Geometrical Aspects of Heterotic Orbifolds

Patrick Karl Simon Vaudrevange

Diplomarbeit in Physik angefertigt im Physikalischen Institut

vorgelegt der Mathematisch-Naturwissenschaftlichen Fakultät der Rheinischen Friedrich-Wilhelms-Universität Bonn

im November 2004

Ich versichere, dass ich diese Arbeit selbständig verfasst und keine anderen als die angegebenen Quellen und Hilfsmittel benutzt sowie die Zitate kenntlich gemacht habe.

Referent: Prof. Dr. Hans Peter Nilles Korreferent : Priv. Doz. Dr. Stefan Förste

Vor allem möchte ich mich bei Herrn Prof. Dr. Nilles dafür bedanken, dass er mir die Möglichkeit gab auf diesem außerordentlich interessanten Themengebiet meine Diplomarbeit zu verfassen. Des weiteren gilt mein Dank der gesammten Arbeitsgruppe von Prof. Dr. Nilles, die mich sehr freundlich aufgenommen hat. Für die gute Betreuung möchte ich mich bei Priv. Doz. Dr. Stefan Förste bedanken, der mir in vielen Diskussionen weitergeholfen hat. Desweiteren gilt mein besonderer Dank Akın Wingerter für die großartige Hilfe und die geduldige Beantwortung all meiner Fragen. Für das Korrekturlesen und viele hilfreiche Hinweise danke ich Priv. Doz. Dr. Stefan Förste, Dr. David Grellscheid, Dr. Michael Ratz, Saúl Noé Ramos Sánchez und Akın Wingerter.

Mein besonderer Dank gilt meinen Brüdern, Pascal und Dominik, sowie meinen Eltern, für Ihre Unterstützung und Liebe.

4

Contents

1 Introduction 1

2 Orbifold Constructions 3 2.1 The Heterotic String . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.1.1 The Equations of Motion . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1.2 The Quantized Right Movers . . . . . . . . . . . . . . . . . . . . . 5 2.1.3 The Quantized Left Movers . . . . . . . . . . . . . . . . . . . . . . 6 2.1.4 The Spectrum of the Heterotic String . . . . . . . . . . . . . . . . . 7 2.2 Compactification on a Six-Torus . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Compactification on an Orbifold . . . . . . . . . . . . . . . . . . . . . . . . 8 2.4 Fixed Points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.4.1 Example 1: T^6/Z_3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.4.2 Example 2: T^6/Z_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.5 Further Conditions on the Orbifold Group S ⊗ G . . . . . . . . . . . . . . 14 2.6 Constraints on States of the Orbifold . . . . . . . . . . . . . . . . . . . . . 16 2.7 The Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.7.1 The Untwisted Sector . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.7.2 The Twisted Sectors . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.8 S ⊗ G Invariant States in the Twisted Sectors . . . . . . . . . . . . . . . . 23 2.9 The Role of Wilson Lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Z_3 Orbifold 27 3.1 Definition of the Z_3 Orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.2 The Standard Embedding . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.2.1 The Untwisted Sector . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.2.2 The Twisted Sectors . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.2.3 The Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.2.4 Heterotic Brane Picture . . . . . . . . . . . . . . . . . . . . . . . . 39 3.3 Wilson Lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4 Z_2 × Z_2 Orbifold 41 4.1 Definition of the Z_2 × Z_2 Orbifold . . . . . . . . . . . . . . . . . . . . . . 41 4.2 The Geometry of the Z_2 × Z_2 Orbifold . . . . . . . . . . . . . . . . . . . . 43 i ii CONTENTS

4.3 The Standard Embedding . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 4.3.1 The Untwisted Sector . . . . . . . . . . . . . . . . . . . . . . . . . . 44 4.3.2 The Twisted Sectors . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.3.3 CPT Partners . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.3.4 The Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.3.5 Heterotic Brane Picture . . . . . . . . . . . . . . . . . . . . . . . . 47 4.4 Model with one Wilson Line . . . . . . . . . . . . . . . . . . . . . . . . . . 48 4.4.1 The Untwisted Sector . . . . . . . . . . . . . . . . . . . . . . . . . . 49 4.4.2 The Twisted Sectors . . . . . . . . . . . . . . . . . . . . . . . . . . 50 4.4.3 The Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5 Z_2 × Z_2 Toy Model with Three Generations 53 5.1 Definition of the Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 5.2 Computer-Aided Orbifolding . . . . . . . . . . . . . . . . . . . . . . . . . . 54 5.3 The Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 5.4 Zoom-In Picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 5.5 6d Intermediate Picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 5.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

A Some Aspects of Group Theory 63 A.1 The Exceptional Group E_8 . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 A.2 The Vector of SO(6) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

B Explicit Calculations 67 B.1 The Mode Expansion for the Untwisted Sector . . . . . . . . . . . . . . . . 67 B.2 The Mode Expansion for the Twisted Sector . . . . . . . . . . . . . . . . . 68 B.3 How to Solve the Mass-Equation . . . . . . . . . . . . . . . . . . . . . . . 71

C Tables 73 C.1 Details of the Z_3 Orbifold . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 C.2 Details of the Z_2 × Z_2 Orbifold . . . . . . . . . . . . . . . . . . . . . . . . 75

D The Geometry of the Z_4 Orbifold 81

E Z_2 × Z_2 Models with three Generations 85 E.1 Three Generations of SU(3) × SU(2) × U(1)^n - Model 1 . . . . . . . . . . . 86 E.2 Three Generations of SU(3) × SU(2) × U(1)^n - Model 2 . . . . . . . . . . . 88 E.3 Three Generations of SU(4) × SU(2) × SU(2) . . . . . . . . . . . . . . . . . 90 E.4 Three Generations of SU(5) . . . . . . . . . . . . . . . . . . . . . . . . . . 92 E.5 Three Generations of SO(10) - Model 1 . . . . . . . . . . . . . . . . . . . . 94 E.6 Three Generations of SO(10) - Model 2 . . . . . . . . . . . . . . . . . . . . 96 E.7 Three Generations of SO(10) - Model 3 . . . . . . . . . . . . . . . . . . . . 98 E.8 Three Generations of SO(10) - Model 4 . . . . . . . . . . . . . . . . . . . . 100 E.9 Three Generations of SO(10) - Model 5 . . . . . . . . . . . . . . . . . . . . 102

Bibliography 106

Chapter 1

Introduction

The Standard Model of particle physics with three generations of quarks and leptons has been successfully tested up to energies of ∼ 100 GeV. Its local SU(3)_c × SU(2)_L × U(1)_Y gauge invariance explains the strong, the weak and the electromagnetic interactions. The origin of mass is described by the Higgs mechanism, where the Higgs particle is as yet undiscovered.

Despite of its success, some unsatisfactory aspects indicate the need to go beyond the framework of the Standard Model. Among the most prominent suggestions are:

• Supersymmetry.

Supersymmetric models have many benefits, one of them is that the gauge couplings of the strong, the weak and the electromagnetic interactions unify at a high scale at 3 × 10^{16} GeV, suggesting the idea of grand unification.

• Grand Unified Theories (GUTs).

The main idea of grand unification is that at high energies ∼ 3 × 10^{16} GeV a larger gauge symmetry is realized, which describes the strong, the weak and the electromagnetic interactions in a unified framework. Possible GUT gauge groups are for example SU(5) and SO(10).

• Extra dimensions.

Theories with extra dimensions can, for example, provide a nice setting for GUTs, i.e. the GUT gauge group is realized when the extra dimensions are resolved at high energies. Additionally, this setup allows for a very appealing solution of the doublet-triplet splitting problem.

In general, superstring theories incorporate all features that are listed above. Therefore, they are promising candidates for a unified description of all fundamental interactions, including gravity. From the five consistent string theories, the ten-dimensional E_8 × E^′_8 heterotic string theory is considered in this work. This theory has N = 1 supersymmetry in d = 10 and an E_8 × E^′_8 gauge group. Furthermore, the spectrum of massless particles

2 CHAPTER 1. INTRODUCTION

contains a spin-2 particle, which can be identified as the graviton.

However, the most obvious difference between the heterotic string theory and the observable world is that we live in four-dimensional space-time and not in ten. Therefore, a compactification scheme is needed that effectively reduces the number of dimensions from ten to four, while preserving N = 1 susy in d = 4. One method is the compactification on a Calabi-Yau manifold. But only very few explicit examples are known and up to now an easy method for model building is missing. A second possibility is the compactification on an orbifold, which can often be viewed as a special limit of Calabi-Yau manifolds where the curvature is concentrated at isolated points. One of the main advantages of this simpler setup is that orbifolds are flat except at the singularities and thus allow for explicit calculations. By introducing background fields, such as Wilson lines, realistic models can be constructed.

Overview

The outline of this work is as follows: Chapter 2 begins with a brief discussion of the heterotic string and fixes the notation. Next, we consider compactification on a six-torus and describe the problems with this approach. Orbifolds are presented as a possible candidates for constructing phenomenologically viable models. The rules and the consistency conditions for orbifold constructions are explained in some detail, where special emphasis is given on the geometry. In chapter 3, the general rules for orbifold compactifications, as described in the previous chapter, are illustrated using the simplest setup, namely the Z_3 orbifold. Chapters 4 and 5 are the main parts of this work. In chapter 4, the Z_2 × Z_2 orbifold is explained, which involves many additional features not present in the context of prime orbifolds. In particular, its geometry has a richer structure, allowing for states living in four as well as in six dimensions. This will ultimately lead us to the picture of branes embedded in ten-dimensional space. Furthermore, it is shown that Wilson lines are an effective mechanism to break the gauge group and, more importantly, to reduce the number of chiral generations. In chapter 5, using the insight gained from the previous chapters, the first three generations model in the framework of Z_2 × Z_2 orbifolds is constructed.

Chapter 2

Orbifold Constructions

This chapter starts with a brief review of the ten-dimensional heterotic string. Later, it is shown that the attempt to compactify six dimensions on a six-torus leads to problems and it is described how the compactification on orbifolds can solve them. Furthermore, all tools to calculate the massless spectrum are given and special emphasis is given on the geometry.

2.1 The Heterotic String

The starting point for orbifold compactifications is the heterotic string in ten dimensions [1]. We use the bosonic construction with a ten dimensional right moving superstring and a 26 dimensional left moving bosonic string. 16 left moving bosonic coordinates are compactified on the torus T_{E8×E}′_8 , which is defined to be the root lattice of the group E_8 × E^′_8^1. The heterotic string is a theory of closed strings, propagating in ten dimensions. The coordinates of the string are mappings from the world sheet coordinates τ (proper time) and σ (space-like parameter) into the ten-dimensional target space. However, not all ten coordinates are independent. Therefore, in light cone coordinates, two components of the left and right movers are gauge fixed. We will denote the remaining physical degrees of freedom of the right moving superstring by X^i_R and Ψ^i_R (for i = 1, . . . , 8). The coordinates X^i_R are world sheet bosons and Ψ^i_R are world sheet fermions. The physical left moving degrees of freedom are denoted by X^i_L, i = 1, . . . , 8, and X^I_L, I = 1, . . . , 16, both world sheet bosons. Since the coordinates X^I_L are compactified on the T_{E8×E}′_8 , they are called gauge degrees of freedom. Fig. (2.1) summarizes the notation.

I = 1, . . . , 16 i = 1, . . . , 8 left movers X^i_L, X^I_L T_{E8 ×E}′_8 right movers X^i_R, Ψ^i_R R^8 g.f.^2

Figure 2.1: The coordinates of the heterotic string.

1Another possibility is the Spin(32)/Z_2 lattice, which leads to an SO(32) gauge group. 2gauge fixed due to light cone coordinates. 3

2.1.1 The Equations of Motion

The equations of motion are obtained from the world sheet action using the Hamilton principle. The result for the bosonic coordinates is (for i = 1, . . . , 8 and I = 1, . . . , 16) ( ∂^2 ∂τ^2 − ∂^2 ∂σ^2 ) X^i(τ, σ) = 0 (2.1) ( ∂^2 ∂τ^2 − ∂^2 ∂σ^2 ) X^I_L(τ, σ) = 0 (2.2)

together with the boundary conditions (for Λ ∈ T_{E8×E}′_8 ) X^i(τ, σ + 2π) = X^i(τ, σ) (2.3) X^I_L(τ, σ + 2π) = X^I_L(τ, σ) + 2πΛ^I . (2.4) Because one end of the string corresponds to σ = 0 and the other to σ = 2π, these equations state that both ends coincide. Therefore, the string is closed.

The general solution is given by a mode expansion. For i = 1, . . . , 8 we split the solution into right and left moving parts (X = X_R + X_L, see app. (B.1)),

X^i_R(τ, σ) = 1 2 x^i + 1 2 p^i(τ − σ) + i 2 ∑ n≠0

α^i_n n e^{−in(τ −σ)} (right mover) (2.5)

X^i_L(τ, σ) = 1 2 x^i + 1 2 p^i(τ + σ) + i 2 ∑ n≠0

α̃^i_n n e^{−in(τ +σ)} (left mover) (2.6)

X^I_L(τ, σ) = x^I_L + p^I (τ + σ) + i 2 ∑ n≠0

α̃^I_n n e^{−in(τ +σ)} (gauge d.o.f.) (2.7)

with (α^i_n)^† = α^i_{−n}, (α̃^i_n)^† = α̃^i_{−n} and (α̃^I_n)^† = α̃^I_{−n} so that X_R and X_L are real.

The equations of motion for the (right moving) fermionic coordinates are given by ( ∂ ∂τ + ∂ ∂σ ) Ψ^i_R(τ, σ) = 0 for i = 1, . . . , 8. (2.8)

It turns out that Ψ^i_R can either have periodic or anti-periodic boundary conditions, called Ramond (R) and Neveu-Schwarz (NS) boundary conditions, respectively. They read Ψ^i_R(τ, σ + 2π) = ±Ψ^i_R(τ, σ) . (2.9) The general solution of the equation of motion is given by the mode expansions

Ψ^i_R(τ, σ) = ∑ n∈Z d^i_ne^{−in(τ −σ)} R (2.10)

Ψ^i_R(τ, σ) = ∑ r∈Z+^1_2

b^i_re^{−ir(τ −σ)} NS (2.11)

depending on the boundary condition.

2.1. THE HETEROTIC STRING 5

2.1.2 The Quantized Right Movers

In general, a quantized right mover is given by the bosonic oscillators α^i_n and the fermionic oscillators d^i_n and b^i_r acting on the right moving ground state |0⟩_R.

We restrict ourselves to massless right movers. They are given by acting with either the NS-oscillators b^i_{−1/2} or with the R-oscillators d^i_0 on the right moving ground state (for i = 1, . . . , 8). Therefore, the corresponding states are denoted by NS or R, respectively. Furthermore, it turns out that the NS state transforms as an SO(8) vector and the R state as an SO(8) spinor. Thus we can write the NS and R state as representations of SO(8):

• The SO(8) vector NS state can be represented by a weight vector q = ( ±1, 0, 0, 0 ) NS. (2.12)

The underscore denotes that all permutations are included.

• The SO(8) spinor R state can be written as q = ( ± 1 2 , ± 1 2 , ± 1 2 , ± 1 2 ) R (2.13)

with an even number of plus signs. The first component of this spinor defines the four-dimensional chirality of the state, − 1 2 ⇔ left-handed + 1 2 ⇔ right-handed.

Both the NS and the R states |q⟩_R fulfill the same equation for massless right movers,

m^2_R 4 = 1 2 q^2 − 1 2 = 0. (2.14)

2.1.3 The Quantized Left Movers

A quantized left mover is given by the oscillators α̃^i_{−n} and α̃^I_{−n} acting on the left moving ground state |0⟩_L.

Since the sixteen gauge degrees of freedom X^I_L are compactified on a sixteen-torus T_{E8×E}′_8 , the corresponding momenta p^I are quantized and correspond to the root vectors of the E_8 × E^′_8 gauge group (see appendix A.1). Therefore, the momenta p^I can be seen as internal quantum numbers of the left moving ground state |p⟩_L that characterize the transformation properties of the ground state under the E_8 × E^′_8 gauge group. The massless left movers fulfill the equation m^2_L 4 = 1 2 p^2 + Ñ − 1 = 0 , (2.15)

where p^2 =

∑_{16} I=1(p^I )^2, and Ñ is the number operator. It counts the number of oscillators α̃_{−n} acting on the ground state, i.e.

Ñ (α̃^i_{−n}|p⟩_L) = n (α̃^i_{−n}|p⟩_L) (2.16) Ñ (α̃^i_{−n}α̃^j_{−m}|p⟩_L) = (n + m) (α̃^i_{−n}α̃^j_{−m}|p⟩_L) for i ≠ j . (2.17) This yields the following massless left movers α̃^i_{−1}|0⟩_L i = 1, . . . , 8 (2.18) α̃^I_{−1}|0⟩_L I = 1, . . . , 16 (2.19) |p^I ⟩_L with p^2 = 2 . (2.20)

The ten-dimensional Mass The ten-dimensional mass-squared operator is given by m^2 = m^2_R + m^2_L (2.21) and the level-matching condition, which follows from modular invariance, requires m^2_R = m^2_L . (2.22) The discussion of the ten dimensional heterotic string is very brief and mainly has the purpose of introducing the notation. For more details see [2, 3, 4, 5].

2.2. COMPACTIFICATION ON A SIX-TORUS 7

2.1.4 The Spectrum of the Heterotic String

Now, we can tensor right and left movers together, to create all massless physical states:

|q⟩_R ⊗α̃^i_{−1}|0⟩_L supergravity multiplet for ten-dimensional N = 1 supergravity (i = 1, . . . , 8) |q⟩_R ⊗α̃^I_{−1}|0⟩_L 16 uncharged gauge bosons of E_8 × E^′_8 and their superpartners (I = 1, . . . , 16 correspond to the compactified dimensions) |q⟩_R ⊗ |p^I ⟩_L 240 + 240 charged gauge bosons of E_8 × E^′_8 and their superpartners (internal quantized momenta p^I with condition p^2 = 2 give 240 root vectors for each E_8)

|q⟩_R is either an NS or R state, leading to a space-time boson or fermion. In general, due to N = 1 supergravity, two states with the same left mover, but one with an NS right mover and the other with an R right mover, are susy partners.

Restricted to massless states, the heterotic string is a ten-dimensional N = 1 supergravity theory with E_8 × E^′_8 gauge group.

2.2 Compactification on a Six-Torus

To make contact with the physical world and its four space-time dimensions, one has to compactify six spatial dimensions. We choose to compactify the dimensions i = 3, . . . , 8. Thus, our four-dimensional Minkowski space is given by the two uncompactified dimensions μ = 1, 2 plus the two coordinates that were gauge fixed due to the light cone coordinates. But doing so on a six-torus T^6, one gets four gravitini, | ± 1 2 chirality , ± 1 2 , ± 1 2 , ± 1 2 internal

⟩_R ⊗ α̃^μ_{−1}|0⟩_L (even # of plus signs), (2.23)

as explained in the following. The first component of the right mover gives the chirality, because it corresponds to the two uncompactified dimensions. The three other components, which are correlated to the six compactified dimensions, can now be seen as internal quantum numbers. For these internal quantum numbers, there are four possibilities for each left- and right-handed state. Because one gravitino consists of both left- and righthanded parts, we have four gravitini. Thus, our theory has N = 4 supersymmetry in four dimensions, which is non-chiral.

The problem we have to solve in the following is to compactify six spatial dimensions and, at the same time, to project out three gravitini to get a theory with four-dimensional N = 1 supersymmetry. The compactification on an orbifold is promising. A discrete symmetry projects out three gravitini, leaving N = 1 supersymmetry unbroken.

2.3 Compactification on an Orbifold

An orbifold [6, 7] is defined as a six-torus T^6, where a discrete symmetry P has been moded out^3. P is called the point group, its elements are called twists.

The following considerations restrict our choices for P : The holonomy group of the sixdimensional space is SO(6) which is locally isomorphic to SU(4). If we additionally require to maintain N = 1 susy, P must be a subgroup of SU(3). Since we can only mode out a symmetry that is a symmetry of the torus T^6, the elements of P are required to be automorphisms of the T^6 lattice and therefore the point group is discrete. Here we restrict ourselves to abelian groups only. Thus, there are two classes of point groups:

• Z_N : The cyclic group of order N consists of the elements

Z_N = { ϑ^k | k = 0, . . . , N − 1 } (2.24)

and ϑ can be seen as a rotation by 2π/N.

• Z_N × Z_M : Each factor is given by a twist ϑ_1 and ϑ_2 of order N and M, respectively.

Thus, the elements of the point group are given by

Z_N × Z_M = { ϑ^k_1 ∘ ϑ^l_2 | k = 0, . . . , N − 1 and l = 0, . . . , M − 1 } (2.25)

All admissible point groups have been classified in [6, 8]. In chapter 3 and 4, we will concentrate on the cases Z_3 and Z_2 × Z_2, respectively. In app. D we will briefly consider the Z_4 case.

The six-dimensional space on which we compactify is defined by

T^6/P = R^6/S (2.26)

where we have introduced the space group S. S is defined to be the point group P plus the translations given by the lattice vectors e_α for α = 1, . . . , 6. By definition, the vectors e_α (with |e_α| = √ 2) span the six-torus T^6. To summarize, the space group is defined as the set S = {(θ, n_αe_α) | θ ∈ P, n_α ∈ Z} , (2.27)

where the sum over α from 1 to 6 is implied. The action of an element g = (θ, n_αe_α) of S on the six-dimensional space R^6 is given by

gx = θx + n_αe_α (2.28)

for x ∈ R^6. Then, two points x, y ∈ R^6 are identified, if they differ by the action of a space group element g x ≃ y if there is a g ∈ S with x = gy (2.29)

and thereby the six-dimensional space R^6/S is defined.

3“to mode out P” means to identify points that are being mapped onto each other via P .

2.3. COMPACTIFICATION ON AN ORBIFOLD 9

Due to modular invariance (see sec. (2.5)), the action of the space group S must be embedded into the gauge degrees of freedom, S → G. G is called the gauge twisting group. In general, G is a subgroup of the automorphisms of the E_8 × E^′_8 Lie algebra. Here, we restrict ourselves to the case of inner automorphisms, which can be realized as a shift V in the E_8 × E^′_8 root lattice.

The embedding of the space group into the gauge degrees of freedom for both cases, Z_N and Z_N × Z_M , is given by:

• Z_N :

S → G (ϑ^k, n_αe_α) → (kV, n_αA_α) (2.30)

• Z_N × Z_M :

S → G (ϑ^k_1 ∘ ϑ^l_2, n_αe_α) → (kV_1 + lV_2, n_αA_α). (2.31)

The vectors A_α are the embeddings of the torus shifts e_α into the gauge degrees of freedom. They correspond to gauge transformations associated to non-contractible loops and are thus Wilson lines [9].

For the rest of this chapter, we focus on the case of the Z_N point group. It is easy to generalize to the Z_N × Z_M case. The action of an element g̃ = (kV, n_αA_α) of the gauge twisting group G on the gauge degrees of freedom is given by:

g̃X^I_L = X^I_L + 2π(kV^I + n_αA^I_α) (2.32)

for I = 1, . . . , 16. Points in the sixteen dimensions of the gauge degrees of freedom are identified, if they differ by the action of an element g̃.

In summary O = R^6/S ⊗ T_{E8×E}′_8 /G (2.33) defines a heterotic orbifold. The elements of the so called orbifold group S ⊗ G are given by (ϑ^k, n_αe_α; kV, n_αA_α) ∈ S ⊗ G . (2.34) Its action on the coordinates of the heterotic string is illustrated in fig. (2.2), where the two physical degrees of freedom of the four-dimensional Minkowski space are denoted by μ = 1, 2.

