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1. Non-orthogonal coordinates

Let us take a Cartesian coordinate system spanned by the unit vectors ~ε1 and ~ε2, and

a non-orthogonal system spanned by ~e1 and ~e2. The tilted system’s basis vectors are

given by

~e1 = ~ε1 , ~e2 = ~ε1 + 2~ε2 . (1)

We can write any point X in the Cartesian system as

X = ξ1
· ~ε1 + ξ2

· ~ε2 ≡ ξa~εa ≡

(

ξ1

ξ2

)

ε
. (2)

The coefficients ξa (a = 1, 2) are called contravariant coordinates.

(a) Rewrite X in the tilted system to obtain the contravariant coordinates xi of ~ξ in

terms of the ξa.

(b) Show that the distance s from point X to the origin can be written in the Cartesian

system as s2 = ηab ξaξb. What does the metric ηab of the Cartesian system look

like?

(c) If we require that distances should not depend on the choice of coordinate system,

we can write s2 as

s2 = ηab ξaξb = gij xixj , (3)

where we now denote the metric of the tilted system by gij .

Compute the metric components gij .

(d) Write the gij in terms of the ηab generally. Verify the result of (c).
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2. Free movement in a gravitational field

We will use the principle of equivalence (PE),

...at any spacetime point in an arbitrary gravitational field it is possible to

choose a ’locally inertial coordinate system’ such that, within a sufficiently

small region of the point in question, the laws of nature take the same form

as in unaccelerated Cartesian coordinate systems in the absence of gravity...

to derive the equations of motion (EOM) for a freely moving particle in a gravitational

field. Then we show that this is equivalent to demanding that the particle moves on

geodesics in the curved spacetime, which is described by the metric tensor gµν .

(a) Consider the EOM of a particle in the gravitational field of the earth. Use the PE

to find a coordinate system in which gravitational forces vanish.

(b) Write down the EOM for a freely falling particle in a gravitational field.

(c) Use the PE to derive the EOM in any other coordinate system,

d2xλ

dτ2
+ Γλ

µν

dxµ

dτ

dxν

dτ
, where Γλ

µν =
∂xλ

∂ξα

∂2ξα

∂xµ∂xν
. (4)

(d) Are there any differences in the derivation of Eq. (4), if we consider light (or

massless particles)?

How many of the dxµ

dτ
are independent?

(e) Show that the Christoffel symbols Γλ
µν can be written as

Γλ
µν =

1

2
gλκ

(

∂gκµ

∂xν
+

∂gκν

∂xµ
−

∂gµν

∂xκ

)

. (5)

(f) Write down the variational principle for geodesics in a space with metric gµν(x).

Why does it lead to the EOM for a freely falling particle?

(g) Calculate the EOM from the variational principle of (f).

(h) How do the EOM change, if we take into account non-gravitational forces?

3. Locally varying coordinates

One familiar example of location-dependent coordinates are spherical coordinates

ξ1 = r cos θ , ξ2 = r sin θ cos φ , ξ3 = r sin θ sinφ . (6)

Let us write (r, θ, φ) ≡ (x1, x2, x3).

(a) Use the invariance of ds2 under general coordinate transformations to determine

gij(x) for the spherical coordinates.

What are the covariant coordinates xi?

(b) Calculate all Christoffel symbols Γl
mn for the spherical coordinates.

(c) What are the EOM for r, θ φ?
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