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1. Grassmann variables and Weyl spinors

Let θα, α = 1, 2 be anti-commuting (Grassmann-) variables, i.e.

θαθβ = −θβθα.

They transform in the (1/2, 0) representation of the Lorentz group (left-chiral Weyl
spinor) θα 7→ (DL) β

α θβ.

(a) Verify that εαβε
βγ = −δγ

α, with εαβ = εαβ being the totally antisymmetric tensor,
defined through εαβ = −εβα and ε12 = 1.

(b) In Ex.4.1(b) of the last term, we have seen that the Pauli matrix σ2 can be used
as a spinor metric:

σ2 = (DL)Tσ2DL.

Show that ε = iσ2 is an equivalent choice for the metric. Therefore, we can use
the epsilon tensor to raise and lower spinor indices:

θα := −εαβθβ

What is the inverse of this relation?

(c) The conjugate variable is defined by θ̄α̇ := (θα)†. Show that it transforms in the
(0, 1/2) representation of the Lorentz group (right-chiral Weyl spinor).

Hint: Start with σ2DLσ2 = D∗
R, prove −εDT

Lε = D†
R and finally compute the

transformation of εαβθβ.

(d) The conventions for index contraction are:

ξψ := ξαψα and ξ̄ψ̄ := ξ̄α̇ψ̄
α̇

Verify the following identities:

ξψ = ψξ and ξ̄ψ̄ = ψ̄ξ̄
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(e) Show that the following holds:

ξαψα = −ξαψ
α and ξ̄α̇ψ̄

α̇ = −ξ̄α̇ψ̄α̇

(f) Prove the relations

θαθβ = 1

2
εαβθθ θαθβ = 1

2
εαβθθ

θ̄α̇θ̄β̇ = −
1

2
εα̇β̇ θ̄θ̄ θ̄α̇θ̄β̇ = −

1

2
εα̇β̇ θ̄θ̄

2. Pauli matrices and Weyl spinors

(a) Use the explicit Lorentz transformation of left- and right-chiral Weyl spinors

θ 7→ DLθ = exp

(

−

i

2
ωµνσ

µν

)

θ,

θ̄ 7→ DRθ̄ = exp

(

−

i

2
ωµνσ̄

µν

)

θ̄.

from Ex.4.1(a) to transfer the above index convention to the spin generators
σµν , σ̄µν and to the Pauli matrices σµ and σ̄µ.

(b) Check

(σ̄µ)T = (−iσ2)σ
µ(iσ2)

(σµ)αβ̇ = (σ̄µ)β̇α

(c) Verify the following identities:

(ξ̄σ̄µψ) = −(ψσµξ̄)

ψαξ̄β̇ =
1

2
(σµ)αβ̇(ψσµξ̄)

(θσµθ̄)(θσν θ̄) =
1

2
ηµν(θθ)(θ̄θ̄)

3. Grassmann differentiation

Define Grassmann differentiation

∂α =
∂

∂θα
and ∂̄α̇ =

∂

∂θ̄α̇

by the relations ∂αθ
β = δβ

α and ∂̄α̇θ̄β̇ = δα̇

β̇
. Note that the product rule must include

a minus sign:
∂α(θβθγ) = δβ

αθ
γ
− θβδγ

α

(a) Show that ∂α = εαβ∂β.

(b) Check that
∂α∂α(θθ) = ∂̄α̇∂̄

α̇(θ̄θ̄) = 4.
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