I = 1, . . . , 16

T_{E8 ×E}′_8 /G

μ = 1, 2 i = 1, . . . , 6 left movers X^i_L, X^I_L right movers X^i_R, Ψ^i_R R^6/S g.f.^4

Figure 2.2: The coordinates of the heterotic string compactified on an orbifold.

4gauge fixed due to light cone coordinates.

2.4 Fixed Points

Having defined the space group S, we also have fixed the geometry of the six-dimensional space R^6/S. The geometry of an orbifold is characterized by the existence of fixed points. Fixed points are defined as points X_f ∈ T^6 that are invariant under the action of a nontrivial element of S, X^i_f = (ϑ^kX_f )^i + n_αe^i_α (2.35) for i = 1, . . . , 6 and k = 1, . . . , N − 1. It is important to note that due to this equation a fixed point corresponds to a space group element (ϑ^k, n_αe_α). We rewrite eqn. (2.35) to [ (1 − ϑ^k)X_f

]_i = n_αe^i_α. (2.36)

Because the mapping (1 − ϑ^k) does not need to be invertible, it is not always possible to solve this equation explicitly with respect to X^i_f .

Two examples are presented in order to explain the geometry of an orbifold. The first example shows that, whenever possible, it is more convenient to write the six-torus T^6 in a complex basis. The second example shows the case where the mapping (1 − ϑ^k) is not invertible, and gives a geometrical interpretation for this case.

2.4.1 Example 1: T^6/Z_3

In this example, we choose the six-torus to be the product of three two-tori

T^6 = T^2 × T^2 × T^2 . (2.37)

Whenever this is possible, it is more convenient to write the twist as a rotation in 1 + 3 complex planes. The first complex plane corresponds to our four-dimensional Minkowski space. We do not want to perform the orbifolding in our Minkowski space, thus there is no rotation in these dimensions. Each of the other three complex planes corresponds to a two-torus. The T^6 torus is chosen to be spanned by the root lattice of SU(3)^3. In complex coordinates, these basis vectors are given by

e^a_1 = √ 2 (2.38) e^a_2 = √ 2 e^{2πi/3} for a = 1, 2, 3. (2.39)

e^1 e^1_2

e^2_1 e^3_1 e^3_2 e^2

Figure 2.3: Z_3 orbifold with 3 × 3 × 3 = 27 fixed points on the six-torus T^6 for the k = 1 twisted sector. The three complex planes are mutually orthogonal.

The torus lattice is illustrated in fig. (2.3). The coordinates of the six compactified dimensions are written as

Z^1 = ( X^1 + iX^2 ) , Z^2 = ( X^3 + iX^4 ) , Z^3 = ( X^5 + iX^6 ) (2.40)

and Z^0 denotes the two uncompactified dimensions. The point group P of the Z_3 orbifold consists of the three elements {1, ϑ, ϑ^2}, where ϑ is a rotation by 120^∘. The twist acts on the complex coordinates by multiplication

ϑ^k : Z^a → e^{2πikva} Z^a (2.41)

where a = 0, . . . , 3 and k = 0, 1, 2. The twist vector v is given by v = ( 0, 1 3 , 1 3 , − 2 3 ) , (2.42)

and the following correspondence holds:

ϑ^k ⇔ kv for k = 0, 1, 2 (2.43)

The reason why v^3 is chosen to be −2/3 will become clear later in sec. (2.5). Obviously, the action of the twist vector v is an automorphism of the chosen six-torus. Hence, we have defined the space group S of the Z_3 orbifold and we can solve the fixed point equations. To do this, we rewrite the fixed point equation (2.36) in complex coordinates. We use the fact that the three complex planes are mutually orthogonal and that the twist acts separately on each one of them. Thus, ( 1 − e^{2πikva} ) Z^a_f = n^a_i e^a_i (2.44)

for a = 1, 2, 3 without summation over a, and n^a_i ∈ Z, arbitrary, with summation over i = 1, 2. We solve this equation for k = 1 and the solution is that in each complex plane of the six-torus T^6 there are three fixed points

Z^a_{f1} = 0 for n^a = (0, 0)

Z^a_{f2} =^{1√}_2 +^{1√}_6 i for n^a = (1, 0)

Z^a_{f3} =

√_2

3 i for n^a = (1, 1)

Now, we have calculated the fixed points. But, of course, it is also possible to explain them graphically. Fig. (2.4) is separated into three parts, each explaining one fixed point:

(I) Clearly the origin is invariant under rotations, thus it is a fixed point. It corresponds to the space group element (ϑ, 0).

(II) Rotating the indicated point by 120^∘ and shifting by e_1 gives the starting point.

Thus we have a fixed point, which is denoted by the space group element (ϑ, e_1).

(III) Analogously, the point shown here corresponds to the space group element (ϑ, e_1+e_2).

120^∘

+e_1

120^∘

(II) (III) (I)

e_1 e_2 e_2

e_1 e_2

e_1

+e_1 + e_2

Figure 2.4: The tree fixed points of the Z_3 orbifold in the first torus.

Thus, the first torus has three fixed points, which can be combined with three fixed points of the second torus and with three fixed points of the last torus. Therefore, the k = 1 twisted sector of the Z_3 orbifold has 3 × 3 × 3 = 27 fixed points, as illustrated in fig. (2.3).

A very important characteristic of any orbifold is that it is not a manifold. To illustrate this, fig. (2.5) shows the three fixed points in the first complex plane again. In fig. (2.6) these two dimensions have been folded together to a pillow-like object. Here, one can see that the fixed points are singular points and therefore an orbifold is not a manifold.

e_1 e_2

Figure 2.5: Here, the orbifold is not folded together. However, the dashed blue lines indicate that points which are connected by these lines, are identified on the orbifold.

Figure 2.6: Now, the orbifold is folded together to a pillow-like object along the dashed blue lines in fig. (2.5). Evidently, the curvature is not defined at the three fixed points, thus they are singular points. (The size is scaled up.)

2.4.2 Example 2: T^6/Z_2

Here, we choose the six-torus T^6 to be spanned by the orthogonal basis of R^6: e_α for α = 1, . . . , 6. In order to show another way of calculating the fixed points, we will not use complex notation here. Furthermore, we choose the point group to be Z_2 with the twist

ϑ = −1 −1 0 −1 −1 0 1 1 (2.45)

which is an automorphism of the six-torus and fulfills ϑ^2 = 1. Using our choices for the six-torus and the twist and, we define the space group S. Now, we can look for fixed points in the space R^6/S by solving eqn. (2.36), 2 2 0 2 2 0 0 0

X^1_f X^2_f X^3_f X^4_f X^5_f X^6_f = n_1 n_2 n_3 n_4 n_5 = 0 n_6 = 0

(2.46)

for arbitrary n_α ∈ Z, α = 1, . . . , 4. Notice that the matrix on the left hand side is not invertible. The solutions are

X_f =

(n_1 2 , n_2 2 , n_3 2 , n_4 2 , X^5_f , X^6_f

)_T X^5_f , X^6_f ∈ R, arbitrary. (2.47)

In this example where X^5_f and X^6_f are arbitrary we can see that we need to understand fixed points in a more general way: fixed points do not necessarily have to be zero-dimensional objects. This can be understood geometrically as fixed tori, which are mapped onto themselves under the action of S.

e_1 e_3 e_2 e_4

Figure 2.7: Z_2 orbifold with 4 × 4 = 16 fixed tori in the space T^6. The two planes and the torus are mutually orthogonal.

It turns out that there are 16 fixed tori in the space T^6, corresponding to eqn. (2.47) with n_i = 0, 1 for i = 1, . . . , 4, thus 2^4 = 16. They are drawn in fig. (2.7).

Actually, the fixed points in this example could also have been calculated using the notation of the first example. The benefits of complex notation will become clear later, when we discuss the transformation properties of strings (in sec. (2.7) and in sec. (2.7.2)). Therefore, we will restrict ourselves to the case that the six-torus can be written as the product of three (complex) two-tori, T^6 = T^2 × T^2 × T^2 . (2.48)

Fixed points (and hyperplanes) play an important role for the strings living on an orbifold. In sec. (2.7) we will discuss a new kind of closed strings, called the twisted strings. A twisted string cannot propagate away from a fixed point, it is localized there.

2.5 Further Conditions on the Orbifold Group S ⊗ G

There are further constraints on consistent orbifold groups S ⊗ G. In the following the main results are highlighted by frames.

• The embedding S → G is a homomorphism

N is the order of the twist: ϑ^N = 1. Therefore, every space group element (ϑ, n_αe_α) must also satisfy (ϑ, n_αe_α)^N X^i = X^i mod torus shifts (2.49)

for all n_α ∈ Z. Because the embedding is a homomorphism, an analogous equation holds in the gauge degrees of freedom for an element of the gauge twisting group (V, n_αA_α), (V, n_αA_α)^N X^I = X^I mod 2πΛ^I (2.50)

for all n_α ∈ Z and with Λ ∈ T_{E8×E}′_8 . From this, it is easy to show that the shift and the Wilson lines are constrained by

NV ∈ T_{E8×E}′_8 and NA_α ∈ T_{E8×E}′_8 . (2.51)

• (Weak) modular invariance

The modular invariance condition is a result of the calculation of the one-loop amplitude for vacuum to vacuum transitions, i.e. the one-loop partition function. The one-loop vacuum to vacuum transition of a string has the geometry of a torus. But the world sheet coordinates τ and σ of the string that sweeps out the torus are only defined up to the so called modular transformations. Since the one-loop amplitude

2.5. FURTHER CONDITIONS ON THE ORBIFOLD GROUP S ⊗ G 15

has to be invariant under these transformations, the following condition must be imposed on all elements of the orbifold group

N [(kV + n_αA_α)^2 − (kv)^2] = 0 mod 2 for k = 0, . . . , N − 1 . (2.52)

This is equivalent to the equations N ( V^2 − v^2 ) = 0 mod 2 (2.53) NV · A_α = 0 mod 1 (2.54) NA_α · A_β = 0 mod 1, α ≠ β (2.55) NA^2_α = 0 mod 2 . (2.56)

• (Strong) modular invariance

The weak modular invariance condition is enough to guarantee anomaly freedom of the orbifold model. But there may be problems in computing the transformation properties of the states in the next section (2.6). In order to avoid them it is better to bring the shift V and the Wilson lines A_α to a special form, in which they satisfy the so called strong modular invariance condition

[(kV + n_αA_α)^2 − (kv)^2] = 0 mod 2 for k = 0, . . . , N − 1 . (2.57)

Therefore, the shift and the Wilson lines first have to satisfy the weak modular invariance condition. Then, one adds E_8 × E^′_8 lattice vectors to fulfill the strong condition. This does not change the physics. Again, the strong modular invariance condition is equivalent to the following conditions V^2 − v^2 = 0 mod 2 (2.58) V · A_α = 0 mod 1 (2.59) A_α · A_β = 0 mod 1, α ≠ β (2.60) A^2_α = 0 mod 2 . (2.61)

• N = 1 susy in four dimensions

When the twist ϑ^k ⇔ kv acts on the SO(8) spinor of the gravitini, it projects out most of them. In order to retain N = 1 supersymmetry, one has to demand the following condition on the twist vector v ±v^1 ± v^2 ± v^3 = 0 (2.62) for one combination of signs. We can always choose

v^1 + v^2 + v^3 = 0 . (2.63)

Details are given in the next section (2.7.1), where we will derive the supergravity multiplet in the orbifold theory.

2.6 Constraints on States of the Orbifold

In this section we consider the action of orbifolding on states |q⟩_R ⊗ |p⟩_L and |q⟩_R ⊗ α̃_{−1}|p⟩_L . (2.64) In order to see how an element of the orbifold group acts on the left movers, we have to consider the generator of translation e^{ip·X} |0⟩_L = |p⟩_L (2.65) with p · X =

∑_{16} I=1 p^I X^I . Then, the action of an element h = (kv, n_αe_α; kV, n_αA_α) ∈ S ⊗ G k = 0, . . . , N − 1 (2.66) of the orbifold group on the gauge degrees of freedom X^I gives a phase for the left movers, i.e.

X^h→ X + 2π(kV + n_αA_α) (2.67) e^{ip·X h}→ e^{2πip·(kV +nαAα)}

phase

e^{ip·X} . (2.68)

The right movers also transform under h, |q⟩_R^h→ e^{2πiq·(kv)}

phase

|q⟩_R . (2.69)

Furthermore, the oscillators α̃^μ_{−1} and α̃^I_{−1} for the left movers transform trivially α̃^μ_{−1}^h→ α̃^μ_{−1} for μ = 1, 2 (2.70) α̃^I_{−1}^h→ α̃^I_{−1} for I = 1, . . . , 16 , (2.71) because neither the twists nor the shifts act on them.

To get S ⊗ G invariant states we have to calculate the transformation properties with respect to all elements h = (kv, n_αe_α; kV, n_αA_α) ∈ S ⊗ G k = 0, . . . , N − 1 . (2.72) Only invariant states (with a trivial phase of 1) are consistent with the geometry of the underlying orbifold space. States that transform with a non-trivial phase are not consistent and must be projected out.

2.7 The Spectrum

The massless spectrum of the orbifold contains all massless closed strings which are consistent with the geometry of the orbifold. Since the geometry offers two different ways to close a string, the spectrum is divided into two corresponding parts:

• The first part is called the untwisted sector. The strings of the untwisted sector are closed even before twisting. Thus, in principle they are equal to the strings of the heterotic string, but they need to be consistent with the geometry of the underlying space.

• The second part of the spectrum is called the twisted sectors. Due to the geometry, new closed strings are possible with a new kind of boundary condition which leads to twisted strings localized at fixed points.

We will now discuss both parts of the spectrum in detail.

2.7.1 The Untwisted Sector

The massless untwisted string is closed even before compactification. It is illustrated in fig. (2.8). This kind of closed string is well known, it is the heterotic string (discussed in sec. (2.1)).

e_1 e_2

Figure 2.8: The massless untwisted string is closed in R^6 and on the six-torus T^6.

But the new geometry of the underlying orbifold space imposes additional conditions: as described in the last section (2.6) we have to project onto S ⊗ G invariant states. In the following we do so for all massless states of the heterotic string, i.e. for the supergravity multiplet, the charged and uncharged E_8 × E^′_8 gauge bosons and their susy partners.

The supergravity multiplet The transformation of the supergravity multiplet is given by

|q⟩_R ⊗ α̃^μ_{−1}|0⟩_L^h→ e^{2πi(q·(kv)+0·(kV +nαAα))} =1 |q⟩_R ⊗ α̃^μ_{−1}|0⟩_L μ = 1, 2 . (2.73)

For the supergravity multiplet the vectors q must correspond to oscillators in the dimensions μ = 1, 2. Therefore, the NS right movers are given by

q = (±1, 0, 0, 0) NS (2.74)

which fulfill q · v = 0, hence the right movers of the bosonic state are invariant. The correspondence between μ = 1, 2 and the R state is less apparent. But, in order to satisfy q · v = 0 for the R states, we conclude q = ( ± ( 1 2 , 1 2 , 1 2 , 1 2 )) R , (2.75)

compare to eqn. (2.63). Therefore, there are two R states, corresponding to both chiralities of one gravitino and the orbifold-theory has N = 1 susy in four dimensions.

It turns out that there are further states of the ten-dimensional N = 1 supergravity multiplet which are invariant under the orbifolding. These states are of the form |q⟩_R ⊗ α̃^a_{−1}|0⟩_L for a = 1, . . . , 3. They are singlets and we will omit them in the following.

The gauge bosons and gauginos Gauge bosons are given by massless vector fields with spin 1. Thus, in four dimensions, they have two degrees of freedom that correspond to two transverse polarizations. Therefore, a right mover of a gauge boson must consist of two NS states with oscillators in the μ = 1, 2 direction, i.e. q = (±1, 0, 0, 0).

Gauginos are described by spin-^1_2 particles. In four dimensions, a spin-^1_2 particle has two chiralities, i.e. it has a left- and a right-handed part. Therefore, a right mover of a gaugino must consist of two R states, again with oscillators in the μ = 1, 2 direction, i.e. q = (±(^1_2 ,^1_2 ,^1_2 ,^1_2 )).

The uncharged gauge bosons (and their gaugino partners) transform as

|q⟩_R ⊗ α̃^I_{−1}|0⟩_L^h→ e^{2πi(q·(kv)+0·(kV +nαAα))} =1 |q⟩_R ⊗ α̃^I_{−1}|0⟩_L I = 1, . . . , 16 . (2.76)

The right movers of the uncharged gauge bosons (and of the gauginos) are given by q = { (±1, 0, 0, 0) NS

(±(^1_2 ,^1_2 ,^1_2 ,^1_2 )) R .

(2.77)

All 16 uncharged gauge bosons (and their gaugino partners) survive the orbifold projection on S ⊗G invariant states. Because these gauge bosons correspond to the Cartan generators of the algebra, the rank of the algebra is never reduced with shift embedding^5.

The charged gauge bosons of the heterotic string transform as

|q⟩_R ⊗ |p^I ⟩_L^h→ e^{2πi(q·(kv)+p·(kV +nαAα))} !=1 |q⟩_R ⊗ |p^I ⟩_L . (2.78)

The right movers of the new charged gauge bosons (and gauginos) are given by q = { (±1, 0, 0, 0) NS (±(^1_2 ,^1_2 ,^1_2 ,^1_2 )) R .

(2.79)

Thus, the right movers are invariant: q · v = 0. Therefore, the invariant gauge bosons must fulfill the following conditions

p · (kV ) = 0 mod 1 (2.80) p · (n_αA_α) = 0 mod 1 (2.81)

for all combinations of k and n_α. Because not all former charged gauge bosons (and gauginos) are invariant, the gauge group is broken. The unbroken gauge group is represented by the invariant charged gauge bosons plus the 16 uncharged gauge bosons.

There are also other former gauge bosons (and gauginos) that survive the projection, but without fulfilling q · v = 0. In order to be invariant they have to obey

2πi (q · (kv) + p · (kV + n_αA_α)) = 0 mod 1 . (2.82)

These states are called charged matter. The former root vectors p of these charged matter states are now weights with respect to the unbroken gauge group, thus they form representations of the unbroken gauge group.

The spectrum of massless states for orbifold models contains not only the S ⊗ G invariant states of the heterotic string, but further closed strings. They arise due to the changed geometry of the orbifold space. We consider these states in the next section.

5However, it is possible to embed the action of the space group (θ, n_αe_α) ∈ S into the gauge degrees of freedom via a rotation (Θ, n_αA_α) ∈ G, G : X^I → ΘX^I + 2πn_αA^I_α .

With this setup it is possible to reduce the rank of the algebra [10, 11].

2.7.2 The Twisted Sectors

In the twisted sectors, due to the non-trivial geometry of an orbifold, there are new possibilities for a string to close. Thus, we have new boundary conditions for the six bosonic coordinates. Each of these new conditions corresponds to a so called constructing element g = (ϑ^k, n_αe_α) of the space group S,

X^i(τ, σ + 2π) = (gX)^i(τ, σ) (2.83) = (ϑ^kX(τ, σ))^i + n_αe^i_α i = 1, . . . , 6 . (2.84)

The endpoints of a string are given by evaluating this equation at σ = 0. Thus, the string closes only after performing a twist ϑ^k and torus shifts n_αe^i_α. Fig. (2.9) shows a twisted string on a Z_2 orbifold.

e_1 e_2

Figure 2.9: Since the blue circles are identified under the action of the constructing element g = (ϑ, e_2) of the space group, the twisted string is closed on the orbifold (ϑ is a rotation by 180^∘).

The spectrum of massless states for these new boundary conditions is divided into twisted sectors. Each twisted sector corresponds to one constructing twist ϑ^k ∈ P of eqn. (2.84) and is thus labeled by k.

Due to eqn. (2.84), the boundary condition for the “twist” 1 ∈ P corresponds to the boundary condition on a six-torus. Since we are only interested in massless states, which have no winding on the six-torus, we only consider the space group element (1, 0) ∈ S. Obviously, this element corresponds to the untwisted sector.

Due to the changed boundary conditions of eqn. (2.84) the mode expansions for right and left movers, respectively, change. In app. (B.2) they are derived. Here, we restrict ourselves to the results.

We define complex coordinates

Z^1 = ( X^1 + iX^2 ) , Z^2 = ( X^3 + iX^4 ) , Z^3 = ( X^5 + iX^6 ) (2.85)

which can be summarized as

Z^a = X^{(2a−1)} + i X^{(2a)} , (2.86) for a = 1, 2, 3. Furthermore, we denote the complex conjugate of any complex quantity with a bared index ā. For example Z^ā := Z^a = X^{(2a−1)} − i X^{(2a)} . (2.87) Then the mode expansions for the twisted boundary condition eqn. (2.84) read

Z^a_R(τ, σ) = 1 2 Z^a_f + i 2 ∑ m=0 α^a_{m+η}a m + η^a e^{−i(m+ηa )(τ −σ)} (2.88)

Z^a_L(τ, σ) = 1 2 Z^a_f + i 2 ∑ m=0 α̃^a_{m−η}a m − η^a e^{−i(m−ηa)(τ +σ)} (2.89)

for a = 1, 2, 3 and η^a = kv^a mod 1 so that 0 < η^a < 1. Note that there is no momentum p^i in the twisted directions and furthermore the centre-of-mass of the string is attached to a fixed point Z^a_f = (ϑ^kZ_f )^a + n_αe^a_α . (2.90) Therefore, the string is localized at a fixed point.

The quantized right movers in the twisted sectors Due to the twist in the six bosonic coordinates X^i, the boundary conditions for the fermionic right moving coordinates also change (for i = 1, . . . , 6), Ψ^i_R(τ, σ + 2π) = ±(ϑ^kΨ_R)^i(τ, σ) (2.91) for R and NS state, respectively^6. As a consequence the mode expansions change. Therefore, one can show that the corresponding SO(8) weight lattice (of both, the SO(8) vector and spinor) for the k-th twisted sector is shifted, q^a_{sh} = q^a + kv^a a = 0, . . . , 3 . (2.92) The twisted right mover, denoted by |q_{sh}⟩_R = |q + kv⟩_R , (2.93) fulfills the new mass-equation m^2_R 4 = 1 2 (q + kv)^2 − 1 2 + δc = 0 (2.94)

and is thus massless. The quantity δc is a change in the zero point energy that appears because of the moded oscillators. It is given by

δc = 1 2 3∑ a=0 η^a(1 − η^a) (2.95)

where η^a = kv^a mod 1 so that 0 ≤ η^a < 1. Notice that the zero point energy depends on the twisted sector k.

6This ensures invariance of the world sheet supercurrent.

