(1, 1,1,1) 0 1
6

1
2

5
6

− 5
6

− 1
3

− 1
3

2
3

−1 − 2
3

− 1
3

0 5
6

n12

(1, 1,8,1) 0 1
6

− 1
2

− 1
6

− 5
6

1
6

1
6

− 1
3

0 − 2
3

− 1
3

0 2
3

w5

(1, 2,1,1) − 1
2

1
6

1
2

− 1
6

1
6

− 1
3

− 1
3

2
3

−1 − 2
3

− 1
3

0 1
3

`4

(3, 1,1,1) − 1
3

− 1
3

0 1
3

2
3

− 1
3

− 1
3

2
3

1
3

− 2
3

− 1
3

0 1
2

d1

T2(1,0,0,1,0,0) (1, 2,1,1) − 1
2

− 1
3

0 − 1
3

− 2
3

1
3

− 1
3

− 2
3

0 − 2
3

− 1
3

0 1
6

φ4

(1, 1,1,1) 0 − 1
3

0 2
3

− 5
3

1
3

− 1
3

− 2
3

0 − 2
3

− 1
3

0 2
3

s0
46

(3, 1,1,1) − 1
3

1
6

1
2

1
6

− 1
6

1
3

− 1
3

− 2
3

− 2
3

− 2
3

− 1
3

0 1
2

δ3

(1, 1,1,2) 0 1
6

− 1
2

1
6

5
6

1
3

2
3

1
3

0 − 2
3

− 1
3

0 2
3

h25

(1, 1,1,1) 0 − 5
6

1
2

1
6

5
6

1
3

− 1
3

− 2
3

1 − 2
3

− 1
3

0 5
6

n̄15

(1, 1,1,2) 0 1
6

− 1
2

1
6

5
6

− 2
3

− 1
3

1
3

1 − 2
3

− 1
3

0 0 η̄3

T3(0,0,0,0,1,0) (1, 1,1,1) 1
2

1
4

− 3
4

1
4

1
4

1
2

− 1
2

0 1 − 1
2

0 − 1
2

1
2

s+
14

(1, 1,1,1) − 1
2

3
4

− 1
4

− 1
4

− 1
4

− 1
2

1
2

0 −1 − 1
2

0 − 1
2

0 s−14
T3(0,0,0,0,1,1) (1, 1,1,1) 1

2
1
4

− 3
4

1
4

1
4

1
2

− 1
2

0 1 − 1
2

0 − 1
2

1
2

s+
18

(1, 1,1,1) − 1
2

3
4

− 1
4

− 1
4

− 1
4

− 1
2

1
2

0 −1 − 1
2

0 − 1
2

0 s−19
T3(0,1,0,0,0,0) (1, 1,1,2) 0 0 − 1

2
1
2

0 0 0 1 0 − 1
2

0 − 1
2

2
3

h14� �	�~��
���
t�J¢������
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2
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T5(0,0,0,0,0,0) (3, 2,1,1) 1
6

1
6

0 0 1
2

0 − 1
3

0 1
3

− 1
6

− 1
3

− 1
2

0 q2

(1, 1,1,1) 1 1
6

0 0 1
2

0 − 1
3

0 1 − 1
6

− 1
3

− 1
2

0 ē2
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0 ē1
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