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In this exercise sheet we discuss some of the implications of conformal invariance on two
dimensional field theories. The first problem is devoted to analyze the properties of the
energy momentum tensor. In the second we prove that two point functions are fixed up to
a constant factor.

Exercise 6.1: The Energy Momentum Tensor (11 credits)

Consider a theory which is invariant under an infinitesimal transformation xµ 7→ xµ + εµ.
Accoding to Noether’s theorem, the current jµ = Tµνε

ν is a conserved quantity, where

Tµν = − 4π
√
g

δS

δgµν
(1)

is the energy momentum tensor.

(a) Show that for theories which are traslationally invariant, Tµν is also a conserved
current. (0.5 credits)

(b) Prove that conformal invariance of the theory implies the tracelessness of the energy
momentum tensor. (0.5 credits)

(c) Let us now concentrate on the two dimensional case. Take the cylinder (σ0, σ1) with
Minkowski signature and perform the coordinate transformation

z′ = σ0 + iσ1 , (2)

z̄′ = σ0 − iσ1 . (3)

By setting z = ez
′
, z̄ = ez̄

′
, the cylinder is mapped to the complex plane. Compute

the metric in terms of these new coordinates. (2 credits)

(d) Use your previous results to show that (3 credits)

∂zTz̄z = ∂z̄Tzz = Tzz̄ = 0 . (4)

Using these properties, we introduce the notation Tzz = T (z), Tz̄z̄ = T (z̄).
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(e) On the plane, T (z) allows for the expansion

T (z) =
∞∑

n=−∞

ln
zn+2

. (5)

Make use of the OPE

T (z)T (w) =
c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
+ reg (6)

to derive the Virasoro algebra

[ln, lm] = (m− n)lm+n +
c

12
(m3 −m)δm+n,0 . (7)

(5 credits)

Exercise 6.2: Two-Point Functions (9 credits)

Consider the two-point function

G(z1, z2) = 〈Φ1(z1)Φ2(z2)〉 (8)

for two holomorphic primary fields Φ1 and Φ2 with scaling dimensions ∆1 and ∆2. Under
an infinitesimal conformal tranformation z → z + ε these fields transform as

δεΦi(z) = [ε(z)∂ + ∆i∂ε(z)]Φi(z) (9)

(a) Show that the conformal invariance of the two point function implies

[ε(z1)∂1 + ∆1∂ε(z1) + ε(z2)∂2 + ∆2∂ε(z2)]G(z1, z2) = 0 . (10)

(3 credits)

(b) Set ε(z) = 1 in the previous equation and prove that this implies that G(z1, z2)
depends only on x = z1 − z2 . (2 credits)

(c) Now choose only ε(z) = z to show that G(x) has the form

G(x) =
c12

x∆1+∆2
, (11)

with c12 a constant. (2 credits)

(d) Finally, use the transformation ε(z) = z2 to show that G(x) vanishes unless ∆1 = ∆2 .
(2 credits)
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