The quantized left movers in the twisted sectors

From modular invariance, it follows that the space group has to be embedded into the gauge degrees of freedom. We restrict ourselves to shift embeddings, where the constructing element g = (kv, n_αe_α) of the space group is embedded as (kV, n_αA_α) ∈ G. This element of the gauge twisting group corresponds to a new boundary condition for a closed string in the gauge degrees of freedom (compare to eqns. (2.4) and (2.32)),

X^I_L(τ, σ + 2π) = X^I_L(τ, σ) + 2π(kV^I + n_αA^I_α + Λ^I ) I = 1, . . . , 16 , (2.96)

where Λ ∈ T_{E8×E}′_8 . The new (twisted) mode expansion is equal to eqn. (2.7), but with a shifted momentum, p^I_{sh} = p^I + kV^I + n_αA^I_α I = 1, . . . , 16 . (2.97) Remark: In the bosonic formulation, the left and right moving momenta lie on an even, self-dual lattice Γ_{(22;6)} of lorentzian signature (22, 6) refs. [12]. This implies that a state with right moving momentum q_{sh} and left moving momentum p_{sh} transforms as

|q_{sh}⟩_R ⊗ |p_{sh}⟩_L^h→ e^{2πi(qsh·k̃v−(p+kV +nαAα)·(k̃V +ñαAα))} |q_{sh}⟩_R ⊗ |p_{sh}⟩_L (2.98)

for h = (k̃v, ñ_αe_α; k̃V, ñ_αA_α) ∈ S ⊗ G. For calculational convenience, we have decided to absorb the relative minus sign between the right and left moving momenta into the definition of p_{sh}, i.e.

−(p + kV + n_αA_α) = −p − kV − n_αA_α = p̃ − kV − n_αA_α . (2.99)

This coincides with the conventions of [13, 14]. Therefore, the twisted left mover is denoted by |p − (kV + n_αA_α)⟩_L . (2.100) It fulfills the mass formula for massless twisted left movers,

m^2_L 4 = 1 2 (p − (kV + n_αA_α))^2 + Ñ − 1 + δc = 0 . (2.101)

Since oscillators α̃^a_{m−η}a are moded if they correspond to a complex dimension a in which the twist acts non-trivially (i.e. if η^a ≠ 0), the number operator Ñ can be fractional. Furthermore, the change in the zero point energy δc is equal to the right mover case of eqn. (2.95).

Now, left and right movers must be tensored together to form S ⊗ G invariant states.

Transformation of the twisted left and right movers

We consider massless right and left movers, created with the constructing element g = (kv, n_αe_α; kV, n_αA_α). Then, the transformation properties under an element

h = (k̃v, ñ_αe_α; k̃V, ñ_αA_α) (2.102)

2.8. S ⊗ G INVARIANT STATES IN THE TWISTED SECTORS 23

of the orbifold group S ⊗ G are given by

|q_{sh}⟩_R^h→ e^{2πiqsh·(k̃v)} |q_{sh}⟩_R (2.103) |p_{sh}⟩_L^h→ e^{2πipsh·(k̃V +ñαAα)} |p_{sh}⟩_L (2.104)

where q_{sh} = q + kv and p_{sh} = p − (kV + n_αA_α). Furthermore, the moded oscillators of the left mover transform as

ϑ^{k̃}α̃^a_{m−η}a = e^{2πiη̃a} α̃^a_{m−η}a ≃ 3 of SU(3) (2.105) ϑ^{k̃}α̃^ā_{m−η}a = e^{−2πiη̃a} α̃^ā_{m−η}a ≃ 3 of SU(3) , (2.106)

where η^a = kv^a mod 1 corresponds to the constructing element g and η̃^a = k̃v^a mod 1 corresponds to h. See app. (B.2).

It is important to remark that the conditions for an invariant state in the twisted sectors are more involved than in the untwisted case. The details are given in the next section.

2.8 S ⊗ G Invariant States in the Twisted Sectors

In the twisted sectors it is more complicated to tensor left and right movers together to build states that are consistent with the geometry of the orbifold, i.e. that are S ⊗ G invariant. The problem and its solution are described in the following.

• We consider a given fixed point on the six-torus T^6 which corresponds to a constructing element g = (θ, n_αe_α; V, n_αA_α) ∈ S ⊗ G. The boundary condition for the six compactified coordinates reads

X(τ, σ + 2π) = gX(τ, σ) (2.107) = θX(τ, σ) + n_αe_α . (2.108)

There is an analogous boundary condition for the gauge degrees of freedom, which is not relevant for our discussion. The set of all states that close under the constructing element g defines the Hilbert space H_g.

• Let us now assume, we have a second element h = (θ̃, ñ_αe_α; Ṽ , ñ_αA_α) ∈ S ⊗ G that commutes with g, [h, g] = 0 . (2.109) A trivial example for a commuting element is g itself, but in general it can be any element of the orbifold group. Then, multiplying the twisted boundary condition of eqn. (2.107) by h yields

(hX)(τ, σ + 2π) = hgX(τ, σ) (2.110) = g(hX)(τ, σ) . (2.111)

Therefore, the states that correspond to the bosonic coordinates (hX)(τ, σ) also close under the constructing element g. Then, by definition of the Hilbert space, they are elements of H_g. Thus, h must act as the identity on the states of H_g, i.e. the states of H_g must transform as

|q_{sh}⟩_R ⊗ |p_{sh}⟩_L^h→ 1|q_{sh}⟩_R ⊗ |p_{sh}⟩_L (2.112)

where q_{sh} and p_{sh} correspond to the constructing element g. Furthermore, states of H_g, which transform non-trivially (ζ ≠ 1)

|q_{sh}⟩_R ⊗ |p_{sh}⟩_L^h→ ζ|q_{sh}⟩_R ⊗ |p_{sh}⟩_L (2.113)

have to be removed from H_g. They are projected out. This procedure has to be applied with respect to all commuting elements. Hence, we introduce the notion of the centralizer Z_g = {h ∈ S ⊗ G with [h, g] = 0} (2.114) as the set of all elements of the orbifold group that commute with the constructing element g. The elements of the centralizer must act as the identity on the Hilbert space H_g. In order to ensure this, non-invariant states are projected out.

• Finally, we consider an element h = (θ̃, ñ_αe_α; Ṽ , ñ_αA_α) of the orbifold group that does not commute with g, [h, g] ≠ 0 . (2.115) Again, we multiply the twisted boundary condition eqn. (2.107) by h. This time we get (hX)(τ, σ + 2π) = hgX(τ, σ) (2.116) = ( hgh^{−1} ) (hX)(τ, σ) . (2.117)

However, this boundary condition corresponds to states of the Hilbert space H_{hgh}−1 . Thus, h maps a state of H_g to the corresponding one of H_{hgh}−1 . It is easy to see that h maps a state of H_{hgh}−1 to H_h2_{gh}−2 and so on,

H_g^h→ H_{hgh}−1^h→ H_h2_{gh}−2^h→ H_h3_{gh}−3^h→ . . . . (2.118)

In order to get a state that is invariant under the action of h, one has to build a linear combination of the corresponding states of all these Hilbert spaces. The coefficients of this linear combination are given by the transformation properties with respect to the non-commuting element h.

If in addition the following holds

h^n = 1 n ∈ N , (2.119)

the sequence of eqn. (2.118) aborts and the sum in the linear combination is finite. Otherwise, the sum is infinite.

2.9. THE ROLE OF WILSON LINES 25

We summarize the general strategy used to obtain S ⊗ G invariant states:

How to Get S ⊗ G Invariant States

• Take all constructing elements g ∈ S ⊗ G and solve the corresponding equations for massless right and left movers.

• Then, for all constructing elements g ∈ S ⊗ G project onto their centralizers Z_g = {h ∈ S ⊗ G with [h, g] = 0} and combine right and left movers to centralizer-invariant states of the Hilbert spaces H_g.

• Finally, build the linear combination of states of the Hilbert spaces H_g, H_{hgh}−1 ,. . . , H_hn_{gh}−n , with [h, g] ≠ 0 and h^n = 1 or n = ∞. Then, the sum is h-invariant. Repeat this step for all non-commuting h ∈ S ⊗ G.

Notice that the constructing element of the untwisted sector is g = (1, 0; 0, 0). All elements of the orbifold group commute with this constructing one. Therefore, one has to project onto all elements of S ⊗ G in the untwisted sector (see sec. (2.7.1)).

However, this procedure has a disadvantage. Since the orbifold group S ⊗ G has an infinite number of elements, it is obvious that this procedure is not applicable. But, in sec. (3.2.2) we will see at a Z_3 example that it is always possible to restrict the problem to a finite number of elements of S ⊗ G.

2.9 The Role of Wilson Lines

If we start with a model without Wilson lines (A_α = 0) and then switch on non-trivial Wilson lines A_α, it will effect the following:

• Wilson lines project out charged gauge bosons (and gauginos) and therefore they break the gauge group, p · A_α = 0 mod 1 (2.120)

where the invariant p’s are the roots of the unbroken gauge group.

• Depending on the fixed point, Wilson lines change the equation for massless left movers, m^2_L 4 = 1 2 (p − (kV + n_αA_α))^2 + Ñ − 1 + δc = 0 . (2.121)

Furthermore, they project out twisted states due to the centralizer. Therefore, Wilson lines change the representations at different fixed points.

In sec. (4.4) this is demonstrated at a Z_2 × Z_2 example with one non-trivial Wilson line.

26 CHAPTER 2. ORBIFOLD CONSTRUCTIONS

Chapter 3

Z3 Orbifold

In this chapter we illustrate the general statements of the last chapter taking as an example the standard embedding for the Z_3 orbifold without Wilson lines [15]. At the end, Wilson lines are briefly discussed.

3.1 Definition of the Z_3 Orbifold

The point group P of the Z_3 orbifold consists of the three elements {1, ϑ, ϑ^2}, where ϑ is a rotation of 120^∘. The T^6 torus is chosen to be spanned by the root lattice of SU(3)^3 (e^a_1, e^a_2 for a = 1, 2, 3 in fig. (3.1)). The action of P on the uncompactified space and on the six-torus is given in complex coordinates by the twist vector v = ( 0, 1 3 , 1 3 , − 2 3 ) with ϑ^k ⇔ kv . (3.1)

Obviously, this twist is an automorphism of the six-torus and it fulfills the condition for N = 1 susy stated in eqn. (2.63),

v^1 + v^2 + v^3 = 1 3 + 1 3 − 2 3 = 0 . (3.2)

Hence, we have now defined the space group S for a Z_3 orbifold,

S = {(kv, n_αe_α) | k = 0, 1, 2 and n_α ∈ Z} . (3.3)

e^1 e^1_2

e^2_1 e^3_1 e^3_2 e^2

Figure 3.1: Z_3 orbifold with 3 × 3 × 3 = 27 fixed points in the space T^6 for the k = 1 twisted sector. The three complex planes are mutually orthogonal.

Having specified the space group, the geometry of this orbifold model is fixed. As explained in section (2.4.1), the k = 1 twisted sector of the Z_3 orbifold has 27 fixed points (fig. 3.1).

3.2 The Standard Embedding

For the gauge twisting group G we choose shift embedding without Wilson lines (A_α = 0). The shift for standard embedding is given by V = ( 1 3 , 1 3 , − 2 3 , 0^5 ) ( 0^8 ) , (3.4)

where we introduce the following abbreviations ( . . . , 0^5 ) for (. . . , 0, 0, 0, 0, 0) (3.5) ( . . . , ( ± 1 2 )_3) for ( . . . , ± 1 2 , ± 1 2 , ± 1 2 ) (3.6)

with the constraint of an even number of plus signs for the whole vector. The shift has order three, 3V ∈ E_8 × E^′_8 lattice. (3.7) Thus, the gauge twisting group is given by G = {(kV, 0) | k = 0, 1, 2} . (3.8) The orbifold group S ⊗G with its shift V and its twist v trivially fulfills the strong modular invariance condition eqn. (2.57) [ (kV )^2 − (kv)^2 ] = 0 mod 2 for k = 0, 1, 2 . (3.9) Therefore, anomaly freedom is guaranteed for the resulting spectrum of this orbifold model.

3.2.1 The Untwisted Sector

The untwisted sector is equal to the spectrum of the heterotic string, projected onto S ⊗ G invariant states. We concentrate on the particles of the E_8 × E^′_8 gauge group, which breaks due to the orbifolding to the unbroken gauge group and to charged matter as described in sec. (2.7.1).

The transformations of right and left movers under a general element h = (kv, n_αe_α; kV, 0) of the orbifold group are given by

|q⟩_R^h→ e^{2πiq·(kv)}|q⟩_R (3.10) |p⟩_L^h→ e^{2πip·(kV )}|p⟩_L . (3.11) We see that it is enough to check invariance for k = 1, because this implies invariance for k = 2. The transformation properties of the right moving SO(8) vector/spinor and of the left moving E_8 × E^′_8 roots are listed in tab. (3.1) using the definition ζ := e^{2πi/3}.

right movers |q⟩_R

q q · v #

NS (±1, 0, 0, 0) 0 2 R ( ± (_1 2 ,^1_2 ,^1_2 ,^1_2 )) 0 2 ⇒ transforming as ζ^0

q q · v # NS ( 0, 1, 0, 0

)_1 3 2 (0, 0, 0, 1) −^2_3 1 R (_1

2 ,^1_2 , −^1_2 , −^1_2

)_1 3 2 (_1 2 , −^1_2 , −^1_2 ,^1_2 ) −^2_3 1

⇒ transforming as ζ^1 q q · v # NS ( 0, −1, 0, 0 ) −^1_3 2

(0, 0, 0, −1)^2_3 1 R ( −^1_2 , −^1_2 ,^1_2 ,^1_2 ) −^1_3 2 ( −^1_2 ,^1_2 ,^1_2 , −^1_2

)_2 3 1 ⇒ transforming as ζ^2

left movers |p⟩_L

p = (p_1)(0^8) p · V #

(±(1, −1), 0^6) 0 2

(±(1, 0, −1), 0^5) ±1 2

(0, ±(1, −1), 0^5) ±1 2 ( 0, 0, 0, ±1, ±1, 0^3 ) 0 40 ( ± (_1 2 ,^1_2 ,^1_2 ) , ( ±^1_2

)_5)

0 32

⇒ 78 roots, transforming as ζ^0

p = (p_1)(0^8) p · V # ( 1, 0, 0, ±1, 0^4

)_1 3 10 ( 0, 1, 0, ±1, 0^4

)_1 3 10 ( 0, 0, 1, ±1, 0^4 ) −^2_3 10 ( −1, 0, −1, 0^5

)_1 3 2 (−1, −1, 0, 0^5) −^2_3 1 ( −^1_2 ,^1_2 , −^1_2 , ( ±^1_2

)_5)_1 3 32 ( −^1_2 , −^1_2 ,^1_2 , ( ±^1_2

)_5)_1 3 16

⇒ 81 roots, transforming as ζ^1 p = (0^8)(p_2) p · V # ( ±1, ±1, 0^6 ) 0 112 (( ±^1_2

)_8) 0 128

⇒ 240 roots, transforming as ζ^0

p = (p_1)(0^8) p · V # ( −1, 0, 0, ±1, 0^4 ) −^1_3 10 ( 0, −1, 0, ±1, 0^4 ) −^1_3 10 ( 0, 0, −1, ±1, 0^4

)_2 3 10 ( 1, 0, 1, 0^5 ) −^1_3 2

(1, 1, 0, 0^5)^2_3 1 ( −^1_2 ,^1_2 ,^1_2 , ( ±^1_2

)_5)

−^1_3 32 (_1

2 ,^1_2 , −^1_2 , ( ±^1_2

)_5)_2 3 16

⇒ 81 roots, transforming as ζ^2

Table 3.1: Transformation properties of right and left movers in the untwisted sector. The

symbol # denotes the number of right and left movers, respectively. The transformation phase

is denoted by ζ = e^{2πi/3}.

Tensoring right and left movers of tab. (3.1) together yields the following invariant states for the untwisted sector

| ± 1, 0, 0, 0⟩_R

| ± (^1_2 ,^1_2 ,^1_2 ,^1_2 )⟩_R } ⊗ |p⟩_L with 78 roots, transforming as ζ^0 (3.12)

| ± 1, 0, 0, 0⟩_R

| ± (^1_2 ,^1_2 ,^1_2 ,^1_2 )⟩_R } ⊗ |p⟩_L with 240 roots, transforming as ζ^0 (3.13) and |0, −1, 0, 0⟩_R

| −^1_2 ,^1_2 ,^1_2 , −^1_2 ⟩_R

⊗ |p⟩_L with 81 weights, transforming as ζ^1 (3.14)

|0, 1, 0, 0⟩_R

|^1_2 ,^1_2 , −^1_2 , −^1_2 ⟩_R

⊗ |p⟩_L with 81 weights, transforming as ζ^2 . (3.15)

Now, we have to identify the charged gauge bosons (and gauginos) of the unbroken gauge group and the charged matter states. Using some general properties discussed in sec. (2.7.1) and combinatorics we find:

• Following the discussion of sec. (2.7.1), we conclude that the states of eqns. (3.12) and (3.13) correspond to the charged gauge bosons (and gauginos) of the unbroken gauge group.

Since the shift V = (. . .)(0^8) acts trivially on the second part of the E^′_8 root lattice, it does not project out any state that only transforms in the second E^′_8. Therefore, the 240 roots of eqn. (3.13) are obviously the invariant roots of the adjoint representation of the E^′_8. For the other 78 roots of eqn. (3.12) we use combinatorics and guess the gauge group E_6 × SU(3) , (3.16)

which has 72 plus 6 “charged” roots.

• Due to the non-trivial transformation of the right mover, we conclude that states of eqns. (3.14) and (3.15) correspond to charged matter and therefore, the roots of the broken gauge group become weights of representations under the unbroken gauge group. It is rather difficult to guess these representations, therefore we will use group theory to determine them.

In the next section it is shown how to derive the unbroken gauge group and the matter representations in the untwisted sector.

Unbroken gauge group In order to derive the gauge group, we have to find all simple roots of the 78+240 roots. We denote them by α_i. The simple roots depend on the basis that fixes the semi-ordering in the weight space [16]. Since this basis is arbitrary, the simple roots are only listed (together with the chosen basis) in the appendix (C.1). The simple roots are used to compute the Cartan matrix (taking into account that the roots have length 2)

A_{ij} = (α_i, α_j) . (3.17)

Now, we can draw the Dynkin diagrams:

α_1 α_2 α_3 α_4 α_5 α_7 α_8 α_9 α_{10} α_{11} α_{12} α_{13} α_{14} α_{15} α_{16} α_6

E_6 × SU(3) × E^′_8 . (3.18)

Charged matter Next, we determine the representations, under which the charged matter states of eqns. (3.14, 3.15) transform. To do this, we use the simple roots to rewrite the weights as Dynkin labels (DL), both with respect to E_6 and with respect to SU(3) and finally with respect to E^′_8,

p_{DL(E6)} = (α_1 · p, α_2 · p, α_3 · p, α_4 · p, α_5 · p, α_6 · p) (3.19) p_{DL(SU(3))} = (α_7 · p, α_8 · p) (3.20) p_{DL(E}′_{8)} = (α_9 · p, . . . , α_{16} · p) . (3.21)

Then, we compare the highest weights in Dynkin labels with ref. [17] and thus identify the representations. Since there are too many weights in the untwisted sector, not all steps are presented explicitly and we focus only on the results. In the twisted sector, where the representations are smaller, we will follow these steps in greater detail.

It turns out that the charged matter states of the untwisted sector transform under the gauge group E_6 × SU(3) × E^′_8 as:

3(27, 3, 1)_L for states of eqn. (3.14) (3.22) 3(27, 3, 1)_R for states of eqn. (3.15) (3.23)

where the subscript denotes left- and right-handed states. The multiplicity 3 appears due to the three right movers for both the R and NS state (see tab. (3.1)). We decide to count left-chiral states as particles, thus the states 3(27, 3, 1)_L are counted as particles and the states 3(27, 3, 1)_R give rise to their antiparticles.

3.2.2 The Twisted Sectors

The Z_3 orbifold has two twisted sectors corresponding to k = 1, 2. We focus on the first twisted sector k = 1. However, the result of the k = 2 twisted sector is given at the end of this chapter. The k = 1 sector has 27 fixed points, and each corresponds one-to-one to a space group element. Since there are no non-trivial Wilson lines, these 27 space group elements are embedded as the same element of the gauge twisting group,

S → G (v, n_αe_α) → (V, 0) , (3.24)

and the 27 mass-equations for the 27 fixed points are identical. Thus, we only have to solve it once, e.g. with respect to the constructing element g = (v, 0; V, 0). The resulting spectrum of the k = 1 twisted sector gets a multiplicity of 27 due to the number of fixed points.

The twisted right movers

The condition for massless right movers (eqn.(2.94)) reads

m^2_R 4 = 1 2 (q + v)^2 − 1 6 = 0 (3.25)

where the zero point energy is shifted by δc =^1_3 . Thus, we have to solve

(q + v)^2 = 1 3 . (3.26)

In contrast to the difficult case of the left movers, it is easy to guess the solutions for massless twisted right movers. Along with their transformation properties they are listed in tab. (3.2). The transformation properties are calculated with respect to the constructing element g itself, leading to a transformation

ζ^0 = e^{2πiqsh·v} = 1 (3.27)

for both twisted right movers.

In sec. (2.8) it was shown how to project onto S ⊗ G invariant states in principle. So why do we only check the invariance with respect to the constructing element. What about the other commuting and non-commuting elements of the orbifold group? The answer to this question is given in the following.

q q_{sh} = q + v q_{sh} · v

NS (0, 0, 0, 1) ( 0,^1_3 ,^1_3 ,^1_3 ) 0 R (_1 2 , −^1_2 , −^1_2 ,^1_2

) (_1

2 , −^1_6 , −^1_6 , −^1_6 ) 0 Table 3.2: The right movers in the k = 1 twisted sector.

g e_2

e_1 Figure 3.2: The twisted string corresponds to the constructing element g = (ϑ, e_1). The crosses mark the fixed points in R^6.

Why do we check the invariance only with respect to the constructing element? As an example we consider a constructing element of the k = 1 twisted sector g = (ϑ, e_1) ∈ S . (3.28) The constructing element g corresponds one-to-one to a fixed point. A string that closes under the action of g is localized there. The situation is illustrated in fig. (3.2). Following the discussion of sec. (2.8) we will first consider the centralizer Z_g = {(1, 0) , (ϑ, e_1) , ( ϑ^2, e_1 + e_2 ) } . (3.29) The elements of the centralizer Z_g must act as the identity on the states of the Hilbert space H_g. Therefore, we have to project onto these elements. But the first element (1, 0) acts trivially. Furthermore, the transformation properties with respect to the third element (ϑ^2, e_1 + e_2) can be deduced from the second one, because there are no non-trivial Wilson lines (A_α = 0). Thus, it is enough to project only onto (ϑ, e_1). This element is equal to the constructing one g.

But what about the non-commuting elements? In order to see why we can neglect them, we act with an arbitrary element, for example h = (1, e_1) , (3.30) on the boundary condition of the constructing element g. Since g and h do not commute [h, g] = (1, e_1 − e_2) , (3.31) h maps the string to a different fixed point in R^6. This is shown in fig. (3.3).

hgh^{−1} g

e_1 e_2

h = (1, e_1)

Figure 3.3: The twisted string at g is mapped to hgh^{−1} under the action of h.

The constructing element that corresponds to this shifted fixed point can be computed. Using the inverse h^{−1} = (1, −e_1) we find the constructing element

hgh^{−1} = (ϑ, 2e_1 − e_2) . (3.32)

The corresponding string is shown in fig. (3.4).

hgh^{−1}

e_1 e_2

Figure 3.4: The twisted string corresponds to the constructing element hgh^{−1} = (ϑ, 2e_1 − e_2).

The fixed point of the space group element hgh^{−1} is apparently identified on the torus with the one of g. Since we defined fixed points on the six-torus T^6, we can neglect the action of h.

If h had mapped the fixed point of g to a different fixed point of the space T^6, the action of h would have been important. In this case h would identify two fixed points that were previously considered as inequivalent. In general, this only happens if the point group P has a non-trivial subgroup, for example the Z_4 orbifold with a Z_2 subgroup in app. (D). Furthermore, it is possible to define fixed points directly in the space R^6/S. Then the action of non-commuting elements can always be disregarded.

