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1. Weyl spinors and Grassmann variables (10 credits)

In this exercise, we want to illustrate the connection between spinors and Grassmann
variables and get used to the spinor index conventions.
Let 6,, a = 1,2 be anti-commuting complex Grassmann variables

{0a, 05} = 0. (1)
As left-chiral Weyl spinors, they transform in the (1/2,0) representation of the
Lorentz group

0 — (D)0 = exp {—%WWJW] 0 (2a)

0 — (Dg) = exp {—%wwa“”] 0 (2b)
with the Pauli matrices o := (1,0'), 0" :=(1,~0") and the spin generators
ot = ;(ote” — o¥at), " = J(cta? — GV at).

(a) Let €a5 = €*? be the totally antisymmetric 2 x 2 tensor, i.e. €45 = —€g, With
normalization €19 = 1. Show that: e,z6?7 = —§7. (1 credit)

(b) On last year’s exercise you proved

oy = (D) oy Dy. (3)
Why does this mean that o5 is a spinor metric? Being a metric, it can be used
to raise and lower spinor indices. (1 credit)

(c) Show that € = ioy is an equivalent choice for the metric. From now on, we use
€ to raise and lower spinor indices:
0% = —€*79;. (4)
Give the inverse of this relation. (2 credits)
(d) We define the conjugate Grassmann variable 6% as 6% := (#%)*. Verify (2b), i.e.
show that it transforms in the (0,1/2) representation of the Lorentz group (as
a right-chiral Weyl spinor).
Hint: You showed last year that coDpos = D¥,. Use this to calculate the trans-

formation of €**05. (2 credits)
(e) The conventions for contracting spinor indices are:
§P1=E¢"%a and &Y= Eax" (5)
Verify the following identities: (2 credits)
(1) §%a = —&aX” and fiaf(d = _ngd
i) & = x¢ and &Y = X¢



(f) Prove furthermore: (2 credits)

(l) €a€5 = %6a5.0677 and QQQQ = %€a5¢9077
(i) f0° = —lestgg and 0.0, = —le, 00

T2

In summary, the components of spinors are Grassmann variables. They anti-
commute and transform in the correct Lorentz representations.

2. Weyl spinors and Pauli matrices (7 credits)

This exercise is intended to further establish the relation between the Pauli matrices,
the spinor metric, and spinors as Grassmann variables.

(a) Use the Lorentz transformations (2) to deduce the spinor index structure for
the Pauli matrices o#, * and the spin generators o*”, " in terms of the

conventions introduced in (5). (2 credits)
(b) Check the following identites: (2 credits)
(i) (6“)T. = —eole
i) (") = (o¥)™
(c) Verify furthermore: (3 credits)
(i) £ot'x = —xo't
(ii) Xals = 3(0")45(x0.8)

(i) (00"6)(0076) = Ly (06)(60)

Hint: nw,agaag[_} = 2¢ap€45 (Prove it)

3. Grassmann variable calculus (3 credits)

This exercise is intended to introduce differentiation of Grassmann variables and to
investigate the consequences.

The Grassmann differentiation is defined as
0 =4 0
8a = % and 0% := 8_%’ (6)
with the usual relation 9,0° = 62 and 5‘5‘0_3 = 5;‘ However, the product rule must
be defined with a minus sign:

0a(0°07) = 5807 — 0°57.

Show that:
i o = %0y
(ii) 0°0,(00) = 0;0%(00) = 4



