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1. Observational Hubble law

Consider a Taylor expansion of the scale factor a(t) about a0(t0) and use this to express the
redshift as

z = H0(t0 − t) +
1
2
(2 + q0)H2

0 (t0 − t)2 + . . . , (1)

where you can identify the decceleration parameter q = −aä/ȧ2 (the subscript 0 denotes today).
Invert this expression to get an expression for t0 − t. By considering radial photon propagation
(dθ = dφ = 0), find the expression for r

r = a(t0)−1

[
(t0 − t) +

1
2
H0(t0 − t)2 + . . .

]
(2)

Thus, use the luminosity distance dL = a0 r (1 + z) to find Hubble’s law in terms of measurable
quantities:

H0dL = z +
1
2
(1− q0) z2 + . . . (3)
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1. Killing verctors

Using Killing’s equation, the formula for the commutator of two covariant derivatives,

ξσ;ρ;µ − ξσ;µ;ρ = Rλ
σρµξλ (4)

and the cyclic sum rule for the Riemann tensor

Rλ
σρµ + Rλ

ρµσ + Rλ
µσρ = 0 (5)

show that
ξµ;ρ;σ = Rλ

σρµξλ (6)

2. Field theory in curved spacetime

Consider the action for a system of n scalar fields

S =
∫

d4x
√
−g

(
R− 1

2
Gab∂µφa∂µφb − V (φa)

)
, (7)

where Gab(φc) is a metric in the space of fields (but R is the scalar curvature of spacetime as
usual). Derive the equations of motion for the fields φa as well as the energy momentum tensor
Tµν for this action.

3. Energy momentum tensor

(a) Given the energy momentum tensor for a perfect fluid

Tµν = (ρ + p)UµUν + pgµν (8)

where Uµ = (1, 0, 0, 0). Compute Tµ
ν , T and ∇µTµ0 in a Friedmann-Robertson-Walker

background.

(b) Consider a spacetime whose Ricci tensor is given by Rµν = 2λgµν . Compute R and show
that the energy momentum tensor for such a geometry is given by

Tµν = − 3λ

8πG
gµν (9)

4. Black holes

Consider the Schwarzschild metric

ds2 = −hdt2 + h−1dr2 + r2dΩ2 (10)

where h = 1− 2M
r and dΩ2 = dθ2 + sin2 θdφ2.



(a) How many Killing vectors has this metric? Discuss its spacetime structure.

(b) We know that for each Killing vector there exists a conserved quantity, or a constant of the
motion for a free particle. If Kµ is a Killing vector, we know that

Kµ
dxµ

dλ
= constant (11)

where λ is the affine parameter. What are the associated conserved quantities for the
Schwarzschild metric?

(c) Consider the two Killing vectors associated to time translations and magnitude of the an-
gular momentum

Kµ = (∂t)µ = (1, 0, 0, 0)

Rµ = (∂φ)µ = (0, 0, 0, 1)

Use (11) to find expressions for the two associated conserved quantities of the above
Killing vectors. What are this quantities?

(d) Besides the conserved quantities above, we always have another constant of the motion
for geodesics. The geodesic equation (together with metric compatibility) implies that the
quantity

ε = −gµν
dxµ

dλ

dxν

dλ
(12)

is a constant along the path and ε = ±1, 0 (what do these values indicate?). Expand (12)
and use the conserved quantities derived above to find an equation for r(λ).

5. Cosmology

(a) In a FRW spacetime, the deceleration parameter q is defined by

q ≡ −aä

ȧ2
(13)

where dots denote derivatives with respect to cosmic time t. In a universe with a cos-
mological constant Λ, show that q can be expressed in the matter era (with pressureless
matter p = 0) as

q =
1
2
ΩM − ΩΛ (14)

and in the radiation era (p = ρ/3) as

q = ΩM − ΩΛ (15)

where ΩM = 8πG
3H2 ρ = ρ

ρcrit
and ΩΛ = Λ

3H2 are the density parameters for matter and a
cosmological constant.

(b) Milne universe. Consider the Friedmann equation for an empty universe, that is ρ = 0,
but non-vanishing spatial curvature k. Describe the properties of such a universe in detail.