So we can ignore the transformation properties with respect to the non-commuting element h in the case of a Z_3 orbifold. Following these steps for other non-commuting elements, it can be shown that they can be ignored, too.

The twisted left movers

The condition for massless left movers (eqn.(2.101)) m^2_L 4 = 1 2 (p − V )^2 + Ñ − 2 3 = 0 , (3.33)

or equivalently (p − V )^2 = 4 3 − 2Ñ , (3.34)

can only be fulfilled for Ñ = 0,^1_3 . The equation with Ñ =^2_3 cannot be solved for any p. According to the method described in the appendix (B.3), we will now solve the massequations for these two cases.

Case Ñ = 0. We have to solve the mass-equation

(p − V )^2 = 4 3 (3.35)

with V =

(_1 3 ,^1_3 , −^2_3 , 0^5 ) (0^8). First, we have to compute the bounds p_{up} and p_{low}. They are the edges of a 16 dimensional box in the E_8 × E^′_8 lattice, in which the solutions p of the mass-equation can be found, ( p^1 − 1 3 )_2

≤^4_3 + ( p^2 − 1 3 )_2

≤^4_3 + ( p^3 + 2 3 )_2

≤^4_3 + 16∑ I=4 ( p^I

)_2

≤^4_3 = 4 3 . (3.36)

Exemplarily, we compute the first component of the bounds (see eqn. (B.38))

p^1_{up} = ⌊

√_4 3 +^1_3 ⌋ ≈ ⌊1.49⌋ = 1.0 p^1_{low} = ⌈−

√_4 3 +^1_3 ⌉ ≈ ⌈−0.82⌉ = −0.5 .

Thus the bounds for the solutions of the mass-equation are given by

p_{up} = ( 1, 1, 0, 1^5 ) ( 1^8 ) (3.37)

p_{low} = ( − 1 2 , − 1 2 , − 3 2 , (−1)^5 ) ( −1^8 ) . (3.38)

Tab. (3.3) shows how all solutions can be obtained systematically by an iterative procedure. 27 weights of the E_8 × E^′_8 lattice solve the mass-equation (3.35). They correspond to 27 left movers |p − V ⟩_L . (3.39)

Like in the right movers case, we determine the transformation properties of these left movers with respect to the constructing element g = (v, 0; V, 0),

|p − V ⟩_L^g→ e^{2πi(p−V )·V} |p − V ⟩_L , (3.40)

where all 27 weights transform as ζ^0 = e^{2πi(p−V )·V} = 1. Thus, the following states are invariant under the orbifolding

|0,^1_3 ,^1_3 ,^1_3 ⟩_R

|^1_2 , −^1_6 , −^1_6 , −^1_6 ⟩_R } ⊗ |p − V ⟩_L . (3.41)

The states with R right movers are right-chiral fermions, thus we count them as antiparticles. The corresponding left-chiral particles arise in the k = 2 twisted sector.

Next, we determine the transformation under the E_6 × SU(3) × E^′_8 gauge group. Therefore, we need the simple roots we have identified in the untwisted sector. Thus we can convert the weights p_{sh} = p − V into Dynkin labels with respect to each part of the gauge group. p_{sh, DL(E6)} = (α_1 · p_{sh}, . . . , α_6 · p_{sh}) (3.42) p_{sh, DL(SU(3))} = (α_7 · p_{sh}, α_8 · p_{sh}) = (0, 0) (3.43) p_{sh, DL(E}′_{8)} = (α_9 · p_{sh}, . . . , α_{16} · p_{sh}) = ( 0^8 ) (3.44) The Dynkin labels with respect to the SU(3) and E^′_8 gauge groups are trivial: (0, 0) and (0^8), respectively. Hence, these states are singlets under the corresponding gauge groups. But with respect to E_6 the Dynkin labels are non-trivial. They are listed in tab. (3.4). Comparing them to ref. [17] yields the result that the 27 states form the representation (27, 1, 1)_R (3.45) under the gauge group.

p^1 p^2 m(2) p^3 m(3) p^4 . . . p^8 m(8) p^9 . . . p^{16} m(16) # −^1_2 half-int. −^1_2^{25}_{18} †

· · · +^1_2^{13}_{18} −^3_2^{17}_{12} † · · · −^1_2^3_4 ( ±^1_2

)_5 2† 0 int. 0^2_9 −1^1_3 ±1, 0^{4 4}_3 0^{8 4}_3 10 · · · 0^2_3 . . . . . . † · · · 1^5_9 −1^2_3 . . . . . . † · · · 0 1 ±1, 0^4 2† +^1_2 half-int. −^1_2^{13}_{18} −^3_2^{17}_{12} † · · · −^1_2^3_4 ( ±^1_2

)_5 2† · · · +^1_2^1_{18} −^3_2^3_4 ( ±^1_2

)_5 2† · · · −^1_2^1_{12} ( ±^1_2

)_{5 4} 3 0^{8 4}_3 16 1 int. 0^5_9 −1^2_3 . . . . . . † · · · 0 1 ±1, 0^4 2† · · · 1^8_9 −1 1 ±1, 0^4 2† · · · 0^4_3 0^{5 4}_3 0^{8 4}_3 1 Table 3.3: If the result of m(J) =

∑_J

I=1(p^I − V^I )^2 is greater than^4_3 , this p is apparently no solution of the twisted mass-equation (denoted by †). Thus, we have to change p^J or a previous p^K (with K < J). This depends on the bound p_{up}. The dots · · · in the first columns denote that the previous components p^I are equal to the ones of the previous line.

p = (p_1)(0^8) p_{sh} = p − V p_{sh, DL(E6)}

(0, 0, −1, −1, 0, 0, 0, 0) ( −^1_3 , −^1_3 , −^1_3 , −1, 0, 0, 0, 0 ) (0, 1, −1, 0, 0, 1)

(0, 0, −1, 0, −1, 0, 0, 0) ( −^1_3 , −^1_3 , −^1_3 , 0, −1, 0, 0, 0 ) (1, −1, 0, 0, 0, 1)

(0, 0, −1, 0, 0, −1, 0, 0) ( −^1_3 , −^1_3 , −^1_3 , 0, 0, −1, 0, 0 ) (1, 0, 0, −1, 1, 0)

(0, 0, −1, 0, 0, 0, −1, 0) ( −^1_3 , −^1_3 , −^1_3 , 0, 0, 0, −1, 0 ) (1, 0, −1, 1, 0, 0)

(0, 0, −1, 0, 0, 0, 0, −1) ( −^1_3 , −^1_3 , −^1_3 , 0, 0, 0, 0, −1 ) (0, 0, −1, 0, 1, 1)

(0, 0, −1, 0, 0, 0, 0, 1) ( −^1_3 , −^1_3 , −^1_3 , 0, 0, 0, 0, 1 ) (1, 0, 0, 0, −1, 0)

(0, 0, −1, 0, 0, 0, 1, 0) ( −^1_3 , −^1_3 , −^1_3 , 0, 0, 0, 1, 0 ) (0, 0, 0, −1, 0, 1)

(0, 0, −1, 0, 0, 1, 0, 0) ( −^1_3 , −^1_3 , −^1_3 , 0, 0, 1, 0, 0 ) (0, 0, −1, 1, −1, 1)

(0, 0, −1, 0, 1, 0, 0, 0) ( −^1_3 , −^1_3 , −^1_3 , 0, 1, 0, 0, 0 ) (0, 1, −1, 0, 0, 0)

(0, 0, −1, 1, 0, 0, 0, 0) ( −^1_3 , −^1_3 , −^1_3 , 1, 0, 0, 0, 0 ) (1, −1, 0, 0, 0, 0) (_1 2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ) (0, 0, 0, 0, 1, 0) (_1 2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ) (0, 0, 1, −1, 0, 0) (_1 2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ) (0, 0, 0, 1, −1, 0) (_1 2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ) (−1, 0, 0, 0, 0, 1) (_1 2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ) (0, 1, 0, 0, 0, −1) (_1 2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ) (−1, 1, 0, −1, 1, 0) (_1 2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ) (−1, 1, −1, 1, 0, 0) (_1 2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ) (−1, 1, 0, 0, −1, 0) (_1 2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ) (1, −1, 1, 0, 0, −1) (_1 2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ) (0, −1, 1, −1, 1, 0) (_1 2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ) (0, −1, 0, 1, 0, 0) (_1 2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ) (0, −1, 1, 0, −1, 0) (_1 2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ) (0, 0, 0, 0, 1, −1) (_1 2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ) (0, 0, 1, −1, 0, −1) (_1 2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ) (0, 0, 0, 1, −1, −1) (_1 2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2

) (_1 6 ,^1_6 ,^1_6 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ) (−1, 0, 0, 0, 0, 0)

(1, 1, 0, 0, 0, 0, 0, 0)

(_2 3 ,^2_3 ,^2_3 , 0, 0, 0, 0, 0 ) (−1, 0, 1, 0, 0, −1)

Table 3.4: The 27 roots which fulfill the mass-equation. In the first column they are unshifted

and in the second they are shifted by V . In the last column the shifted roots are written in

Dynkin Labels w.r.t. the E_6. (0, 0, 0, 0, 1, 0) is the highest weight of the 27.

Case Ñ =^1_3 . Due to the moded oscillator the resulting states are of the form

|0,^1_3 ,^1_3 ,^1_3 ⟩_R

|^1_2 , −^1_6 , −^1_6 , −^1_6 ⟩_R } ⊗ α̃^a_− 1_3 |p − V ⟩_L (3.46)

where the vector p of the E_8 × E^′_8 lattice is a solution of the equation

(p − V )^2 = 2 3 (3.47)

for massless left movers. The bounds for the solutions of this mass-equation are given by

p_{up} = ( 1, 1, 1, ( 1 2 )_5) (( 1 2 )_8) (3.48)

p_{low} = ( 0, 0, 0, ( − 1 2 )_5) (( − 1 2 )_8) (3.49)

and the weights together with the Dynkin labels are listed in tab. (3.5). The weights transform as ζ = e^{2πipsh·V} = e^{2πi/3} (3.50) under the action of the constructing element g. It follows that the S ⊗ G invariant states with Ñ =^1_3 are

|q + v⟩_R ⊗ α̃^ā_− 1_3 |p − V ⟩_L^g→ ζ ζ^2 =1 |q + v⟩_R ⊗ α̃^ā_− 1_3 |p − V ⟩_L (3.51)

for ā = ¯1, ¯2, ¯3 (complex index). The moded oscillators α̃^ā_{−1/3} of the left mover corresponds to the 3 of SU(3), therefore they transform with ζ^2 (see eqn. (2.106) with m = 0, and η^a = 1/3 in all three complex planes a = 1, 2, 3). The invariant states form the following representation under the unbroken gauge group

3(1, 3, 1)_R (3.52)

where the factor 3 comes from the three (complex) moded oscillators of the left movers.

p = (p_1)(0^8) p_{sh} = p − V p_{sh, DL(SU(3))} p_{sh} · V

(0^8) ( −^1_3 , −^1_3 ,^2_3 , 0^5 ) (0, 1) −^2_3 (1, 0, −1, 0^5)

(_2 3 , −^1_3 , −^1_3 , 0^5 ) (1, −1)^1_3 (0, 1, −1, 0^5) ( −^1_3 ,^2_3 , −^1_3 , 0^5 ) (−1, 0)^1_3 Table 3.5: The left movers in the k = 1 twisted sector for Ñ =^1_3 . The highest weight is (0, 1). It corresponds to the representation 3 of SU(3).

The Spectrum of the first twisted sector Taking the multiplicity of 27 fixed points into account, the spectrum of the k = 1 twisted sector reads: 27 (27, 1, 1)_R (3.53) 81 (1, 3, 1)_R (3.54) Since these states are all right-chiral, they are counted as antiparticles. The corresponding particles can be found in the k = 2 twisted sector, which is not discussed here in detail.

3.2.3 The Spectrum

To summarize, the standard embedding of the Z_3 orbifold has N = 1 susy in four dimensions with the gauge group E_6 × SU(3) × E^′_8 (3.55)

and the following matter representations: sector matter content in the untwisted sector: 3 (27, 3, 1)_L 3 (27, 3, 1)_R in the k = 1 twisted sector: 27 (27, 1, 1)_R 81 (1, 3, 1)_R in the k = 2 twisted sector: 27 (27, 1, 1)_L 81 (1, 3, 1)_L A chiral supermultiplet consists of a left-handed particle and its right-handed antiparticle.

3.2.4 Heterotic Brane Picture

Since the states of the untwisted sector are not attached to a fixed point, they are in addition to our four-dimensional space free to move in the six compact dimensions of the orbifold. Following the notation of [18], they can be seen as bulk fields.

The states of the twisted sectors are localized at fixed points. Since the fixed points of the Z_3 orbifold are zero-dimensional objects, the states of the twisted sectors are completely fixed in the six compact dimensions. Of course, these states can propagate freely in (3+1)- dimensional Minkowski space, now called 3-branes. Thus each fixed point in the compact dimensions corresponds to a 3-brane from the ten-dimensional point-of-view. It is easy to see that all 3-branes are parallel. The situation is illustrated in fig. (3.5).

Note that a state on such a 3-brane is only fixed with respect to its centre-of-mass. So it is still possible that strings of different branes interact. The interaction strength depends on the overlap of the states of different branes. Therefore, it decreases with the distance of the branes.

ten-dim. bulk

3-brane of (ϑ, 0)

3-brane of (ϑ, e_1)

3-brane of (ϑ, e_1 + e_2) . . Figure 3.5: Brane picture for the Z_3 orbifold: 27 parallel 3-branes in the ten-dimensional bulk. Each 3-brane corresponds to a fixed point and thus to a constructing element of the space group. Their distances in the six extra dimensions are approximately of order M^{−1}_{Planck} and correspond to the compactification radii.

3.3 Wilson Lines

Since the standard embedding leads to a spectrum with 36 generations of E_6, Wilson lines are needed to break the gauge group and to reduce the number of generations. Some examples can be found in [9, 19, 20, 21, 22]. However, we restrict ourselves to the following consideration about Wilson lines in Z_3 orbifolds.

In general, a torus shift e^a_i (in the complex plane that corresponds to a = 1, 2, 3) is embedded as a Wilson line A^a_i . Thus, six Wilson lines are possible. However, some torus-shifts are identified on the Z_3 orbifold. For example the torus-shifts in the first complex plane e^1 and e^1_2 correspond to the same direction on the Z_3 orbifold,

e^1_2 = ϑe^1 ⇒ e^1_2 ≃ e^1 . (3.56)

Compare to fig. (3.6). Therefore, the corresponding Wilson lines must be equal and only three Wilson lines can be chosen independently, A^1 = A^1_2 (3.57) A^2_1 = A^2 (3.58) A^3_1 = A^3_2 . (3.59)

e^1 e^2_1 e^3_1 e^1_2 ≃ e^1 e^2 ≃ e^2_1 e^3_2 ≃ e^3_1

Figure 3.6: For the Z_3 orbifold only three of six Wilson lines are independent.

Chapter 4

Z2 × Z2 Orbifold

In this chapter we focus on the Z_2 × Z_2 orbifold. We will see that the geometry is more involved than in the Z_3 case, but therefore the structure is richer. The chapter starts with an explanation of the geometry. Afterwards, a model with standard embedding is presented. In order to demonstrate the action of Wilson lines on the spectrum, a model with one Wilson line is analyzed in detail.

4.1 Definition of the Z_2 × Z_2 Orbifold

First, we start with the definition of the point group, and consequently of the space group. To do this, we choose a six-torus. There are many torus-lattices that have a Z_2 × Z_2 symmetry. Here, we choose the following one

T^6 = T^2 × T^2 × T^2 , (4.1)

where we denote the basis of the torus lattice by e_i for i = 1, . . . , 6. Furthermore, we choose these basis vectors to be orthogonal. The action of the point group

Z_2 × Z_2 = {1, ϑ_1, ϑ_2, ϑ_1 ∘ ϑ_2} (4.2)

can be written as rotations in four complex planes. The twist vectors are

1 ⇔ 0v_1 + 0v_2 = ( 0, 0, 0, 0 ) (4.3)

ϑ_1 ⇔ 1v_1 + 0v_2 = ( 0, 1 2 , − 1 2 , 0 ) (4.4)

ϑ_2 ⇔ 0v_1 + 1v_2 = ( 0, 0, 1 2 , − 1 2 ) (4.5)

ϑ_1 ∘ ϑ_2 ⇔ 1v_1 + 1v_2 = ( 0, 1 2 , 0, − 1 2 ) . (4.6)

Obviously, these twists are automorphisms of the six-torus T^2 × T^2 × T^2, thus they are admissible and we define the space group

S = {(kv_1 + lv_2, n_αe_α) | k, l = 0, 1, n_α ∈ Z} . (4.7)

We label the twisted sectors by T_{(k,l)} with k, l = 0, 1. The case k = l = 0 corresponds to the untwisted sector.

The supergravity multiplet

The general discussion is given in sec. (2.7.1). In order to compute the number of supersymmetries, we count the number of gravitini. Since the left mover of the supergravity multiplet is invariant under the orbifold projection, each twist breaks N = 4 to N = 2 in four dimensions, i.e. the two gravitini | | | ± ( 1 2 , + 1 2 , + 1 2 , 1 2 ) ⟩ R ⊗ α̃^μ_{−1}|0⟩_L μ = 1, 2 (4.8) | | | | ± ( 1 2 , − 1 2 , − 1 2 , 1 2 ) ⟩ R ⊗ α̃^μ_{−1}|0⟩_L μ = 1, 2 (4.9)

are invariant under the twist ϑ_1 ⇔ v_1 = (0,^1_2 , −^1_2 , 0). Furthermore, the two gravitini | | | ± ( 1 2 , 1 2 , + 1 2 , + 1 2 ) ⟩ R ⊗ α̃^μ_{−1}|0⟩_L μ = 1, 2 (4.10) | | | | ± ( 1 2 , 1 2 , − 1 2 , − 1 2 ) ⟩ R ⊗ α̃^μ_{−1}|0⟩_L μ = 1, 2 (4.11)

are invariant under the second twist ϑ_2 ⇔ v_2 = (0, 0,^1_2 , −^1_2 ). Consequently, the combination of all twists leaves only one gravitino invariant, | | | ± ( 1 2 , 1 2 , 1 2 , 1 2 ) ⟩ R ⊗ α̃^μ_{−1}|0⟩_L μ = 1, 2 , (4.12)

and therefore four-dimensional N = 1 supersymmetry is unbroken.

4.2. THE GEOMETRY OF THE Z_2 × Z_2 ORBIFOLD 43

4.2 The Geometry of the Z_2 × Z_2 Orbifold

In sec. (2.4.2) we discussed the number of fixed points in the example of a Z_2 orbifold and it turned out that there are 16 fixed tori.

The Z_2 × Z_2 orbifold has three twisted sectors. They correspond to the twist vectors kv_1 + lv_2 with (k = 1 and l = 0), (k = 0 and l = 1), (k = 1 and l = 1), respectively. Each twist is analogous to the one of the Z_2 example (compare to fig. (4.1)). Even so, we cannot say that the fixed points are fixed tori, because at the end, the space group with all its twists is moded out. Thus, there is no torus anymore and we will denote the fixed points by fixed hypersurfaces. Therefore, the Z_2 × Z_2 orbifold has 16 + 16 + 16 = 48 fixed hypersurfaces.

Note that the six orthogonal directions e_α of the six-torus T^6 are inequivalent on the orbifold. Hence we can define six inequivalent non-contractible loops on the orbifold, consequently six Wilson lines A_α. But first we consider the case of no Wilson lines (A_α = 0). The action of one Wilson line is explained in sec. (4.4).

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

Figure 4.1: The Z_2 × Z_2 orbifold has 48 fixed hypersurfaces. Only before moding out the other twists they look like fixed tori. Each row shows the 16 parallel fixed hypersurfaces of the particular twisted sector T_{(k,l)}. Fixed hypersurfaces of different sectors are mutually orthogonal.

4.3 The Standard Embedding

First, we study the standard embedding without non-trivial Wilson lines, i.e. A_α = 0 for α = 1, . . . , 6. The result is in agreement with ref. [8]. The shifts are given by

v_1 ⇔ V_1 = ( 1 2 , − 1 2 , 0^6 ) ( 0^8 ) (4.13)

v_2 ⇔ V_2 = ( 0, 1 2 , − 1 2 , 0^5 ) ( 0^8 ) (4.14)

and they satisfy 2V_i ∈ T_{E8×E}′_8 for i = 1, 2 . (4.15)

Now, the gauge twisting group G and thus the orbifold group S ⊗ G are defined. The orbifold group of the standard embedding trivially fulfills the (strong) modular invariance condition eqn. (2.57), i.e. [ (kV_1 + lV_2)^2 − (kv_1 + lv_2)^2 ] = 0 mod 2 for k, l = 0, 1 . (4.16)

4.3.1 The Untwisted Sector

The general discussion of the untwisted sector of an orbifold is given in sec. (2.7.1). Here we restrict ourselves only to the E_8 × E^′_8 gauge sector. The transformation properties of right and left movers with respect to a general element

h = (kv_1 + lv_2, n_αe_α; kV_1 + lV_2, 0) (4.17)

of the orbifold group are given by

|q⟩_R^h→ e^{2πiq·(kv1+lv2)}|q⟩_R (4.18)

|p⟩_L^h→ e^{2πip·(kV1+lV2)}|p⟩_L . (4.19)

The E_8 ×E^′_8 gauge bosons (and their gaugino partners) of the heterotic string are projected onto S ⊗ G invariant states. Thus, they become gauge bosons of the unbroken gauge group and charged matter. The transformation properties of all right and left movers of the untwisted sector are listed in tab. (C.3) in the appendix. It turns out that the 240 roots of the second E^′_8 are invariant. The other invariant roots of the unbroken gauge group are reproduced from tab. (C.3) and listed here in tab.(4.1).

p = (p_1)(0^8) p · V_1 p · V_2 p · (V_1 + V_2) # ( 0^3, ±1, ±1, 0, 0, 0 ) 0 0 0 40 ( ± (_1 2 ,^1_2 ,^1_2 ) , ( ±^1_2

)_5) 0 0 0 32

Table 4.1: The 72 invariant roots of the unbroken E_6 gauge group.

Next, all simple roots are computed. They are listed in tab. (C.5), and the basis that fixes the semi-ordering is given in tab.(C.4). It turns out that there are only 14 simple roots corresponding to a algebra of rank 14. However, the rank 16 of the unbroken gauge group is not reduced, so we get additional U(1) factors. The Dynkin diagram of the unbroken gauge group reads

α_7 α_8 α_9 α_{10} α_{11} α_{12} α_{13} α_{14} α_6

α_1 α_2 α_3 α_4 α_5

E_6 × E^′_8 . (4.20) The complete gauge group is given by E_6 × U(1)^2 × E^′_8 . (4.21) Furthermore, we have to tensor right and left movers of tab. (C.3) together to form S ⊗ G invariant charged matter states. Then the representations are determined by rewriting the weights in Dynkin labels and by finding the highest weights. Since the untwisted sector has to many matter states, we restrict ourselves to present the results here. However, in the first twisted sector we will follow these steps in greater detail.

The charged matter states in the untwisted sector are

3(27, 1)_L 3(27, 1)_R 3(27, 1)_L 3(27, 1)_R 6(1, 1)_L 6(1, 1)_R .

