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1. Some Calculations for the Lecture

In the lecture, the following equations defined our system of units:
¢ = 2998 x10° = =1
s
ho= 1.055x107* Js =1

In particle physics, it is common to measure energies in units of GeV, not in J. The
conversion factor is given by:

1J=6.241 x 10° GeV
(a) Calculate the conversion factors for cm in GeV~! and s in GeV™!, i.e. show that

lem ~ 5.07 x 103 GeV ™!
1s 1.52 x 10%* GeV ! .

Q

2. The Dirac Equation
Using the operator substitutions (h = 1)

—

p — —iV
E—>Zat

it is possible to get the equations for quantum mechanics from the energy-momentum
relations. E.g. from the non-relativistic equation F = p?/2m one obtains the Schro-
edinger equation.

(a) Obtain the Klein-Gordon equation from the relativistic energy-momentum re-
lation (¢ =1)
E?=p"+m?.

Dirac’s basic idea was to “factorize” the Klein-Gordon equation to obtain an
equation which is first-order in the derivatives.
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(b) Make the ansatz
Hy = (aip; + Bm)y (1)

Squaring the Hamilton operator eq. (1) and using H?y = E?3 should give the
Klein-Gordon equation. Show that from this requirement, it follows:

B> =al=1 and {B,a;} ={a;, 0} =0, i#j

(¢c) Why are the «; and the § not numbers? Why do they have to be hermitian?
(A hermitian < AT = A) What does it imply?

(d) Define the Dirac matrices v*, u=0,...,3 by
WP =8 4 =pa i=123.
Show that the Dirac equation Hvy = E1 can be written in the covariant form
(i9" 0y —m)p = 0. (2)
(e) Show that the gamma matrices fulfill the Clifford algebra
{v*, 4"} =291 | " = diag(1, -1, —1,—1). (3)
(f) Show the following relations:

= 79 v
()" = 1 (") = -1 = A0y

The lowest dimensional matrices satisfying the Clifforf algebra eq. (3) are 4 x 4. The
choice of the matrices is not unique. We give two representations: the Weyl (or chiral)
representation:

0 __ 0 ]]. L —0; 0 i 0 0;
/y - ( ]1 O ) QG = 0 o; ) /y - —0; 0 (4)

and the Dirac-Pauli representation:

/y - ( 0 —]]. ) o = o; 0 ) /y - —0; 0 (5)

Whereas the Pauli matrices

0 1 0 —i 10
(o) e (09) ()

satisfy the anticommutation relation {o;,0;} = 26;;1.

(g) Verify that each set of matrices eqs. (4, 5) fulfills the Clifford algebra eq. (3).



3. Free solutions of the Dirac equation

Since H is represented by a 4 x 4 matrix, the v¢’s are four-component column ’vectors’
(called spinors):

,QZ) = (¢17 ¢2> w?n ¢4)T

(a) Use the covariant form of the Dirac equation eq. (2) to show that for every v,
a=1,... 4
(B +m*)tha =0

(Note: a =1,...,4 has nothing to do with a space-time index =0, ...,3.)
For free particles we can therefore make the following ansatz:
¥ =u(p)e "

(b) Plug this ansatz into (1) and use the Dirac-Pauli representation eq. (5) to show

that o
m= (3% ) () =2 (i)
cg-p —mly URB up

with u split into two two-component spinors u4 and ug.

(c) What are the energy eigenvalues for a particle at rest? Interpret the result.

(d) Now take p'# 0. We will label the solutions by an index (s). You can find two
solutions by choosing uf) = x©® with y®" = (1,0)T and x® = (0,1). What are
the corresponding ug? What can you say about the energy eigenvalues of this
solutions? Proceed analogously for the remaining two solutions. Don’t bother
about normalizations for now.

(e) It’s convenient to choose the so called covariant normalization
/ YipdV = 2F .

Use this to derive the normalizations of the u®s.

From the solutions, we see that there are always two solutions per eigenvalue and we
therefore got a degeneracy. Such degeneracies are always due to additional symme-
tries.

(f) Show that the operator

Qy
=)
o

D

( o :) with ﬁzﬁ/lﬁl
0 o-p

corresponds to an observable, i.e. that it commutes with H and P. The associa-
ted quantum number %Ef - p is called helicity. Choose p’ along the z-axis. What
are the helicities of the x(*)?



