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1. Electric current (*)
The electrical charge and current densities of a collection of charged point particles with

positions Z,(t) and charges e, are

TE1) = Y e85 - 71 T )

and

(@ t) =Y end3(F— En(t)). (2)
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(a) Write J* = (f}) as a single expression. Show that J¢ transforms correctly as a

spacetime four-vector.

(b) Show that J is a conserved four-current:
OaJ(x) =0, (3)
where 8, = /02 = (8/0t,V).
(c) Verify that Q = [ d3zJ%(z) is time-independent.

2. Electromagnetism (*)

Maxwell’s equations are

= = . - OE - = . - 0B
V-E=c¢, VxB=—+J, V-B=0, VXE=——. 4
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To make their properties under Lorentz transformations explicit, we can choose an
antisymmetric tensor F*¥ = —F"F such that F'2 = Bs,F?3 = By, F3! = By, and

FO'=F, ,F®? = F, ,F® = F3.
(a) Show that
O =—-J” and €"70,F,; =0 (5)
reproduce Maxwell’s equations. (e"123 = +1)
(b) Verify in the rest frame that
dp* dx”

W= _—"_ =¢eF*, 6
/ dr ¢ dr (6)

is the correct equation for the electromagnetic four-force f* acting on a charged

particle. (p* = mdx*/dr)



3. Energy-momentum tensor
In analogy to the electrical charge and current densities in equations (1) and (2), we can
define a charge and current density for the four-momentum p*, the energy-momentum

tensor

(& an 53( — Tn(1)) (7)

(a) Show that the energy-momentum tensor is only conserved up to a force density

G* which vanishes for free particles:
0,TH = GH. (8)

(b) Check that for the electromagnetic forces given in (6), we get G* = F*,, JV.
(c) To obtain a conserved energy-momentum tensor, we have forgotten to include the

contribution of the electromagnetic field itself:

1
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(*) Write 7% and T in terms of E and B. Do you recognize the expressions?
(d) Show that 9, Tty cancels G* from (b) exactly.
(Use (5); the second equation is equivalent to 0, F*P + 0, FP* 4+ 0,F* = 0.)

(e) (*) Show that the total momentum p = [ d3z TH(Z,t) is a conserved quantity.
(This is completely analogous to 1.(c))

4. Angular momentum

Let us construct another conserved quantity M as
MPHY = ghTVP — gV THP (10)

(a) Show that
JH = /deMo“” (11)

is antisymmetric and that it can be interpreted as the angular momentum of the
system. (Look at J¥)

(b) How does J transform under z# — 2/* = z + a?
What is the physical interpretation of the extra terms?

(c) Show that the quantity S, = %EWWJ”PU” (where u? = p?/y/—p - p is the system’s
four-velocity) is invariant under the translation a*. What are the components of

S in the system’s centre-of-mass frame? What is the physical interpretation of S7