Notice that no root of the former E_8 gauge group is projected out, 72 gauge bosons

+ 3 × 27 + 3 × 27 + 6 × 1

charged matter

= 240 . (4.22)

This will change in the presence of non-trivial Wilson lines (i.e. A_α ≠ 0).

4.3.2 The Twisted Sectors

The general discussion of the twisted sectors can be found in sec.(2.7.2). The Z_2 × Z_2 orbifold has three twisted sectors. Each sector has 16 fixed hypersurfaces and is labeled by T_{(k,l)} with (k = 1 and l = 0), (k = 0 and l = 1), (k = 1 and l = 1), respectively.

These 16 fixed hypersurfaces correspond to 16 different space group elements. Since there are no Wilson lines, the embeddings of the space group elements of the same twisted sector into the gauge degrees of freedom are identical, S → G (kv_1 + lv_2, n_αe_α) → (kV_1 + lV_2, 0) . (4.23)

Thus, for each twisted sector T_{(k,l)} we only have to solve the mass-equations for the twisted right and left movers once,

m^2_R 4 = 1 2 (q + (kv_1 + lv_2))^2 − 1 4 = 0 (4.24) m^2_L 4 = 1 2 (p − (kV_1 + lV_2))^2 + Ñ − 3 4 = 0 (4.25)

where the shift in the zero point energy δc =^1_4 is the same for all three twisted sectors.

The T_{(1,0)} twisted sector

Here, we restrict ourselves to the main results. However, calculational details are given in the appendix C.2.

Since there are no Wilson lines, the centralizer for all three twisted sectors only imposes projection conditions with respect to ϑ_1 and ϑ_2. Then, invariance with respect to ϑ_1 and ϑ_2 automatically implies invariance with respect to ϑ_1 ∘ ϑ_2.

The twisted right movers are given in tab. (C.8). For the twisted left movers it turns out that there are 56 weights that solve the mass-equation for Ñ = 0. Sorted with respect to their transformation properties, they split into 28 + 28 weights, as listed in the tables (C.6) and (C.7). Tensored together with the right movers, they form the following representations of the gauge group:

1 (27, 1)_L 1 ( 27, 1 ) R 1 (1, 1)_L 1 (1, 1)_R .

Furthermore, the mass-equation for Ñ =^1_2 yields two solutions for the left movers, they are listed in tab. (C.9). The eight invariant states with Ñ =^1_2 are given in tab. (C.11), where we can check their invariance using the transformation properties of the moded oscillators listed in tab. (C.10). It turns out that these states are singlets:

4 (1, 1)_L 4 (1, 1)_R .

To summarize, taking the multiplicity of 16 fixed hypersurface into account, the T_{(1,0)} contains the following S ⊗ G invariant states:

16 (27, 1)_L 16 ( 27, 1 ) R 80 (1, 1)_L 80 (1, 1)_R .

The T_{(0,1)} and T_{(1,1)} twisted sector can be computed analogously, leading to the same spectrum.

4.3.3 CPT Partners

Each twisted sector corresponds to an orbifold T^4/Z^2, which gives N = 2 susy in four dimensions, and the states transform in hypermultiplets. The second twist breaks to N = 1 susy and projects out half of the chiralities, giving half-hypermultiplets. One left-chiral half-hypermultiplet and its CPT partner are combined to give one chiral supermultiplet of N = 1, d = 4 susy.

4.3.4 The Spectrum

To summarize, the standard embedding of the Z_2 × Z_2 orbifold without Wilson lines has N = 1 susy in four dimensions with the gauge group E_6 × U(1)^2 × E^′_8 (4.26)

and the following matter representations in chiral supermultiplets: sector matter content in the untwisted sector: 3 (27, 1) 3 (27, 1) 6 (1, 1) in the T_{(1,0)} twisted sector: 16 (27, 1) 80 (1, 1) in the T_{(0,1)} twisted sector: 16 (27, 1) 80 (1, 1) in the T_{(1,1)} twisted sector: 16 (27, 1) 80 (1, 1) As described in sec. (4.3.3), the CPT partners have been combined to give chiral supermultiplets.

4.3.5 Heterotic Brane Picture

The states of the untwisted sector are free to move in all ten dimensions. Therefore, they are called bulk states. Since the states of the twisted sectors are localized on fixed hyperplanes, they can only propagate in a six-dimensional space. Consequently, the states of the twisted states can be seen as living on 5-branes. For every twisted sector the 16 fixed hyperplanes lie parallel in ten-dimensional space, thus the 16 5-branes of one sector are parallel. Furthermore, 5-branes of different sectors are orthogonal. The brane picture is depicted in fig. (4.2).

16 5-branes from T_{(1,1)}

16 5-branes from T_{(1,0)}

ten-dim. bulk

16 5-branes from T_{(0,1)}

Figure 4.2: Brane picture for the Z_2 × Z_2 orbifold: for each twisted sector T_{(k,l)} there are 16 parallel 5-branes in the ten-dimensional bulk. The branes of the three twisted sectors are mutually orthogonal. The distances of parallel branes in the six extra dimensions are approximately of order M^{−1}_{Planck} and correspond to the compactification radii.

4.4 Model with one Wilson Line

In this section, we consider an example with one Wilson line in order to see its effect on the spectrum. Of course, this model can be solved by straightforward calculations. However, the qualitative aspects of Wilson lines are pointed out here.

We take the space group of eqn. (4.7) and choose standard embedding with one Wilson line A_1 = ( 0^7, 1 ) ( 1, 0^7 ) . (4.27)

The Wilson line is of order 2, 2A_1 ∈ T_{E8×E}′_8 . (4.28)

Now, we have to check whether the (strong) modular invariance conditions are fulfilled. In the case of non-trivial Wilson lines, it is easier to consider the following, equivalent version of the (strong) modular invariance condition (eqn. (2.58)),

V^2 − v^2 = 0 mod 2 (4.29) V · A_α = 0 mod 1 (4.30) A_α · A_β = 0 mod 1, α ≠ β (4.31) A^2_α = 0 mod 2 . (4.32)

It can be easily seen that the shifts and the Wilson lines satisfy these conditions.

4.4.1 The Untwisted Sector

The massless states of the untwisted sector are identical to the massless states of the heterotic string, projected onto S ⊗ G invariant states. This projection guarantees that the surviving states are consistent with the geometry of the orbifold.

The transformation of right and left movers under a general element

h = (kv_1 + lv_2, n_αe_α; kV_1 + lV_2, n_1A_1) (4.33)

of the orbifold group is given by (sec. (2.7.1))

|q⟩_R^h→ e^{2πiq·(kv1+lv2)}|q⟩_R (4.34)

|p⟩_L^h→ e^{2πip·(kV1+lv2+n1A1)}|p⟩_L (4.35)

for any combination of k, l = 0, 1 and n_1 = 0, 1. These transformation properties look almost the same as in the case of no Wilson lines in section (4.3.1). Therefore, we can compute the untwisted sector by imposing the condition

p · A_1 = 0 mod 1 (4.36)

on the states of the untwisted sector of sec. (4.3.1). First, we consider the gauge bosons, where we focus on the first part, the E_6. The eighth entry of

A_1 = ( 0^7, 1 ) ( 1, 0^7 ) (4.37)

projects out all spinorial roots of the E_6, leaving 40 roots invariant. The result is presented in tab. (4.2).

p = (p_1)(0^8) p · A_1 #invariant remark ( 0^3, ±1, ±1, 0, 0, 0 ) 0 40 adjoint of SO(10) (_1 2 ,^1_2 ,^1_2 , ( ±^1_2

)_5) ±^1_2 0 16 of SO(10) ( −^1_2 , −^1_2 , −^1_2 , ( ±^1_2

)_5) ±^1_2 0 16 of SO(10)

Table 4.2: From the 72 charged roots of the E_6 gauge bosons only 40 are invariant. Thus the unbroken gauge group is SO(10) (which has 40 charged roots).

Calculating the simple roots, it turns out that the gauge group breaks as follows

E_6 × U(1)^2 × E^′_8

without Wilson lines

=⇒ S0(10) × U(1)^3 × SO(16)^′

one Wilson line A_1=(0^7,1)(1,0^7)

. (4.38)

This can also be seen from the following considerations. The adjoint representation of the E_6 contains the adjoint of SO(10) plus the spinor and the antispinor of SO(10) and an additional U(1), 78 adjoint

of E_6 = 45

adjoint

⊕ 16 ⊕ 16

projected out ⊕ 1 U(1)

of SO(10) . (4.39)

and we see that the spinor is projected out and the remaining symmetry is SO(10). Furthermore, the projection p · A_1 = 0 mod 1 acts on the charged matter states of the untwisted sector of the model without Wilson lines, listed in the table in sec. (4.3.4). This yields

27 of E_6 = 16

projected out

⊕10 ⊕ 1 of SO(10) . (4.40)

So, from the three 27 of E_6 three 10 and three singlets of SO(10) survive the projection with A_1. The 27 decomposes analogously. Additionally the six singlets of E_6 are invariant. Therefore, the invariant charged matter states of the untwisted sector are:

6 (10, 1) (4.41) 12 (1, 1) . (4.42)

4.4.2 The Twisted Sectors

First, we consider the T_{(1,0)} twisted sector. Since we have one non-trivial Wilson line A_1, not all elements of the space group S will be embedded as the same element of the gauge twisting group G (compare to the case of no Wilson line, discussed in sec. (4.3.2)). But we can divide the space group into two classes. The elements of the first class contain the torus shift e_1, the ones of the second class do not. Now, we consider their embeddings into the gauge degrees of freedom,

(v_1, n_αe_α) ∈ S with n_1 = 0 → (V_1, 0) ∈ G (4.43) (v_1, n_αe_α) ∈ S with n_1 = 1 → (V_1, A_1) ∈ G . (4.44)

As usual, we restrict ourselves to space group elements that correspond to fixed points in the six-torus T^6. It turns out that there are eight elements of the first class and eight of the second class. They are illustrated in fig. (4.3).

e_1 e_3

T_{(1,0)} e_2 e_4

n_1 = 0 n_1 = 1

Figure 4.3: The Wilson line in e_1 direction breaks the multiplicity of fixed points that are equivalent with respect to the resulting spectrum as indicated by the dark red boxes.

An element of the gauge twisting group corresponds to a mass-equation for the twisted left movers. We consider the mass-equations for two elements, one of the first and one of the second class, respectively. They read m^2_L 4 = 1 2 (p − V_1)^2 + Ñ − 3 4 (4.45) m^2_L 4 = 1 2 (p − (V_1 + A_1))^2 + Ñ − 3 4 . (4.46)

In general, the resulting states from these mass-equations are different. Here, the second mass-equation is more restrictive than the first one. Thus there are less solutions than in the case of no Wilson lines. The resulting massless spectrum from the eight elements of the space group with n_1 = 1 is

8 (1, 16) (4.47)

compared to the spectrum from the other eight elements with n_1 = 0

8 (16, 1) (4.48) 8 (10, 1) (4.49) 48 (1, 1) , (4.50)

In the T_{(0,1)} twisted sector the centralizer introduces a qualitatively new projection condition. The fixed points of this sector have n_1 = 0. Therefore, the mass-equations and their solutions for the twisted right and left movers are identical to the case of no Wilson line. In sec. (4.3.2) we found out that the resulting massless spectrum contains a 27 of E_6. Now, the gauge group is broken and the 27 roots form the following representations under the unbroken gauge group

27 of E_6 = 16 ⊕ 10 ⊕ 1 of SO(10) . (4.51)

Next, we have to tensor right and left movers together to create S ⊗ G invariant states (compare to sec. (2.8)). But the centralizer Z_g of any constructing element g of the T_{(0,1)} sector contains the element (1, e_1; 0, A_1) ∈ Z_g . (4.52) Therefore, we have to impose the projection condition

p · A_1 = 0 mod 1 , (4.53)

which again projects out the spinor of SO(10), i.e. the 16. Thus the matter content of the T_{(0,1)} twisted sector is

16 (10, 1) (4.54) 96 (1, 1) . (4.55)

Finally, the T_{(1,1)} twisted sector is analogous to the first sector T_{(1,0)} and has the same matter content. The complete spectrum is summarized in the next section.

4.4.3 The Spectrum

To summarize, the standard embedding of the Z_2 × Z_2 orbifold with one Wilson line A_1 = ( 0^7, 1 ) ( 1, 0^7 ) (4.56) has N = 1 susy in four dimensions. The gauge group is S0(10) × U(1)^3 × SO(16)^′ , (4.57) and the matter representations of the massless spectrum are listed in tab. (4.3). The Wilson line A_1 corresponds to the torus-shift e_1. Therefore, the mass-equations of states that have a constructing element containing e_1 change. This is the case in the T_{(1,0)} and in the T_{(1,1)} twisted sectors. There the multiplicity of 16 breaks into 8 + 8, as indicated by the dark red boxes in fig. (4.3).

sector matter content localization in the untwisted sector: 6 (10, 1) bulk 12 (1, 1) in the T_{(1,0)} twisted sector: 8 (16, 1) 8 (10, 1) 48 (1, 1) 8 (1, 16)

in the T_{(0,1)} twisted sector: 16 (10, 1) 96 (1, 1) in the T_{(1,1)} twisted sector: 8 (16, 1) 8 (10, 1) 48 (1, 1) 8 (1, 16)

Table 4.3: Massless spectrum of a Z_2 × Z_2 orbifold with one Wilson line in the direction of e_1, omitting the gauge bosons, the gauginos and the supergravity multiplet. The dark red boxes indicate the multiplicity of the states.

Chapter 5

Z2 × Z2 Toy Model with Three Generations

In this section it is shown that three generation models can be obtained in the framework of Z_2 × Z_2 orbifolds with Wilson lines. One SO(10) toy model [18] is presented in detail. Next, some qualitative features of the toy model are investigated, like the localization of the three generations and of the Higgs bosons, and the connection to 6D field theory orbifolds, using a zoom-in picture.

Further models with three generations and Standard Model or GUT gauge groups are listed in app. (E).

5.1 Definition of the Model

We choose the space group of eqn. (4.7) with standard embedding. Furthermore, we choose the following six Wilson lines

A_1 = ( 0^7, 1 ) ( 1, 0^7 ) (5.1)

A_2 = ( 0^8 ) ( 0, 1, 1 2 4 , 0^2 ) (5.2)

A_3 = ( 0^8 ) ( 0^2, 1 2 , − 1 2 2 , 1 2 , −1, 0 ) (5.3)

A_4 = ( 0^8 ) ( 1, 0^3, 1 2 , − 1 2 , 1 2 2) (5.4)

A_5 = ( 0^8 ) ( 0, 1 2 , −1, 1 2 , − 1 2 , 0, 1 2 , 0 ) (5.5)

A_6 = ( 0^8 ) ( 1, 0^3, 1 2 , − 1 2 , 1 2 2) . (5.6)

From the last section we know that A_1 breaks the gauge group to SO(10) times some hidden sector gauge group. Since the other Wilson lines A_α for α = 2, . . . , 6 only affect the hidden sector gauge group, we see that this model has a SO(10) gauge group. But before we can analyze the model in detail, we have to check that the Wilson lines fulfill the conditions of (strong) modular invariance

V · A_α = 0 mod 1 (5.7) A_α · A_β = 0 mod 1, α ≠ β (5.8) A^2_α = 0 mod 2 . (5.9)

These conditions have been verified using the computer program described in the following.

5.2 Computer-Aided Orbifolding

Having defined a consistent set of Wilson lines and shifts, we can now compute the spectrum of massless states. But due to the existence of these six Wilson lines the degeneracy of the fixed points is completely lifted, i.e. for each constructing element separately we have to solve the mass-equations and project onto the centralizer. Since there are 48 different constructing elements, we see that this calculation is rather long and tedious. Therefore, the rules for orbifold construction have been implemented into a computer program^1. As input parameter for this program one has to specify

• the point group Z_N or Z_N × Z_M

• the twists v or v_1, v_2

• the torus-lattice T^6

• all fixed points (ϑ^k, n_αe_α) or (ϑ^k ∘ ϑ^l, n_αe_α)

• the shifts V or V_1, V_2

• and the Wilson lines A_α.

The program automatically checks the consistency of these input parameters (e.g. the strong modular invariance conditions) and after a short operating time (of about 5 seconds) the program lists the complete massless spectrum. The program has been successfully tested by verifying many orbifold models from literature, e.g. Z_3, Z_2 × Z_2 and Z_6-II.

Using this computer program the following spectrum of the SO(10) toy model has been computed.

1The computer programs have been developed in collaboration with Akın Wingerter.

5.3. THE SPECTRUM 55

sector matter content in the untwisted sector: 6 (10, 1) 12 (1, 1) in the T_{(1,0)} twisted sector: 2 (10, 1) 2 (16, 1) 60 (1, 1) in the T_{(0,1)} twisted sector: 2 (10, 1) 0 (16, 1) 60 (1, 1) in the T_{(1,1)} twisted sector: 1 (10, 1) 1 (16, 1) 54 (1, 1) Table 5.1: Massless spectrum of a Z_2 × Z_2 orbifold with 2 + 0 + 1 = 3 generations of SO(10).

5.3 The Spectrum

The shifts of the standard embedding and the six Wilson lines break the gauge group to SO(10) × U(1)^3 × U(1)^{′8} . (5.10) The spectrum of massless states is given in tab. (5.1). The 16 of SO(10) contains all particles of one Standard model generation plus the right-handed neutrino. We illustrate this by the following decomposition of the 16: SO(10)

SU(5) SM

16

d_L e^+_L u_L ν_L ( ν e^− ) L

10 ⊕ 1 ⊕ 5

( u d ) L

(3, 1) ⊕ (1, 2)

(1, 1)

(3, 2) ⊕ (3, 1) ⊕ (1, 1)

where the intermediate SU(5) breaking is not necessary. Thus, this model has 2 + 0 + 1 = 3 (5.11) generations of an SO(10) GUT theory^2. The notation in eqn. (5.11) indicates the origin of the three generations: Two from the T_{(1,0)} twisted sector, none from T_{(0,1)}, and finally

2This is the first three generation model in the framework of Z_2 × Z_2 orbifolds[18]. This seems to be in apparent contradiction to the results obtained in ref. [23]. This discrepancy can be explained by the fact that in ref. [23] Wilson lines had not been included.

1 × 16

1 × 16

1 × 16 e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

Figure 5.1: Localization of the three generations with SO(10) gauge group. one generation from T_{(1,1)}, as illustrated in fig. (5.1).

The Standard Model Higgs boson is contained in the 10 of SO(10). The decomposition of the 10 to the (1, 2) representation of the Higgs doublet is given by: SO(10) SU(5) SM (3, 1) ⊕ (1, 2) (3, 1) ⊕ (1, 2)

5 ⊕ 5 10

Therefore, this model has eleven candidates for a Standard Model Higgs boson. The additional color-triplets in the decomposition do not correspond to any observed particles.

5.4. ZOOM-IN PICTURE 57

Therefore, these states must either decouple from the observable particle spectrum by getting a large mass, or they have to be projected out (e.g. by a Wilson line). This problem is known as the doublet-triplet splitting problem.

Next, we take a closer look at the localization of the three generations (the 16s) and of the Higgs bosons (the 10s), as listed in tab. (5.2).

sector # of 10s # of 16s untwisted 6 0 (θ_1, 0) 1 1 (θ_1, e_2 + e_3) 1 1 (θ_2, 0) 1 0 (θ_2, e_4 + e_6) 1 0 (θ_3, 0) 1 1 sum 11 3

Table 5.2: Localization of the three generations and of the Higgs bosons.

If a Standard Model particle (contained in the 16) is “closer” to the Higgs boson then their interaction is stronger and thus the particle is heavier. Therefore, the localization of the three generations with respect to the Higgs boson is important for the Yukawa couplings. For a qualitative investigation, we use the following zoom-in picture.

5.4 Zoom-In Picture

In fig. (5.1) the twisted sectors are drawn separately. Next, we merge all three twisted sectors and draw them in one figure (illustrated in fig. (5.2)). For a detailed discussion of

e_1 e_3 e_2 e_4

e_5 e_6

Figure 5.2: All three twisted sector of fig. (5.1) with the three generations of SO(10) drawn in one picture.

the localization we now zoom-in into each torus separately. Doing so in the first torus, we see that all three generations are localized at fixed points. One generation is located at e_2/2 and the other two at the origin. Furthermore, each generation has a 10 living at the same fixed point (compare tab. (5.2)). Additionally, there are eight candidates for a Higgs boson (i.e. 10s) living in the bulk of the first torus. The situation is depicted in fig. (5.3).

e_1 e_2

Figure 5.3: First torus.

Next, we zoom into the second torus. From this point of view, two generations are fixed (one at the origin and the other at e_1/2) and the third is free to move in the bulk, compare fig. (5.4). The Higgs bosons are localized as follows: two at the origin, one at the point e_3/2, one at e_4/2 and seven in the bulk.

e_3 e_4

Figure 5.4: Second torus.

Finally, we zoom into the third torus. Here, one generation is localized at the origin and two live in the bulk (fig. (5.5)). Furthermore, there are two 10s at the origin, one at e_6/2 and eight candidates for a Higgs boson live in the bulk.

e_5 e_6

Figure 5.5: Third torus.

5.5. 6D INTERMEDIATE PICTURE 59

5.5 6d Intermediate Picture

In this section we extend the zoom-in picture from the last section to the gauge group. As an example we use the SO(10) toy model. Therefore, we first have to specify how the zooming works. We will see that the gauge group will be larger in the 6D picture. Furthermore, it is shown that the 6D gauge group breaks at the fixed point.

In order to get the six-dimensional intermediate picture, we start with a T^6/Z_2 orbifold. We choose the Z_2 twist vector to be

v_2 = ( 0, 0, 1 2 , − 1 2 ) . (5.12)

This twist rotates in the second and third torus, and leaves the first one untouched, as illustrated in fig. (5.6). e_6

e_5 e_3 e_4

Figure 5.6: The twist vector v_2 rotates only in the second and third torus.

Furthermore, we choose the standard embedding of this twist, i.e.

V_2 = ( 0, 1 2 , − 1 2 , 0^5 ) ( 0^8 ) (5.13)

and we switch on the four Wilson lines that correspond to the second and third torus (i.e. A_3 - A_6) from the SO(10) toy model (listed in sec. (5.1)).

This yields a six-dimensional model with the gauge group

E_7 × SU(2) (5.14)

times a hidden sector gauge group, which we omit in this discussion.

Next, we shrink the size of the second and third torus, thus the first torus is much larger than the other ones. The gauge bosons and the matter content from the 16 fixed points are free to move in the first torus, they are bulk fields there.

Additionally, we put the three generations of the SO(10) toy model to the points, where they were before (compare to fig. (5.3)). The situation is depicted in fig. (5.7). This setup e_2

e_1

E_7 × SU(2)

Figure 5.7: The starting point for the 6D intermediate picture: Two extra dimensions are much bigger than the other four. The gauge bosons are living in the bulk of the first torus and the three generations of the SO(10) toy model are put into the first torus by hand.

can be compared with the starting point for a 6D field theory orbifold GUT [24], derived from a heterotic orbifold.

If we now want to go to four dimensions, we have to perform the second twist, i.e. in this case

v_1 = ( 0, 1 2 , − 1 2 , 0 ) . (5.15)

Consequently, also the shift V_1 and the Wilson lines A_1 and A_2 act. In the field theory language their action corresponds to parities, which must be assigned by hand. Here they can be derived.

