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Electromagnetism

1. A typical example of a(n antisymmetric) tensor, is the electromagnetic field strength tensor Fµν .

(a) Show that ∂[µFλν] = 0 is equivalent to (here [. . . ] means antisymmetrisation, see handout 1)

∂µFνλ + ∂νFλµ + ∂λFµν = 0

(b) Write the contravariant components of Fµν identifying F 0i ≡ Ei, F ij ≡ εijkBk (where εijk is
the antisymmetric Levi-Civita symbol in 3 dimensions).

(c) Show that Maxwell’s equations can be recovered from the equations of motion for Fµν , given
by

∂µF
νµ = Jν , ∂[µFλν] = 0

Identify the components of the four current Jµ.

(d) The electric E and magnetic B vectors can be expressed in terms of a vector potential A and
a scalar potential φ as

B = ∇×A , E = ∇φ− ∂A
∂t

How is Fµν related to A and φ? (write A and φ as a quadrivector Aµ).

(e) The potentials A and φ discussed above, are not unique. We can replace

A→ A +∇ψ , φ→ φ+
∂ψ

∂t

or equivalently, Aµ → Aµ + ∂µψ. This is called a gauge transformation Show that Fµν is
indeed invariant under this gauge transformation

(f) From the tensor Lorentz transformation rules for a tensor Fµν , show how E and B transform
under
i) a boost about the x axis.
ii) a rotation about the x axis (*)

(g) With the fields E and B, we can form invariant quantities with respect to a transformation from
one system of reference to another. These are

FµνF
µν , FµνFλβε

µνλβ

Show that they are indeed invariant.
Write these two conditions above in terms of E and B and explain the physics involved.

(h) Verify that (*)

fµ ≡ dpµ

dτ
= eFµ

ν

d xν
n(t)
d τ

(1)

is the correct equation for the electromagnetic four-force fµ acting on a charged particle
(pµ = mdxµ/dτ ) Taking the limit of small velocities, show that it does reproduces the Lorentz
force.
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Energy-momentum tensor (*)

2. It is possible to define a charge and current density for the four momentum pµ, this is the energy-
momentum tensor

Tµν(x, t) =
∑

n

pµ
n(t)

d xν
n(t)
d t

δ3(x− xn(t))

(a) Show that the energy-momentum tensor is only conserved up to a force density Gµ which
vanishes for free particles

∂νT
µν = Gν

(b) Check that for electromagnetic forces given in (1)

Gµ = Fµ
νJ

ν

(c) To obtain a conserved energy-momentum tensor, we have to include the contribution of the
electromagnetic field itself:

Tµν
em = Fµ

ρ F
νρ − 1

4
ηµνF ρσ

ρσ

Write T 00
em and T i0

em in terms of the electric and magnetic vectors E and B. Do you recognize
the resulting expressions?

(d) Show that ∂νT
µnu
em cancels Gµ introduced in point (a).

(e) Show that the total momentum pµ =
∫
d3xTµ0(x, t) is a conserved quantity.

Angular momentum (*)

3. Consider another conserved quantity M given by

Mρµν = xµ T νρ − xνTµρ (2)

(a) Show that

Jµν =
∫
d3xM0µν (3)

is antosymmetric and can be interpreted as the angular momentum of the system.

(b) How does Jµν transform under xµ → xµ + aµ?
What is the physical interpretation of the extra terms?

(c) Show that the quantity Sµ = 1
2εµνρσ J

νρ uσ (where uσ = pσ/
√
−p · p) is the system’s four

velocity) is invariant under the translation aµ. What are the components of S in the center of
mass frame of the system? What is the physical interpretation of S?
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