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1. The SUSY Algebra and the Chiral Representation

The SUSY algebra is an extension of the Poincaré algebra. It contains new fermionic
generators Qα. The (anti-) commutation relations involving the Qαs read:

{Qα, Q̄β̇} = 2(σµ)αβ̇Pµ with Q̄α̇ := (Qα)†

[Qα, Pµ] = 0

(a) Show that

[(θQ), (Q̄θ̄)] = 2(θσµθ̄)Pµ

(b) An element of the SUSY group reads:

S(aµ, α, ᾱ) := exp[αQ + Q̄ᾱ − iaµPµ]

Show that S(aµ, α, ᾱ)S(bµ, β, β̄) is again a group element.

(c) Next, we define a vector space on which the SUSY transformation S(aµ, α, ᾱ)
acts. The elements of this space are called superfields Φ(xµ, θ, θ̄). They are de-
fined by their transformation properties:

S(aµ, α, ᾱ)[Φ(xµ, θ, θ̄)] = Φ(xµ + aµ − iασµθ̄ + iθσµᾱ, θ + α, θ̄ + ᾱ).

By using an infinitesimal transformation, show that the representation of the
SUSY algebra on the space of superfields Φ(xµ, θ, θ̄) reads:

Pµ = i∂µ

Qα = ∂α − i(σµ)αβ̇ θ̄β̇∂µ

Q̄β̇ = −∂̄β̇ + iθα(σµ)αβ̇∂µ

(d) Additionally, check that these operators form a representation of the SUSY
algebra by explicitly verifying the (anti-) commutation relations.
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(e) The (SUSY) covariant derivative Dα is defined by the commutator

Dα(δSΦ) = δS(DαΦ).

Show that the following derivatives fulfill this condition and are therefore cova-
riant:

Dα = ∂α + i(σµ)αβ̇ θ̄β̇∂µ

D̄β̇ = −∂̄β̇ − iθα(σµ)αβ̇∂µ

(f) Next, we define different representations of the SUSY group, i.e. the left and
right chiral representations:

SL(aµ, α, ᾱ) := exp[αQ − iaµPµ]exp[Q̄ᾱ]

SR(aµ, α, ᾱ) := exp[ᾱQ̄ − iaµPµ]exp[αQ]

In the following, we will concentrate on the left chiral representation. How does
it relate to the representation S(aµ, α, ᾱ) discussed in part (b).

(g) Show that SL(aµ, α, ᾱ)SL(bµ, β, β̄) is again a group element.

(h) Again, a superfield is defined by its transformation properties:

SL(aµ, α, ᾱ)[φL(xµ, θ, θ̄)] = φL(xµ + aµ + 2iθσµᾱ, θ + α, θ̄ + ᾱ).

Find the representations of the SUSY generators QL and Q̄L.

(i) In the left chiral representation, the covariant derivatives are

DLα = ∂α + 2i(σµ)αβ̇ θ̄β̇∂µ

D̄Lβ̇ = −∂̄β̇.

You might check the commutator with the SUSY transformation SL.

(j) Next, we define chiral superfields by the conditions:

D̄Φ(x, θ, θ̄) = 0 for left chiral sf

DΦ(x, θ, θ̄) = 0 for right chiral sf

The definition is independent of the representation. But choosing a specific
representation (the left chiral representation D̄Φ = D̄LφL, for example) gives
us some insight. So, what can you say about a left chiral superfield φL? What
is the general form of a left chiral superfield?

Hint: Make a Taylor expansion in θ.

(k) Consider the infinitesimal SUSY transformation SL(0, δθ, δθ̄) of a left chiral
superfield φL. How do the component fields of φL transform?

Hint: Use the left chiral representation of the SUSY generators QL and Q̄L and
assume that the transformation is small: δθσµδθ̄ ≈ 0.
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