From the last section, we know that due to the second shift and the Wilson lines the gauge group breaks to SO(10). However, here we want to analyze the local physics at the fixed points [25], i.e. the local action of the shift V_1 and the two Wilson lines. In the following table, it is listed which local shift acts at each fixed point on the gauge group:

fixed point local shift origin V_1 e_1/2 V_1 + A_1 e_2/2 V_1 + A_2 (e_1 + e_2)/2 V_1 + A_1 + A_2

Unfortunately, the local shifts break at all four fixed points the gauge symmetry form E_7 × SU(2) to E_6 × U(1)^2, as illustrated in fig. (5.8). However, an E_6 from the left-hand side is different to one of the right-hand side, i.e. they lie differently in the E_7 root lattice. The intersection of these E_6’s gives the SO(10) gauge group.

As shown in fig. (5.8) the three generations (i.e. the three 16 of SO(10)) live at fixed points where a larger gauge group is realized. Therefore, they have to be in complete

5.6. CONCLUSIONS 61

e_2

e_1

E_6

E_6

E_7 × SU(2)

E_6

E_6

Figure 5.8: 6D intermediate picture with the gauge groups in the bulk and at the fixed points and the three generations.

representations of E_6, i.e. 16 ⊕ 10 ⊕ 1

of 4D SO(10) = 27 of 6D E_6

(5.16)

In this manner, it is possible that a GUT is realized at high energies, when the extra dimensions are resolved. From a phenomenological point of view a Standard Model gauge group in four dimensions with a SO(10) realized in a higher dimension would be of interest.

5.6 Conclusions

One main result of my thesis is the construction of several models with three generations in the context of the Z_2 × Z_2 orbifold. The question whether or not it is possible to construct three generation models in this context could be clarified.

Special emphasis is given on the geometrical interpretation of the results. Keeping the geometry in mind, improves our understanding of many properties of the four-dimensional spectrum and is helpful for constructing realistic models. A very appealing feature is that the grand unified group may be present in the extra dimensions, whose fingerprints may be observable in our space-time.

Wilson lines have proven to be an efficient tool for controlling the number of generations and, at the same time, allowing for a further breakdown of the gauge symmetry. The qualitative features of general Z_N ×Z_M models have been studied using a specific example, suggesting that the exploration of this class of models may be promising.

62 CHAPTER 5. Z_2 × Z_2 TOY MODEL WITH THREE GENERATIONS

Appendix A

Some Aspects of Group Theory

A.1 The Exceptional Group E_8

Some important facts about the E_8 are:

• dim(adj(E_8)) = 248

• rank(E_8) = 8

Therefore, the E_8 is generated by eight Cartan generators H_i and 240 raising and lowering operators E_{±α}, where the α’s denote the roots. The roots are given by ( ±1, ±1, 0^6 ) (and all permutations) (A.1) (( ±^1_2

)_8) (even # of plus signs). (A.2)

Furthermore, the E_8 root lattice

T_{E8} = {( n_1, . . . , n_8 ) , ( n_1 + 1 2 , . . . , n_8 + 1 2 ) | | ni ∈ Z, ∑ n_i even } (A.3)

is even and self-dual. Consequently, the E_8 × E_8 root lattice is also even and self-dual.

After one has found the (basis dependent) simple roots, denoted by α_i for i = 1, . . . , 8, one can compute the (basis independent) Cartan matrix

A_{ij} =

2(α_i, α_j ) (α_i, α_i)

⇒ A =

2 −1 0 0 0 0 0 0 −1 2 −1 0 0 0 0 0 0 −1 2 −1 0 0 0 −1 0 0 −1 2 −1 0 0 0 0 0 0 −1 2 −1 0 0 0 0 0 0 −1 2 −1 0 0 0 0 0 0 −1 2 0 0 0 −1 0 0 0 0 2

. (A.4)

Finally, the Dynkin diagram is given by:

α_2 α_3 α_4 α_5 α_6 α_7 α_1 α_8

A.2. THE VECTOR OF SO(6) 65

A.2 The Vector of SO(6)

The vector X ∈ R^6 transforms under a rotation ϑ ∈ SO(6) as:

X^ϑ→ ϑX . (A.5)

Therefore, the vector X forms a six-dimensional representation under the SO(6), denoted by 6. Since SO(6) is locally isomorphic to SU(3), the question arises how the 6 transforms under the SU(3).

Therefore, we consider a SU(3) matrix U in its general form:

U = a_{11} a_{12} a_{13} a_{21} a_{22} a_{23} a_{31} a_{32} a_{33}

(A.6)

with complex entries a_{ij} = Re a_{ij} + i Im a_{ij} . This matrix can be embedded into SO(6) by the following replacement:

i =⇒ ( 0 −1 1 0 ) (A.7)

with the property

i^2 = −1 =⇒ ( 0 −1 1 0 )_2

= −1 . (A.8)

Therefore, the unitary 3 × 3 matrix becomes an orthogonal 6 × 6 matrix.

Now we are going to show that the vector of SO(6) decomposes into 3 ⊕ 3 of SU(3). We restrict ourselves to the simple case where ϑ ∈ SO(6) is of block diagonal form. Its action on a vector is given by:

X^ϑ→ ϑX = cos θ − sin θ 0 sin θ cos θ cos θ − sin θ sin θ cos θ cos θ − sin θ 0 sin θ cos θ

X^1 X^2 X^3 X^4 X^5 X^6

(A.9)

where θ = 2πη. Hence, the rotation ϑ acts in three orthogonal planes separately. Using the embedding of SU(3) into SO(6) stated in eqn. (A.7) we can rewrite ϑ as a unitary matrix U. Now, X transforms under ϑ as a 3:

X^ϑ→ UX = e^{iθ} 0

e^{iθ} 0 e^{iθ}

X^1 + iX^2 X^3 + iX^4 X^5 + iX^6

(A.10) and X^∗ transforms under ϑ as a 3:

X^{∗ ϑ}→ U^∗X^∗ = e^{−iθ} 0 e^{−iθ} 0 e^{−iθ}

X^1 − iX^2 X^3 − iX^3 X^5 − iX^6

(A.11)

Therefore, the 6 of SO(6) decomposes into 3 ⊕ 3 of SU(3).

Appendix B

Explicit Calculations

B.1 The Mode Expansion for the Untwisted Sector

In this section we are looking for the general solution of the equation of motion, ( ∂^2 ∂τ^2 − ∂^2 ∂σ^2 ) X^i(τ, σ) = 0 i = 1, . . . , 8 , (B.1)

in the untwisted sector, i.e. we have to solve this differential equation. Additionally, the solution must satisfy the boundary condition

X^i(τ, σ + 2π) = X^i(τ, σ) . (B.2)

The general solution is given by a mode expansion

X^i(τ, σ) = x^i + p^iτ + i 2 ∑ n≠0 ( α^i_n n e^{−in(τ −σ)} + α̃^i_n n e^{−in(τ +σ)} ) (B.3)

which can be split into right and left moving parts,

X^i(τ, σ) = X^i_R(τ − σ) + X^i_L(τ + σ) (B.4)

X^i_R(τ − σ) = 1 2 x^i + 1 2 p^i(τ − σ) + i 2 ∑ n≠0

α^i_n n e^{−in(τ −σ)} (right mover) (B.5)

X^i_L(τ + σ) = 1 2 x^i + 1 2 p^i(τ + σ) + i 2 ∑ n≠0

α̃^i_n n e^{−in(τ +σ)} (left mover) (B.6)

The operator X^i must be hermitian, i.e. ( X^i(τ, σ)

)_† = X^i(τ, σ) . (B.7)

Therefore, the conditions

(α^i_n)^† = α^i_{−n} and (α̃^i_n)^† = α̃^i_{−n} (B.8) follow, and the oscillators α^i_n and α̃^i_n are complex. In the following we focus on the right mover and we decompose the right moving oscillator

α^i_n = a^i_n − i b^i_n (B.9)

with a^i_n, b^i_n ∈ R for i = 1, . . . , 6. From eqn. (B.8) we deduce

α^i_{−n} = a^i_n + i b^i_n . (B.10)

Using eqns. (B.9) and (B.10) we rewrite the mode expansion of eqn. (B.5)

X^i_R(τ − σ) = 1 2 x^i + 1 2 p^i(τ − σ) + ∑ n>0 1 n [ a^i_n sin (n(τ − σ)) + b^i_n cos (n(τ − σ)) ] . (B.11)

We will use the real form of the mode expansion when we derive the twisted mode expansion in sec. (B.2).

B.2 The Mode Expansion for the Twisted Sector

In analogy to the untwisted case of eqn. (B.11) we take the ansatz

X^i(τ, σ) = x^i + p^iτ + ∑ n>0 1 n [ a^i_n sin (n(τ − σ)) + b^i_n cos (n(τ − σ))

right mover

+ c̃^i_n sin (n(τ + σ)) + d̃^i_n cos (n(τ + σ))

left mover ] , (B.12)

with α̃^i_n = c̃^i_n − i d̃^i_n for i = 1, . . . , 6. Furthermore, we have to impose the twisted boundary condition X^i(τ, σ + 2π) = ( ϑ^kX(τ, σ)

)_i + n_αe^i_α . (B.13) First we take ϑ^k ∈ SO(6), where k denotes the twisted sector. Later we will specialize to ϑ^k ∈ SU(3). Restricted to the right movers, the twisted boundary condition yields the following:

• The momentum p^i must fulfill (ϑ^kp)^i = p^i (B.14) for i = 1, . . . , 6. Hence, components of the momentum p^i in which the twist ϑ^k acts non-trivially must vanish p^i = 0 . (B.15)

• The centre-of-mass is fixed, i.e. x^i = X^i_f and coincides with a fixed point

(ϑ^kX_f )^i + n_αe^i_α = X^i_f . (B.16)

B.2. THE MODE EXPANSION FOR THE TWISTED SECTOR 69 • The real oscillators a^i_n and b^i_n are no longer independent ϑ^ka_n = a_n cos(2πn) + b_n sin(2πn) (B.17) ϑ^kb_n = b_n cos(2πn) − a_n sin(2πn) (B.18) From eqn. (B.17) it follows that if n ∈ Z, then ϑ must be the identity. However, if we restrict ourselves to ϑ ∈ SU(3) (compare to app. (A.2)), the twist ϑ is of block diagonal form ϑ^k = ϑ^k_1 0

ϑ^k_2 0 ϑ^k_3

, (B.19)

for the k-th twisted sector. The 2 × 2 matrices ϑ_a for a = 1, 2, 3 are given by ϑ^k_a = ( cos(2πη^a) − sin(2πη^a) sin(2πη^a) cos(2πη^a) ) (B.20) and the three rotation angles η^a correspond to the twist vector v η^a = kv^a mod 1 so that 0 ≤ η^a < 1 . (B.21) By choosing the twist ϑ block diagonal, we restrict ourselves to the case of the six-torus T^6 = T^2 × T^2 × T^2 (B.22) and the twist ϑ_a acts in each two-torus separately. As an example we solve the equations (B.17) and (B.18) in the first complex plane (a = 1) a^1_n cos(2πη^1) − a^2_n sin(2πη^2) = a^1_n cos(2πn) + b^1_n sin(2πn) (B.23) a^1_n sin(2πη^1) + a^2_n cos(2πη^2) = a^2_n cos(2πn) + b^2_n sin(2πn) (B.24) and b^1_n cos(2πη^1) − b^2_n sin(2πη^2) = b^1_n cos(2πn) − a^1_n sin(2πn) (B.25) b^1_n sin(2πη^1) + b^2_n cos(2πη^2) = b^2_n cos(2πn) − a^2_n sin(2πn) . (B.26) It follows that the oscillators must fulfill −a^2_n = b^1_n (B.27) a^1_n = b^2_n . (B.28) Furthermore n must be fractional n = m + η^1 m ∈ Z . (B.29)

Therefore, the twisted mode expansion of eqn. (B.12) for the first two components reads ( X^1 X^2 ) (τ, σ) = ( X^1_f X^2_f ) + ∑ m=0 1 m + η^1

× (B.30) [( a^1_{m+η1} a^2_{m+η1} ) sin ( (m + η^1)(τ − σ) ) + ( −a^2_{m+η1} a^1_{m+η1} ) cos ( (m + η^1)(τ − σ) ) ] , where we have omitted the left mover. We define complex coordinates and complex oscillators

Z^a := X^{(2a−1)} + i X^{(2a)} (B.31) α^a_{m+η}a := 2 ( a^{(2a−1)}

m+η^a + i a

(2a) m+η^a ) , (B.32)

for a = 1, 2, 3. The factor of 2 for the oscillators is convention. Rewriting the twisted mode expansion of eqn. (B.30) yields

Z^a(τ, σ) = Z^a_f + i 2 ∑ m=0 α^a_{m+η}a m + η^a e^{−i(m+ηa)(τ −σ)} + left mover. (B.33)

Furthermore, it turns out that the (left moving) oscillators transform under the twist ϑ^k as follows

α̃^a_{m−η}a^{ϑk}→ e^{2πiηa} α̃^a_{m−η}a transform as 3 (B.34)

α̃^ā_{m−η}a^{ϑk}→ e^{−2πiηa} α̃^ā_{m−η}a transform as 3 . (B.35)

This can also be seen in app. (A.2). There, it is shown that the vector of SO(6) decomposes into 3 ⊕ 3 of SU(3).

Here, the real oscillator a^i_{m+η}a transforms as a vector of SO(6). By restricting the twist ϑ to be an element of SU(3), the vector decomposes into 3 ⊕ 3.

B.3. HOW TO SOLVE THE MASS-EQUATION 71

B.3 How to Solve the Mass-Equation

Finding all E_8 × E^′_8 lattice vectors p that solve the mass-equation (2.101) is quite a difficult challenge, therefore one way to solve this problem is presented in detail.

• Write down the mass-equation (2.101),

(p − V )^2 = e , (B.36)

using the shorthand V for kV + n_αA_α and e := 2(1 − δc − Ñ). The left hand side of this equation is positive, therefore e must be positive. This restricts the values of Ñ.

• Derive bounds for the components of p.

Denote the bounds by p_{up} and p_{low} for upper and lower bound, respectively. The components of the bounds are either half integral or integral. They do not have to be E_8 × E^′_8 lattice vectors, because they only specify a 16 dimensional box in the E_8 × E^′_8 lattice in which the solutions of the mass-equation can be found. The bounds are given by

(p^1 − V^1)^2 ≤e + (p^2 − V^2)^2 ≤e + (p^3 − V^3)^2 ≤e + . . . + (p^{16} − V^{16})^2 ≤e = e . (B.37)

Hence the bounds can be computed,

p^I_{up} = ⌊ √ e + V^I ⌋ p^I_{low} = ⌈− √ e + V^I ⌉ , (B.38)

where the floor- and ceil-brackets shall be defined slightly different here. The return value of the floor-brackets ⌊argument⌋ is an integer or a half integer equal to the greatest integer or half integer less than or equal to the argument. The return value of the ceilbrackets ⌈argument⌉ is an integer or half integer equal to the smallest integer or half integer greater than or equal to the argument. We give examples:

⌊1.49⌋ = 1.0 ⌈−0.82⌉ = −0.5 .

• Finally, the components of the solutions p of the mass-equation (B.36) are computed by the following method.

The idea is to run through all possible values between p^I_{low} and p^I_{up} for all components p^I iteratively. Every time we choose a new component p^I , we have to make sure that some restrictions are fulfilled. If one of the restrictions fails, we can skip this “solution”.

The first restriction is: By fixing the first (or the ninth) component of p to be integer or half-integer, the first eight (or the second eight) components of p are fixed to belong to the integer lattice or to the half-integer lattice, respectively. Hence, if in addition the sum over both, the first eight and the second eight components is even, this p is a

E_8 × E^′_8 lattice vector.

The second restriction is: Every time we choose a component p^J , the contribution to the mass can be computed up to the J-th component by the equation

m(J) = J∑ I=1 (p^I − V^I )^2 . (B.39)

If the mass is greater than e, we can skip this “solution”. If it is less than e, we continue with the next component.

An explicit example for this method is given in sec. (3.2.2) for the twisted sector of the Z_3 orbifold.

Appendix C Tables

C.1 Details of the Z_3 Orbifold

p = (p_1) (0^8) p = (0^8) (p_2) (−1, 0, 1, 0, 0, 0, 0, 0) (−1, −1, 0, 0, 0, 0, 0, 0) (−1, 1, 0, 0, 0, 0, 0, 0) (−1, 1, 0, 0, 0, 0, 0, 0) (−^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ) (−1, 0, −1, 0, 0, 0, 0, 0) (−^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ) (−1, 0, 0, −1, 0, 0, 0, 0) (0, 0, 0, 0, 0, −1, 0, 1) (−1, 0, 0, 0, −1, 0, 0, 0) (−^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ) (−1, 0, 0, 0, 0, −1, 0, 0) (−^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ) (−1, 0, 0, 0, 0, 0, −1, 0) (−^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ) (−1, 0, 0, 0, 0, 0, 0, −1) Table C.1: Z_3 standard embedding. The used choice for the 16 basis vectors is listed. A choice of basis fixes the semi-ordering in the weight space [16].

simple roots of E_6 α_1 = (−^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 )(0^8) α_2 = (0, 0, 0, −1, 1, 0, 0, 0)(0^8) α_3 = (^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 )(0^8) α_4 = (0, 0, 0, 0, 0, 1, −1, 0)(0^8) α_5 = (0, 0, 0, 0, 0, −1, 0, −1)(0^8) α_6 = (−^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 )(0^8) simple roots of SU(3) α_7 = (−1, 1, 0, 0, 0, 0, 0, 0)(0^8) α_8 = (0, −1, 1, 0, 0, 0, 0, 0)(0^8) simple roots of E^′_8 α_9 = (0^8)(−1, 0, 0, 0, 0, 0, 0, −1) α_{10} = (0^8)(0, 0, 0, 0, 0, 0, −1, 1) α_{11} = (0^8)(0, 0, 0, 0, 0, −1, 1, 0) α_{12} = (0^8)(0, 0, 0, 0, −1, 1, 0, 0) α_{13} = (0^8)(0, 0, 0, −1, 1, 0, 0, 0) α_{14} = (0^8)(0, 0, −1, 1, 0, 0, 0, 0) α_{15} = (0^8)(0, −1, 1, 0, 0, 0, 0, 0) α_{16} = (0^8)(^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ) Table C.2: Z_3 standard embedding. The simple roots in Cartan Weyl basis are listed. They are positive and simple with respect to the basis of tab. (C.1).

C.2 Details of the Z_2 × Z_2 Orbifold

right movers |q⟩_R

q q · v_1 q · v_2

NS (±1, 0, 0, 0) 0 0 R ( ± (_1 2 ,^1_2 ,^1_2 ,^1_2 )) 0 0 ⇒ transforming as ζ^0 and γ^0

q q · v_1 q · v_2

NS (0, 0, ±1, 0)^1_2^1_2 R ( ± ( −^1_2 ,^1_2 , −^1_2 ,^1_2 ))_1 2 1 2 ⇒ transforming as ζ^2 and γ^2 q q · v_1 q · v_2

NS (0, ±1, 0, 0)^1_2 0 R ( ± ( −^1_2 , −^1_2 ,^1_2 ,^1_2 ))_1 2 0 ⇒ transforming as ζ^2 and γ^0

q q · v_1 q · v_2

NS (0, 0, 0, ±1) 0^1_2 R ( ± ( −^1_2 ,^1_2 ,^1_2 , −^1_2 )) 0^1_2

⇒ transforming as ζ^0 and γ^2

left movers |p⟩_L

p = (p_1)(0^8) p · V_1 p · V_2 ( 0, 0, 0, ±1, ±1, 0^3 ) 0 0 ( ± (_1 2 ,^1_2 ,^1_2 ) , ( ±^1_2

)_5) 0 0 ⇒ 72 roots, transforming as ζ^0 and γ^0

p = (p_1)(0^8) p · V_1 p · V_2 ( 0, 0, ±1, ±1, 0^4 ) 0^1_2 ( ± ( −^1_2 , −^1_2 ,^1_2 ) , ( ±^1_2

)_5)

0^1_2

(±1, ±1, 0^6) 0^1_2

⇒ 56 roots, transforming as ζ^0 and γ^2

p = (p_1)(0^8) p · V_1 p · V_2 ( 0, ±1, 0, ±1, 0^4

)_1 2 1 2 ( ± ( −^1_2 ,^1_2 , −^1_2 ) , ( ±^1_2

)_5)_1 2 1 2 (±1, 0, ±1, 0^5)^1_2^1_2

⇒ 56 roots, transforming as ζ^2 and γ^2 p = (0^8)(p_2) p · V_1 p · V_2 ( ±1, ±1, 0^6 ) 0 0 (( ±^1_2

)_8) 0 0 ⇒ 240 roots, transforming as ζ^0 and γ^0

p = (p_1)(0^8) p · V_1 p · V_2 ( ±1, 0, 0, ±1, 0^4

)_1 2 0 ( ± ( −^1_2 ,^1_2 ,^1_2 ) , ( ±^1_2

)_5)_1 2 0 (0, ±1, ±1, 0^5)^1_2 0

⇒ 56 roots, transforming as ζ^2 and γ^0

Table C.3: Transformation properties of right and left movers in the untwisted sector. The

transformation phases are denoted by ζ = i and γ = i and they correspond to the twists v_1 and

v_2, respectively.

p = (p_1) (0^8) p = (0^8) (p_2) (0, 0, 0, −1, −1, 0, 0, 0) (−1, −1, 0, 0, 0, 0, 0, 0) (0, 0, 0, −1, 1, 0, 0, 0) (−1, 1, 0, 0, 0, 0, 0, 0) (0, 0, 0, −1, 0, −1, 0, 0) (−1, 0, −1, 0, 0, 0, 0, 0) (0, 0, 0, −1, 0, 0, −1, 0) (−1, 0, 0, −1, 0, 0, 0, 0) (0, 0, 0, −1, 0, 0, 0, −1) (−1, 0, 0, 0, −1, 0, 0, 0) (−^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ) (−1, 0, 0, 0, 0, −1, 0, 0) (−1, 0, 0, 0, 0, 0, −1, 0) (−1, 0, 0, 0, 0, 0, 0, −1) Table C.4: Z_2 × Z_2 standard embedding. The used choice for the 14 basis vectors is listed. A choice of basis fixes the semi-ordering in the weight space [16].

simple roots of E_6 α_1 = (−^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 )(0^8) α_2 = (^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 )(0^8) α_3 = (−^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 )(0^8) α_4 = (^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 )(0^8) α_5 = (0, 0, 0, 0, 1, 1, 0, 0)(0^8) α_6 = (0, 0, 0, 0, 0, 0, −1, 1)(0^8) simple roots of E^′_8 α_7 = (0^8)(−1, 0, 0, 0, 0, 0, 0, −1) α_8 = (0^8)(0, 0, 0, 0, 0, 0, −1, 1) α_9 = (0^8)(0, 0, 0, 0, 0, −1, 1, 0) α_{10} = (0^8)(0, 0, 0, 0, −1, 1, 0, 0) α_{11} = (0^8)(0, 0, 0, −1, 1, 0, 0, 0) α_{12} = (0^8)(0, 0, −1, 1, 0, 0, 0, 0) α_{13} = (0^8)(0, −1, 1, 0, 0, 0, 0, 0) α_{14} = (0^8)(^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ) Table C.5: Z_2 × Z_2 standard embedding. The simple roots in Cartan Weyl basis are listed. They are positive and simple with respect to the basis of tab. (C.4).

p = (p_1)(0^8) p_{sh} = p − V p_{sh, DL(E6)}

(0, −1, −1, 0, 0, 0, 0, 0) ( −^1_2 , −^1_2 , −1, 0, 0, 0, 0, 0 ) (1, −1, 1, −1, 0, 0)

(0, −1, 1, 0, 0, 0, 0, 0) ( −^1_2 , −^1_2 , 1, 0, 0, 0, 0, 0 ) (0, 0, 0, 0, 0, 0) (_1 2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ) ( 0, 0, −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ) (0, 0, 0, 0, −1, 1) (_1 2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ) ( 0, 0, −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ) (0, 0, 1, 0, −1, −1) (_1 2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ) ( 0, 0, −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ) (0, 1, 0, −1, 0, 0) (_1 2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ) ( 0, 0, −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ) (1, 0, 0, 0, 0, 0) (_1 2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ) ( 0, 0, −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ) (−1, 0, 1, −1, 0, 0) (_1 2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ) ( 0, 0, −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ) (0, −1, 1, 0, 0, 0) (_1 2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ) ( 0, 0, −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ) (0, 0, 0, −1, 1, 1) (_1 2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ) ( 0, 0, −^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ) (0, 0, 1, −1, 1, −1) (_1 2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ) ( 0, 0, −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ) (0, 0, 0, 0, −1, 0) (_1 2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ) ( 0, 0, −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ) (1, −1, 0, 1, −1, 0) (_1 2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ) ( 0, 0, −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ) (1, 0, −1, 0, 0, 1) (_1 2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ) ( 0, 0, −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ) (1, 0, 0, 0, 0, −1) (_1 2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ) ( 0, 0, −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ) (0, −1, 0, 0, 0, 1) (_1 2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ) ( 0, 0, −^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ) (0, −1, 1, 0, 0, −1) (_1 2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ) ( 0, 0, −^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ) (0, 0, 0, −1, 1, 0) (_1 2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ) ( 0, 0, −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ) (1, −1, 0, 0, 1, 0)

(1, 0, 0, −1, 0, 0, 0, 0)

(_1 2 ,^1_2 , 0, −1, 0, 0, 0, 0 ) (−1, 1, 0, 0, 0, 0)

(1, 0, 0, 0, −1, 0, 0, 0)

(_1 2 ,^1_2 , 0, 0, −1, 0, 0, 0 ) (0, 1, −1, 1, −1, 0)

(1, 0, 0, 0, 0, −1, 0, 0)

(_1 2 ,^1_2 , 0, 0, 0, −1, 0, 0 ) (−1, 0, 0, 1, −1, 0)

(1, 0, 0, 0, 0, 0, −1, 0)

(_1 2 ,^1_2 , 0, 0, 0, 0, −1, 0 ) (−1, 1, −1, 0, 0, 1)

(1, 0, 0, 0, 0, 0, 0, −1)

(_1 2 ,^1_2 , 0, 0, 0, 0, 0, −1 ) (−1, 1, 0, 0, 0, −1)

(1, 0, 0, 0, 0, 0, 0, 1)

(_1 2 ,^1_2 , 0, 0, 0, 0, 0, 1 ) (0, 0, −1, 1, 0, 1)

(1, 0, 0, 0, 0, 0, 1, 0)

(_1 2 ,^1_2 , 0, 0, 0, 0, 1, 0 ) (0, 0, 0, 1, 0, −1)

(1, 0, 0, 0, 0, 1, 0, 0)

(_1 2 ,^1_2 , 0, 0, 0, 1, 0, 0 ) (0, 1, −1, 0, 1, 0)

(1, 0, 0, 0, 1, 0, 0, 0)

(_1 2 ,^1_2 , 0, 0, 1, 0, 0, 0 ) (−1, 0, 0, 0, 1, 0)

(1, 0, 0, 1, 0, 0, 0, 0)

(_1 2 ,^1_2 , 0, 1, 0, 0, 0, 0 ) (0, 0, −1, 1, 0, 0)

Table C.6: Z_2 × Z_2 standard embedding. There are 56 weights in the T_{(1,0)} twisted sector, 28

with transformation phases ζ^0 and γ^1. We find the highest weights (0, 0, 0, 0, 0, 0) of a singlet

and (1, 0, 0, 0, 0, 0) of a 27 of E_6.

p = (p_1)(0^8) p_{sh} = p − V p_{sh, DL(E6)}

(0, −1, 0, −1, 0, 0, 0, 0) ( −^1_2 , −^1_2 , 0, −1, 0, 0, 0, 0 ) (0, 0, 1, −1, 0, 0)

(0, −1, 0, 0, −1, 0, 0, 0) ( −^1_2 , −^1_2 , 0, 0, −1, 0, 0, 0 ) (1, 0, 0, 0, −1, 0)

(0, −1, 0, 0, 0, −1, 0, 0) ( −^1_2 , −^1_2 , 0, 0, 0, −1, 0, 0 ) (0, −1, 1, 0, −1, 0)

(0, −1, 0, 0, 0, 0, −1, 0) ( −^1_2 , −^1_2 , 0, 0, 0, 0, −1, 0 ) (0, 0, 0, −1, 0, 1)

(0, −1, 0, 0, 0, 0, 0, −1) ( −^1_2 , −^1_2 , 0, 0, 0, 0, 0, −1 ) (0, 0, 1, −1, 0, −1)

(0, −1, 0, 0, 0, 0, 0, 1) ( −^1_2 , −^1_2 , 0, 0, 0, 0, 0, 1 ) (1, −1, 0, 0, 0, 1)

(0, −1, 0, 0, 0, 0, 1, 0) ( −^1_2 , −^1_2 , 0, 0, 0, 0, 1, 0 ) (1, −1, 1, 0, 0, −1)

(0, −1, 0, 0, 0, 1, 0, 0) ( −^1_2 , −^1_2 , 0, 0, 0, 1, 0, 0 ) (1, 0, 0, −1, 1, 0)

(0, −1, 0, 0, 1, 0, 0, 0) ( −^1_2 , −^1_2 , 0, 0, 1, 0, 0, 0 ) (0, −1, 1, −1, 1, 0)

(0, −1, 0, 1, 0, 0, 0, 0) ( −^1_2 , −^1_2 , 0, 1, 0, 0, 0, 0 ) (1, −1, 0, 0, 0, 0) (_1 2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ) ( 0, 0,^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 , −^1_2 ) (−1, 1, 0, 0, −1, 0) (_1 2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ) ( 0, 0,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 ) (0, 0, 0, 1, −1, 0) (_1 2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ) ( 0, 0,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ) (0, 1, −1, 0, 0, 1) (_1 2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ) ( 0, 0,^1_2 , −^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ) (0, 1, 0, 0, 0, −1) (_1 2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ) ( 0, 0,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 ) (−1, 0, 0, 0, 0, 1) (_1 2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ) ( 0, 0,^1_2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 ) (−1, 0, 1, 0, 0, −1) (_1 2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ) ( 0, 0,^1_2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ) (−1, 1, 0, −1, 1, 0) (_1 2 , −^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ) ( 0, 0,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ) (0, 0, 0, 0, 1, 0) (_1 2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ) ( 0, 0,^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ,^1_2 ) (0, 0, −1, 1, −1, 1) (_1 2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ) ( 0, 0,^1_2 ,^1_2 , −^1_2 , −^1_2 ,^1_2 , −^1_2 ) (0, 0, 0, 1, −1, −1) (_1 2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ) ( 0, 0,^1_2 ,^1_2 , −^1_2 ,^1_2 , −^1_2 , −^1_2 ) (0, 1, −1, 0, 0, 0) (_1 2 , −^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ) ( 0, 0,^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ) (1, 0, −1, 1, 0, 0) (_1 2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ) ( 0, 0,^1_2 ,^1_2 ,^1_2 , −^1_2 , −^1_2 , −^1_2 ) (−1, 0, 0, 0, 0, 0) (_1 2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ) ( 0, 0,^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ,^1_2 ) (0, −1, 0, 1, 0, 0) (_1 2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ) ( 0, 0,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ,^1_2 ) (0, 0, −1, 0, 1, 1) (_1 2 , −^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ) ( 0, 0,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , −^1_2 ) (0, 0, 0, 0, 1, −1)

(1, 0, −1, 0, 0, 0, 0, 0)

(_1 2 ,^1_2 , −1, 0, 0, 0, 0, 0 ) (0, 0, 0, 0, 0, 0)

(1, 0, 1, 0, 0, 0, 0, 0)

(_1 2 ,^1_2 , 1, 0, 0, 0, 0, 0 ) (−1, 1, −1, 1, 0, 0)

Table C.7: Z_2 × Z_2 standard embedding. There are 56 weights in the T_{(1,0)} twisted sector, 28

with transformation phases ζ^0 and γ^3. We find the highest weights (0, 0, 0, 0, 0, 0) of a singlet

and (0, 0, 0, 0, 1, 0) of a 27 of E_6.

q q_{sh} = q + v_1 q_{sh} · v_1 q_{sh} · v_2

NS (0, 0, 1, 0) ( 0,^1_2 ,^1_2 , 0 ) 0^1_4

(0, −1, 0, 0) ( 0, −^1_2 , −^1_2 , 0 ) 0 −^1_4 R (_1 2 , −^1_2 ,^1_2 , −^1_2

) (_1

2 , 0, 0, −^1_2 ) 0^1_4 ( −^1_2 , −^1_2 ,^1_2 ,^1_2 ) ( −^1_2 , 0, 0,^1_2 ) 0 −^1_4

Table C.8: Z_2 × Z_2 standard embedding. The twisted right movers in the T_{(1,0)} twisted sector. All have a transformation phase ζ^0. Two right movers have γ^1 and the other two have γ^3.

p p_{sh} = p − V_1 p_{sh} · V_1 p_{sh} · V_2 p_{sh, DL(E6)}

(0, 0, 0, 0, 0, 0, 0, 0) ( −^1_2 ,^1_2 , 0, 0, 0, 0, 0, 0 ) −^1_2^1_4 (0^6)

(1, −1, 0, 0, 0, 0, 0, 0)

(_1

2 , −^1_2 , 0, 0, 0, 0, 0, 0

)_1 2 −^1_4 (0^6)

Table C.9: Z_2 × Z_2 standard embedding. The twisted left movers in the T_{(1,0)} twisted sector for Ñ =^1_2 . The first weight transforms with ζ2 and γ1, the second one with ζ2 and γ3. In Dynkin labels we see that they are singlets under the gauge group.

ϑ_1 ϑ_2 ϑ_1 ∘ ϑ_2

α̃^1_{− 12} −1 1 −1

α̃^{¯1}_{− 12} −1 1 −1

α̃^2_{− 12} −1 −1 1

α̃^{¯2}_{− 12} −1 −1 1

α̃^3_{− 12} 1 −1 −1

α̃^{¯3}_{− 12} 1 −1 −1

Table C.10: Transformation phases of the moded oscillators with respect to the twists ϑ_1, ϑ_2 and ϑ_1 ∘ ϑ_2 for the Z_2 × Z_2 orbifold. Compare to the equations (2.105) and (2.106) with m = 0 and η^a =^1_2 .

|^1_2 , 0, 0, −^1_2 ⟩_R |0,^1_2 ,^1_2 , 0⟩_R } ⊗ α̃^1_− 1_2 | 1 2 , − 1 2 , 0^6⟩_L

|^1_2 , 0, 0, −^1_2 ⟩_R |0,^1_2 ,^1_2 , 0⟩_R } ⊗ α̃^{¯1}_− 1_2 | 1 2 , − 1 2 , 0^6⟩_L

| −^1_2 , 0, 0,^1_2 ⟩_R |0, −^1_2 , −^1_2 , 0⟩_R } ⊗ α̃^1_− 1_2 | − 1 2 , 1 2 , 0^6⟩_L

| −^1_2 , 0, 0,^1_2 ⟩_R |0, −^1_2 , −^1_2 , 0⟩_R } ⊗ α̃^{¯1}_− 1_2 | − 1 2 , 1 2 , 0^6⟩_L

|^1_2 , 0, 0, −^1_2 ⟩_R |0,^1_2 ,^1_2 , 0⟩_R } ⊗ α̃^2_− 1_2 | − 1 2 , 1 2 , 0^6⟩_L

|^1_2 , 0, 0, −^1_2 ⟩_R |0,^1_2 ,^1_2 , 0⟩_R } ⊗ α̃^{¯2}_− 1_2 | − 1 2 , 1 2 , 0^6⟩_L

| −^1_2 , 0, 0,^1_2 ⟩_R |0, −^1_2 , −^1_2 , 0⟩_R } ⊗ α̃^2_− 1_2 | 1 2 , − 1 2 , 0^6⟩_L

| −^1_2 , 0, 0,^1_2 ⟩_R |0, −^1_2 , −^1_2 , 0⟩_R } ⊗ α̃^{¯2}_− 1_2 | 1 2 , − 1 2 , 0^6⟩_L

Table C.11: Z_2 × Z_2 standard embedding. Invariant twisted states in the T_{(1,0)} twisted sector with moded oscillators (Ñ =^1_2 ). The left movers’ ket |p_1⟩_L gives the first half of the weight, i.e. p_{sh} = (p_1)(0^8).

Appendix D

The Geometry of the Z4 Orbifold

The point group P of the Z_4 orbifold consists of four elements,

P = {1, ϑ, ϑ^2, ϑ^3} , (D.1)

where ϑ is a rotation of 90^∘. The six-torus is chosen to be T^6 = T^2 × T^2 × T^2 and in addition orthogonal. Thus, we can write the twist as a rotation in complex planes v = ( 0, − 1 2 , 1 4 , 1 4 ) with ϑ^k ⇔ kv (D.2)

for k = 0, . . . , 3. This choice of v is obviously an automorphism of the six-torus. Furthermore, the twist fulfills the condition for N = 1 susy stated in eqn. (2.63) v_1 + v_2 + v_3 = −^1_2 +^1_4 +^1_4 = 0. As we have fulfilled all conditions of sec. (2.3) and (2.5) for a consistent space group S = {(kv, n_αe_α) | k = 0, 1, 2, 3 and n_α ∈ Z} , (D.3) we have fixed the geometry of the Z_4 orbifold (up to the size). We analyze the structure of the fixed points sector by sector:

k = 1 twisted sector The k = 1 sector has 4 × 2 × 2 = 16 fixed points in the six-torus T^6, as illustrated in fig. (D.1).

e_1 e_3 e_2 e_4 e6

e_5 Figure D.1: Z_4 orbifold: 4 × 2 × 2 = 16 fixed points in the six-torus T^6 for the k = 1 twisted sector. As an example, a string is drawn. The blue circles are identified under the action of the constructing element (ϑ, e_2 + e_3). Thus the string is closed.

Since the six-dimensional space is defined as R^6/S, we have to consider the action of the other space group elements on the 16 fixed points of this sector. It turns out that each fixed point is mapped to itself (modulo torus-shifts). Therefore, the number of fixed points in the space R^6/S equals the number of fixed points in T^6 (and the method of sec. (2.8) is simplified). This sector is analog to the Z_3 case of sec. (3.2.2).

k = 2 twisted sector In the k = 2 sector the situation is slightly more difficult. The twist 2v = ( 0, −1, 1 2 , 1 2 ) . (D.4)

looks like a Z_2 twist. In sec. (2.4.2) it was shown that the Z_2 orbifold has 16 fixed tori in the space of the six-torus T^6. They are plotted in fig. (D.2). e_6

e_5 e_3 e_4

Figure D.2: Z_4 orbifold: 4 × 4 = 16 fixed tori in the six-torus T^6 for the k = 2 twisted sector. If we consider the space R^6/S, the number of fixed tori reduces to 4 + 6 = 10.

Again, the six-dimensional space is defined as R^6/S and we have to check the action of the other space group elements on the 16 fixed tori. As an example we take a constructing element g = (ϑ^2, e_3) (D.5) of the k = 2 twisted sector. The string that closes with respect to g is localized at a fixed point, see fig. (D.3).

e_3 e_4

g Figure D.3: Z_4 orbifold: The action of the constructing element g = (ϑ^2, e_3) on a string in the k = 2 twisted sector, focusing on the plane of e_3 and e_4.

Following the considerations of sec. (2.8), we take a space group element

h = (ϑ, 0) (D.6) that does not commute with the constructing one,

[h, g] = (1, e_4 − e_3) . (D.7)

The action of this element h on the constructing one is illustrated in fig. (D.4).

e_3 e_4

g h = (ϑ, 0) hgh^{−1}

Figure D.4: Z_4 orbifold: The non-commuting element h = (ϑ, 0) maps the fixed torus g to hgh^{−1}. Therefore, the fixed tori that correspond to g and hgh^{−1} are actually identified in the space R^6/S.

h maps states from the Hilbert space H_g to H_{hgh}−1 , where hgh^{−1} is given by

hgh^{−1} = (ϑ^2, e_4) . (D.8)

Now we have two possibilities to take this into account:

• Either we have to build linear combinations of a state of H_g with the corresponding one of H_{hgh}−1 for all non-commuting elements h in order to get S ×G invariant states,

• or we define fixed points in the space R^6/S and ignore the action of non-commuting elements of S ⊗ G. We can do so by identifying fixed points in the T^6-space that are mapped onto each other by some elements of the space group S. Obviously, this is easier than to build a linear combination of an infinite number of states.

We follow the second way. Unfortunately it is not possible to illustrate the space R^6/S and its fixed hypersurfaces. Therefore, we list the constructing elements that correspond to the fixed hypersurfaces. It turns out that there are 4 + 6 = 10 fixed hypersurfaces in the space R^6/S. The following four constructing elements correspond to fixed hypersurfaces that are not mapped to different ones in T^6:

(ϑ^2, 0) (ϑ^2, e_5 + e_6) (ϑ^2, e_3 + e_4) (ϑ^2, e_3 + e_4 + e_5 + e_6)

(D.9)

in contrast to the following six:

(ϑ^2, e_6) (ϑ^2, e_4) (ϑ^2, e_4 + e_6) (ϑ^2, e_4 + e_5) (ϑ^2, e_4 + e_5 + e_6) (ϑ^2, e_3 + e_4 + e_6) . (D.10)

It is important to notice that the centralizer for these two sets of space group elements are different, imposing different projection conditions. Consequently, the resulting spectra at these fixed hypersurfaces are different.

k = 3 twisted sector Since the twist

3v = ( 0, − 3 2 , 3 4 , 3 4 ) (D.11)

is a true Z_4 twist, this sector can be studied analogously to the k = 1 twisted sector and the k = 3 has 16 fixed points, both in T^6 and in R^6/S.

For further discussion of the Z_4 orbifold see e.g. refs. [26, 27].

Appendix E

Z2 × Z2 Models with three Generations

In this part we present nine Z_2 × Z_2 orbifold models with three generations. Their gauge groups are: two models with Standard Model like gauge groups, one with Pati-Salam gauge group, one with SU(5) and five with SO(10) gauge groups.

For each model the Wilson lines A_i i = 1...6 and the unbroken gauge group are listed. The complete^1 massless spectrum is presented in a table:

untwisted sector:

3 (3, 1; 1) number (representation) twisted sectors:

T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 2 3 (3, 2; 1) 9 6 15 (3, 1; 1) number in number in number in total number (representation) this sector this sector this sector hidden matter:

6 6 12 (1, 1; 2) hidden matter transforms only under the hidden gauge group

After this, it is briefly explained how to count the generations in each model. At the end the localization of the three generations is shown in a picture.

1Gauge bosons and the supergravity multiplet are omitted.

E.1 Three Generations of SU(3)×SU(2)×U(1)^n - Model 1

• Standard embedding with Wilson lines:

A_1 =

(_1 2 3, 0^4,^1_2

) (_1 2 4, 0^4 ) A_2 = ( 0^6,^1_2^2 ) ( −^1_2 , 0^3,^1_2 , 1, 0^2 ) A_3 = ( 0^5,^1_2^2, 0 ) ( 0^4, −^1_2 , 1,^1_2 , 0 ) A_4 = (0^8) ( 1,^3_2 , −^3_2 , 1, 0,^3_2 , −1,^1_2 ) A_5 = ( 0^5,^1_2^2, 0 ) ( 0^4, −^1_2 , 1,^1_2 , 0 ) A_6 = (0^8) (0^8)

• Gauge group: SU(3) × SU(2) × U(1)^5 × SU(4)^′ × SU(2)^{′2} × U(1)^{′3}

• Massless spectrum:

untwisted sector: 3 (3, 1; 1, 1, 1) 3 (3, 1; 1, 1, 1) 6 (1, 1; 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 2 3 (3, 2; 1, 1, 1) 8 4 12 (3, 1; 1, 1, 1) 2 4 2 8 (3, 1; 1, 1, 1) 9 12 4 25 (1, 2; 1, 1, 1) 26 44 18 88 (1, 1; 1, 1, 1) 1 1 (3, 1; 1, 2, 1) 1 1 (1, 2; 1, 2, 1) hidden matter:

4 2 6 (1, 1; 4, 1, 1) 2 4 6 (1, 1; 4, 1, 1) 9 2 11 (1, 1; 1, 2, 1) 6 6 12 (1, 1; 1, 1, 2)

• One generation contains: (3, 2), 2(3, 1), (1, 2) and 2(1, 1). Thus, this model has three left-handed quark doublets, a net number of four (12 − 8 = 4) right-handed quark singlets and many lepton-like particles.

E.1. THREE GENERATIONS OF SU(3) × SU(2) × U(1)^N - MODEL 1 87

• Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

1 × (3, 2)

2 × (3, 2)

Figure E.1: Localization of the left-handed quarks.

E.2 Three Generations of SU(3)×SU(2)×U(1)^n - Model 2

• Standard embedding with Wilson lines:

A_1 = ( 0^5,^1_2^2, 1 ) ( 0,^1_2^2, 0^5 ) A_2 =

(_1 4 6, −^1_4^2

) (_1 4 6,^5_4^2 ) A_3 = (0^7, 1) (1, 0^7) A_4 = (0^8) ( 1, 0^3, −^1_2^3,^1_2 ) A_5 = (0^8) ( 1, −^1_2 ,^1_2 , 0^3, −^1_2^2 ) A_6 = (0^8) (0^8)

• Gauge group: SU(3) × SU(2) × U(1)^5 × SU(2)^{′4} × U(1)^{′4}

• Massless spectrum:

untwisted sector: 3 (3, 1; 1, 1, 1, 1) 3 (3, 1; 1, 1, 1, 1) 6 (1, 1; 1, 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 2 3 (3, 2; 1, 1, 1, 1) 1 2 6 9 (3, 1; 1, 1, 1, 1) 9 6 15 (3, 1; 1, 1, 1, 1) 9 20 29 (1, 2; 1, 1, 1, 1) 26 22 60 108 (1, 1; 1, 1, 1, 1) hidden matter:

6 6 12 (1, 1; 2, 1, 1, 1) 6 6 12 (1, 1; 1, 2, 1, 1) 6 6 12 (1, 1; 1, 1, 2, 1) 6 6 12 (1, 1; 1, 1, 1, 2) 1 2 3 (1, 1; 2, 2, 1, 1) 1 2 3 (1, 1; 1, 1, 2, 2) 2 2 (1, 1; 2, 1, 2, 1) 2 2 (1, 1; 2, 1, 1, 2) 2 2 (1, 1; 1, 2, 2, 1) 2 2 (1, 1; 1, 2, 1, 2)

• One generation contains: (3, 2), 2(3, 1), (1, 2) and 2(1, 1). Thus, this model has three left-handed quark doublets, a net number of six (15 − 9 = 6) right-handed quark singlets and many lepton-like particles.

E.2. THREE GENERATIONS OF SU(3) × SU(2) × U(1)^N - MODEL 2 89

• Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

2 × (3, 2)

1 × (3, 2)

Figure E.2: Localization of the left-handed quarks.

E.3 Three Generations of SU(4) × SU(2) × SU(2)

• Standard embedding with Wilson lines:

A_1 = ( 0^4,^1_2^2, 0^2

) (_1 2 2, 1, 0^5 ) A_2 = ( 0^6,^1_2^2 ) ( 0^3,^1_2^2, 1, 0^2 ) A_3 = (0^8)

(_1

2 , −^1_2 , 1, 0^3,^1_2^2 ) A_4 = (0^8) ( 0^2, −1,^1_2 , −^1_2 , 0,^1_2 , −^1_2 ) A_5 = (0^8)

(_1

2 , −^1_2 , 1, 0^3,^1_2^2 ) A_6 = (0^8) (0^8)

• Gauge group: SU(4) × SU(2) × SU(2) × U(1)^3 × SU(2)^{′8}

• Massless spectrum:

untwisted sector:

6 (6, 1, 1; 1, 1, 1, 1, 1, 1, 1, 1) 12 (1, 1, 1; 1, 1, 1, 1, 1, 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 2 3 (4, 2, 1; 1, 1, 1, 1, 1, 1, 1, 1) 1 2 3 (4, 1, 2; 1, 1, 1, 1, 1, 1, 1, 1) 1 2 3 (1, 2, 2; 1, 1, 1, 1, 1, 1, 1, 1) 1 4 2 7 (6, 1, 1; 1, 1, 1, 1, 1, 1, 1, 1) 1 1 (4, 1, 1; 1, 1, 1, 1, 2, 1, 1, 1) 1 1 (4, 1, 1; 1, 1, 1, 1, 1, 1, 1, 2) 1 1 (4, 1, 1; 2, 1, 1, 1, 1, 1, 1, 1) 1 1 (4, 1, 1; 1, 1, 1, 1, 1, 2, 1, 1) 1 1 (1, 2, 1; 2, 1, 1, 1, 1, 1, 1, 1) 1 1 (1, 2, 1; 1, 1, 1, 1, 2, 1, 1, 1) 1 1 (1, 2, 1; 1, 1, 1, 1, 1, 2, 1, 1) 1 1 (1, 2, 1; 1, 1, 1, 1, 1, 1, 1, 2) 1 1 (1, 1, 2; 2, 1, 1, 1, 1, 1, 1, 1) 1 1 (1, 1, 2; 1, 1, 1, 1, 2, 1, 1, 1) 1 1 (1, 1, 2; 1, 1, 1, 1, 1, 2, 1, 1) 1 1 (1, 1, 2; 1, 1, 1, 1, 1, 1, 1, 2) 6 24 12 42 (1, 1, 1; 1, 1, 1, 1, 1, 1, 1, 1) hidden matter:

4 4 (1, 1, 1; 1, 2, 1, 1, 1, 1, 1, 2) 4 4 (1, 1, 1; 1, 1, 1, 1, 1, 2, 2, 1) 1 2 3 (1, 1, 1; 2, 1, 1, 1, 2, 1, 1, 1) 1 2 3 (1, 1, 1; 1, 1, 1, 1, 1, 2, 1, 2) 1 1 (1, 1, 1; 2, 1, 1, 1, 1, 2, 1, 1) 1 1 (1, 1, 1; 2, 1, 1, 1, 1, 1, 1, 2) 1 1 (1, 1, 1; 1, 2, 2, 1, 1, 1, 1, 1) 1 1 (1, 1, 1; 1, 2, 1, 2, 1, 1, 1, 1)

E.3. THREE GENERATIONS OF SU(4) × SU(2) × SU(2) 91

... continuation T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 1 (1, 1, 1; 1, 2, 1, 1, 1, 1, 2, 1) 1 1 (1, 1, 1; 1, 1, 2, 2, 1, 1, 1, 1) 1 1 (1, 1, 1; 1, 1, 2, 1, 1, 1, 2, 1) 1 1 (1, 1, 1; 1, 1, 1, 2, 1, 1, 2, 1) 1 1 (1, 1, 1; 1, 1, 1, 1, 2, 2, 1, 1) 1 1 (1, 1, 1; 1, 1, 1, 1, 2, 1, 1, 2)

• One generation contains a (4, 2, 1) and a (4, 1, 2).

• Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

1 × (4, 2, 1) + 1 × (4, 1, 2)

2 × (4, 2, 1) + 2 × (4, 1, 2)

Figure E.3: Localization of the generations with Pati-Salam gauge group.

E.4 Three Generations of SU(5)

• Standard embedding with Wilson lines:

A_1 = ( 0^6,^1_2^2 ) ( 1,^1_2^2, 0^5 ) A_2 =

(_1 2 3, 0^3,^1_2 , 0 ) ( 1, −^1_2 , 0,^3_2 ,^1_2^2, 1, 0 ) A_3 = (0^8) ( 1^2, −1, 0,^1_2 , −^1_2 ,^1_2 , −^3_2 ) A_4 = ( 0^6,^1_2^2

) (_1 2 , 0^2, −^1_2 , 0^3, 1 ) A_5 = (0^8) ( 1^2, −1, 0,^1_2 , −^1_2 ,^1_2 , −^3_2 ) A_6 = (0^8) (0^8)

• Gauge group: SU(5) × U(1)^4 × SU(2)^{′4} × U(1)^{′4}

• Massless spectrum:

untwisted sector: 3 (5; 1, 1, 1, 1) 6 (1; 1, 1, 1, 1) 3 (5; 1, 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 6 4 10 (5; 1, 1, 1, 1) 1 4 2 7 (5; 1, 1, 1, 1) 1 2 3 (10; 1, 1, 1, 1) 27 44 14 85 (1; 1, 1, 1, 1) hidden matter:

8 4 12 (1; 2, 1, 1, 1) 8 4 12 (1; 1, 2, 1, 1) 8 4 12 (1; 1, 1, 2, 1) 8 4 12 (1; 1, 1, 1, 2) 1 1 (1; 2, 1, 1, 2) 1 1 (1; 1, 2, 2, 1) 4 4 (1; 2, 1, 2, 1)

• One generation contains a 5 and a 10. Thus, this model has a net number of three (10 − 7 = 3) 5s and three 10s.

E.4. THREE GENERATIONS OF SU(5) 93

• Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

2 × 5

2 × 5 + 1 × 5 + 1 × 10

2 × 5

2 × 5

2 × 5 + 2 × 10

4 × 5

2 × 5

Figure E.4: Localization of the generations with SU(5) gauge group.

E.5 Three Generations of SO(10) - Model 1

• Standard embedding with Wilson lines:

A_1 = (0^7, 1) (1, 0^7) A_2 = (0^8) ( 0, 1,^1_2^4, 0^2 ) A_3 = (0^8) ( 0^2,^1_2 , −^1_2^2,^1_2 , −1, 0 ) A_4 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 ) A_5 = (0^8) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_6 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 )

• Gauge group: SO(10) × U(1)^3 × U(1)^{′8}

• Massless spectrum:

untwisted sector:

6 (10) 12 (1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 2 2 1 5 (10) 2 1 3 (16) 60 60 54 174 (1)

• The 16 counts as a generation.

E.5. THREE GENERATIONS OF SO(10) - MODEL 1 95 • Localization of the three generations: 1 × 16

1 × 16

1 × 16 e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4 T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

Figure E.5: Localization of the generations with SO(10) gauge group.

E.6 Three Generations of SO(10) - Model 2

• Standard embedding with Wilson lines:

A_1 = ( 0^3,^1_2^4, 1 ) (0^8) A_2 = (0^8) ( 0, 1,^1_2^4, 0^2 ) A_3 = ( 0^3,^1_2^4, 1 ) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_4 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 ) A_5 = (0^8) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_6 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 )

• Gauge group: SO(10) × U(1)^3 × SU(2)^{′8}

• Massless spectrum:

untwisted sector:

6 (10; 1, 1, 1, 1, 1, 1, 1, 1) 12 (1; 1, 1, 1, 1, 1, 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 2 1 4 (16; 1, 1, 1, 1, 1, 1, 1, 1) 1 1 (16; 1, 1, 1, 1, 1, 1, 1, 1) 2 2 1 5 (10; 1, 1, 1, 1, 1, 1, 1, 1) 12 12 6 30 (1; 1, 1, 1, 1, 1, 1, 1, 1) hidden matter:

2 1 3 (1; 2, 1, 2, 1, 1, 1, 1, 1) 2 1 3 (1; 1, 2, 1, 1, 1, 1, 2, 1) 2 1 3 (1; 1, 1, 1, 2, 1, 2, 1, 1) 2 1 3 (1; 1, 1, 1, 1, 2, 1, 1, 2) 2 1 3 (1; 1, 2, 1, 1, 1, 2, 1, 1) 2 1 3 (1; 1, 1, 1, 2, 1, 1, 2, 1) 2 2 (1; 2, 2, 1, 1, 1, 1, 1, 1) 2 2 (1; 2, 1, 1, 1, 1, 2, 1, 1) 2 2 (1; 1, 1, 2, 2, 1, 1, 1, 1) 2 2 (1; 1, 1, 2, 1, 1, 1, 2, 1) 1 1 (1; 2, 1, 1, 1, 2, 1, 1, 1) 1 1 (1; 2, 1, 1, 1, 1, 1, 1, 2) 1 1 (1; 1, 2, 1, 2, 1, 1, 1, 1) 1 1 (1; 1, 1, 2, 1, 2, 1, 1, 1) 1 1 (1; 1, 1, 2, 1, 1, 1, 1, 2) 1 1 (1; 1, 1, 1, 1, 1, 2, 2, 1)

• The 16 counts as a generation.

E.6. THREE GENERATIONS OF SO(10) - MODEL 2 97

• Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

1 × 16

1 × 16

1 × 16

1 × 16

1 × 16

Figure E.6: Localization of the generations with SO(10) gauge group.

E.7 Three Generations of SO(10) - Model 3

• Standard embedding with Wilson lines:

A_1 = ( 0^3,^1_2^4, 1 ) (0^8) A_2 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 ) A_3 = (0^8) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_4 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 ) A_5 = ( 0^3,^1_2^4, 1 ) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_6 = (0^8) ( 0, 1,^1_2^4, 0^2 )

• Gauge group: SO(10) × U(1)^3 × SU(2)^{′8}

• Massless spectrum:

untwisted sector:

6 (10; 1, 1, 1, 1, 1, 1, 1, 1) 12 (1; 1, 1, 1, 1, 1, 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 2 1 1 4 (16; 1, 1, 1, 1, 1, 1, 1, 1) 1 1 (16; 1, 1, 1, 1, 1, 1, 1, 1) 2 1 2 5 (10; 1, 1, 1, 1, 1, 1, 1, 1) 12 6 12 30 (1; 1, 1, 1, 1, 1, 1, 1, 1) hidden matter:

2 1 3 (1; 1, 2, 1, 1, 1, 2, 1, 1) 2 1 3 (1; 1, 1, 1, 2, 1, 1, 2, 1) 2 2 (1; 2, 2, 1, 1, 1, 1, 1, 1) 2 2 (1; 2, 1, 1, 1, 1, 2, 1, 1) 2 2 (1; 1, 1, 2, 2, 1, 1, 1, 1) 2 2 (1; 1, 1, 2, 1, 1, 1, 2, 1) 1 2 3 (1; 2, 1, 2, 1, 1, 1, 1, 1) 1 2 3 (1; 1, 2, 1, 1, 1, 1, 2, 1) 1 2 3 (1; 1, 1, 1, 2, 1, 2, 1, 1) 1 2 3 (1; 1, 1, 1, 1, 2, 1, 1, 2) 1 1 (1; 2, 1, 1, 1, 2, 1, 1, 1) 1 1 (1; 2, 1, 1, 1, 1, 1, 1, 2) 1 1 (1; 1, 2, 1, 2, 1, 1, 1, 1) 1 1 (1; 1, 1, 2, 1, 1, 1, 1, 2) 1 1 (1; 1, 1, 2, 1, 2, 1, 1, 1) 1 1 (1; 1, 1, 1, 1, 1, 2, 2, 1)

In the sum this spectrum is equal to SO(10) model 2 [E.6]. However, the three generations live on different fixed tori.

E.7. THREE GENERATIONS OF SO(10) - MODEL 3 99

• The 16 counts as a generation. Thus, this model has a net number of three (4−1 = 3) generations.

• Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

1 × 16

1 × 16

1 × 16

1 × 16

1 × 16

Figure E.7: Localization of the generations with SO(10) gauge group.

E.8 Three Generations of SO(10) - Model 4

• Standard embedding with Wilson lines:

A_1 = (0^8) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_2 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 ) A_3 = ( 0^3,^1_2^4, 1 ) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_4 = (0^8) ( 0, 1,^1_2^4, 0^2 ) A_5 = (0^8) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_6 = ( 0^3,^1_2^4, 1 ) ( 0, 1,^1_2^4, 0^2 )

• Gauge group: SO(10) × U(1)^3 × SU(2)^{′8}

• Massless spectrum:

untwisted sector:

6 (10; 1, 1, 1, 1, 1, 1, 1, 1) 12 (1; 1, 1, 1, 1, 1, 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 3 4 (16; 1, 1, 1, 1, 1, 1, 1, 1) 1 1 (16; 1, 1, 1, 1, 1, 1, 1, 1) 1 4 2 7 (10; 1, 1, 1, 1, 1, 1, 1, 1) 6 24 12 42 (1; 1, 1, 1, 1, 1, 1, 1, 1) hidden matter:

1 4 5 (1; 1, 1, 1, 2, 1, 2, 1, 1) 1 4 5 (1; 1, 1, 1, 1, 2, 1, 1, 2) 1 2 3 (1; 2, 2, 1, 1, 1, 1, 1, 1) 1 2 3 (1; 1, 1, 2, 1, 1, 1, 2, 1) 1 1 (1; 2, 1, 2, 1, 1, 1, 1, 1) 1 1 (1; 2, 1, 1, 1, 1, 1, 2, 1) 1 1 (1; 1, 2, 2, 1, 1, 1, 1, 1) 1 1 (1; 1, 2, 1, 1, 1, 1, 2, 1) 1 1 (1; 1, 1, 1, 2, 2, 1, 1, 1) 1 1 (1; 1, 1, 1, 2, 1, 1, 1, 2) 1 1 (1; 1, 1, 1, 1, 2, 2, 1, 1) 1 1 (1; 1, 1, 1, 1, 1, 2, 1, 2) 2 2 (1; 2, 1, 1, 1, 1, 1, 1, 2) 2 2 (1; 1, 2, 1, 1, 1, 1, 1, 2) 2 2 (1; 1, 1, 2, 1, 2, 1, 1, 1) 2 2 (1; 1, 1, 1, 1, 2, 1, 2, 1)

• The 16 counts as a generation. Thus, this model has a net number of three (4−1 = 3) generations.

E.8. THREE GENERATIONS OF SO(10) - MODEL 4 101

• Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

1 × 16

1 × 16

1 × 16

1 × 16

1 × 16

Figure E.8: Localization of the generations with SO(10) gauge group.

E.9 Three Generations of SO(10) - Model 5

• Standard embedding with Wilson lines:

A_1 = (0^8) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) A_2 = ( 0^3,^1_2^4, 1 ) ( 0, 1,^1_2^4, 0^2 ) A_3 = (0^8) ( 0, 1,^1_2^4, 0^2 ) A_4 = ( 0^3,^1_2^4, 1 ) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 ) A_5 = (0^8) ( 1, 0^3,^1_2 , −^1_2 ,^1_2^2 ) A_6 = ( 0^3,^1_2^4, 1 ) ( 0,^1_2 , −1,^1_2 , −^1_2 , 0,^1_2 , 0 ) • Gauge group: SO(10) × U(1)^3 × SU(2)^{′8}

• Massless spectrum:

untwisted sector:

6 (10; 1, 1, 1, 1, 1, 1, 1, 1) 12 (1; 1, 1, 1, 1, 1, 1, 1, 1) twisted sectors: T_{(1,0)} T_{(0,1)} T_{(1,1)} ∑ 1 1 1 3 (16; 1, 1, 1, 1, 1, 1, 1, 1) 1 1 1 3 (10; 1, 1, 1, 1, 1, 1, 1, 1) 6 6 6 18 (1; 1, 1, 1, 1, 1, 1, 1, 1) hidden matter:

1 1 2 (1; 2, 1, 2, 1, 1, 1, 1, 1) 1 1 2 (1; 1, 2, 1, 1, 1, 1, 2, 1) 1 1 2 (1; 1, 1, 1, 2, 1, 2, 1, 1) 1 1 2 (1; 1, 1, 1, 1, 2, 1, 1, 2) 1 1 2 (1; 2, 1, 1, 1, 1, 1, 1, 2) 1 1 2 (1; 1, 2, 1, 1, 1, 2, 1, 1) 1 1 2 (1; 1, 1, 2, 1, 2, 1, 1, 1) 1 1 2 (1; 1, 1, 1, 2, 1, 1, 2, 1) 1 1 (1; 2, 1, 1, 1, 2, 1, 1, 1) 1 1 (1; 1, 2, 1, 2, 1, 1, 1, 1) 1 1 (1; 1, 1, 2, 1, 1, 1, 1, 2) 1 1 (1; 1, 1, 1, 1, 1, 2, 2, 1) 1 1 2 (1; 2, 2, 1, 1, 1, 1, 1, 1) 1 1 2 (1; 1, 1, 2, 1, 1, 1, 2, 1) 1 1 2 (1; 1, 1, 1, 2, 2, 1, 1, 1) 1 1 2 (1; 1, 1, 1, 1, 1, 2, 1, 2) 1 1 (1; 2, 1, 1, 1, 1, 1, 2, 1) 1 1 (1; 1, 2, 2, 1, 1, 1, 1, 1) 1 1 (1; 1, 1, 1, 2, 1, 1, 1, 2) 1 1 (1; 1, 1, 1, 1, 2, 2, 1, 1) 1 1 (1; 2, 1, 1, 1, 1, 2, 1, 1)

E.9. THREE GENERATIONS OF SO(10) - MODEL 5 103

... continuation T_{(0,1)} T_{(1,0)} T_{(1,1)} ∑ 1 1 (1; 1, 2, 1, 1, 1, 1, 1, 2) 1 1 (1; 1, 1, 2, 2, 1, 1, 1, 1) 1 1 (1; 1, 1, 1, 1, 2, 1, 2, 1) • The 16 counts as a generation. • Localization of the three generations:

e_6

T_{(1,1)}

e_1 e_2 e_6

e_5 e_5 e_3 e_4

T_{(0,1)} e_1 e_3

T_{(1,0)} e_2 e_4

1 × 16

1 × 16

1 × 16

Figure E.9: Localization of the generations with SO(10) gauge group.

104 APPENDIX E. Z_2 × Z_2 MODELS WITH THREE GENERATIONS

Bibliography

[1] D. J. Gross, J. A. Harvey, E. J. Martinec, and R. Rohm, “Heterotic string theory. 1.

the free heterotic string,” Nucl. Phys. B256 (1985) 253.

[2] M. B. Green, J. H. Schwarz, and E. Witten, “Superstring theory. vol. 1:

Introduction,”. Cambridge, Uk: Univ. Pr. ( 1987) 469 P. ( Cambridge Monographs On Mathematical Physics).

[3] J. Polchinski, “String theory. vol. 1: An introduction to the bosonic string,”.

Cambridge, UK: Univ. Pr. (1998) 402 p.

[4] J. Polchinski, “String theory. vol. 2: Superstring theory and beyond,”. Cambridge, UK: Univ. Pr. (1998) 531 p.

[5] D. Bailin and A. Love, “Supersymmetric gauge field theory and string theory,”.

Institute of Physics Publishing (1994).

[6] L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, “Strings on orbifolds,” Nucl.

Phys. B261 (1985) 678–686.

[7] L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, “Strings on orbifolds. 2,” Nucl.

Phys. B274 (1986) 285–314.

[8] A. Font, L. E. Ibanez, and F. Quevedo, “Z_n × Z_m orbifolds and discrete torsion,” Phys. Lett. B217 (1989) 272.

[9] L. E. Ibanez, H. P. Nilles, and F. Quevedo, “Orbifolds and Wilson Lines,” Phys.

Lett. B187 (1987) 25–32.

[10] L. E. Ibanez, H. P. Nilles, and F. Quevedo, “Reducing the rank of the gauge group in orbifold compactifications of the heterotic string,” Phys. Lett. B192 (1987) 332.

[11] A. Wingerter, “Phd thesis,”.

[12] K. S. Narain, “New heterotic string theories in uncompactified dimensions < 10,” Phys. Lett. B169 (1986) 41.

[13] J. Conrad, “Orbifolds and kaluza-klein-monopoles in heterotic E_8 × E_8 string theory preserving eight supercharges, phd thesis,”.

106 BIBLIOGRAPHY

[14] M. G. A. Walter, “Local anomaly cancellation in heterotic E_8 × E_8 orbifold compactifications with wilson line backgrounds, phd thesis,”.

[15] L. E. Ibanez, “The search for a standard model SU(3) × SU(2) × U(1) superstring:

An introduction to orbifold constructions,”. Based on lectures given at the XVII GIFT Seminar on Strings and Superstrings, El Escorial, Spain, Jun 1-6, 1987 and Mt. Sorak Symposium, Korea, Jul 1987 and ELAF ’87, La Plata, Argentina, Jul 6-24, 1987.

[16] R. N. Cahn, “Semisimple lie algebras and their representations,”. Menlo Park, Usa:

Benjamin/cummings ( 1984) 158 P. ( Frontiers In Physics, 59).

[17] R. Slansky, “Group theory for unified model building,” Phys. Rept. 79 (1981) 1–128.

[18] S. Forste, H. P. Nilles, P. K. S. Vaudrevange, and A. Wingerter, “Heterotic brane world,” hep-th/0406208.

[19] L. E. Ibanez, J. E. Kim, H. P. Nilles, and F. Quevedo, “Orbifold compactifications with three families of su(3) x su(2) x u(1)**n,” Phys. Lett. B191 (1987) 282–286.

[20] F. Quevedo, “Heterotic strings in orbifold and wilson line backgrounds,”. To appear in Proc. of Summer Workshop on High Energy Physics and Cosmology, Trieste, Italy, Jun 29 - Aug 7, 1987.

[21] H. P. Nilles, “Towards a standard string model,”. Lectures given at Int. School of Subnuclear Physics, The Superworld III, Erice, Italy, Aug 7-15, 1988.

[22] J. E. Kim, “Z_3 orbifold construction of SU(3)^3 gut with sin^2(θ^0_w) = 3/8,” Phys. Lett.

B564 (2003) 35–41, hep-th/0301177.

[23] R. Donagi and A. E. Faraggi, “On the number of chiral generations in z(2) x z(2) orbifolds,” Nucl. Phys. B694 (2004) 187–205, hep-th/0403272.

[24] T. Asaka, W. Buchmuller, and L. Covi, “Bulk and brane anomalies in six dimensions,” Nucl. Phys. B648 (2003) 231–253, hep-ph/0209144.

[25] F. Gmeiner, S. Groot Nibbelink, H. P. Nilles, M. Olechowski, and M. G. A. Walter, “Localized anomalies in heterotic orbifolds,” Nucl. Phys. B648 (2003) 35–68,

hep-th/0208146.

[26] L. E. Ibanez, J. Mas, H.-P. Nilles, and F. Quevedo, “Heterotic strings in symmetric and asymmetric orbifold backgrounds,” Nucl. Phys. B301 (1988) 157.

[27] Y. Katsuki et al., “Tables of z(n) orbifold models,”. DPKU-8904.