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e Warped 4 + d-dimensional geometries of the form
ds? = W?(y)ds? + ds?

can alleviate the hierarchy problem

e Codimension-two branes are conical, that is, the codimensional mnetric
around the brane position is

ds? oc dp? + §2p*d6?,

which means there is a deficit angle 27 (1 — 3). These branes do not
induce curvarure in the bulk — there is only a d-function singularity.

e Curvature of codimension-two branes is independent of their tension
(“Self-tuning” )
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Ingredients:

e 6d supergravity: Gravity & tensor Multiplet (Gun, Y, X, Bun, P)
e Gauged U(1)g-symmetry: vector multiplet (Ap, \)
e 4d branes with tensions A;

Sbulk = /d6X\/ -G {%R — %8M¢8M¢ — %e_q)FMNFMN — 2g2e¢

+2-form + fermions}

Shranes = — Z /d4XiV —gi\;
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Ansatz: Warped background solution with 4d maximal symmetry:

ds? = W2(y)&,u (x)dx"dx” + Emady™dy" Ruv (&) = 30\&

an:\/éemnF(Y)v F[LV:F[Lmzov Hune =0
® =d(y)

This leads to field and Einstein Equations:
Dm (W*e™®F) =0
W™D (W*D™®) = — (3F%e™® — 2g%€®)
3\ — %W‘szD’" W= — (3F2e® — g%e®) W?
Run (&) — 4W ™ 'DpDyW = Dpy®D,® + (3F%e™® + g%€®) &mn
+ Z’: %gmn52 (v =)
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Results:

e A=0, i.e. g&uw = nu: Minkowski space is the unique maximally symmetric
background [Gibbons et al.]

e Dilaton: & = dy —2In W

e Gauge flux F(y) = fe®W=* = fe®oW="°

e For the warp factor, rewrite metric in terms of complex coordinate
z=ys5+iys as (W = eB)

ds? = 262 (1), dx“dx” + e*(2)dzd7)

e Einstein equations become ((uv), (zz) and (zZ) components)

—4e 24 (0BOB + 00B) = e™ (g> — 1f?e~%F)
IV(z) =9 (e *0B) =0

—600B — 80BIB — 200A = 1e*Ae® <g2 + %ﬁe—SB) +) N (z - z)
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Free holomorphic function V/(z) determines warp factor:

e Unwarped solution < B = const. < V =0 and f? = 4g>
[Aghababaie et al., Redi]

e V #£0 = ordinary differential equation for the warp factor in terms of new
coordinate: [Chodos, Poppitz]

z w w4 —2 2w P(W
CZ%/ . +cc dw =2 vty = (W)
V(o) dc QW3 W3

with parameters
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This can be integrated to give

(W (¢) — wh)"
(Wi —ws ()™

= exp {2')/2 (Wi — Wi) (¢ — 40)}
with the roots of P(W)
Wi:v:l:\/vz—u2

Warp factor bounded in the range W_ < W < W,
Reality of warp factor gives constraints v > v?>, v >0

Extrema W, reached for { — +00, correspond to conical singularities

Four real integration constants: f, ®g, v and (p
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The general metric finally is

_ 1 PW),
2 2 v
ds® = W= (z,2) nudxdx” + IV WE dzdz

e Constraint on V/(z): For well-behaved (i.e. single-valued and free from
singularities up to é-functions) warp factor and higher curvature invariants,
V' can have only simple zeroes or poles

e Zeroes and poles of V(z):

e Simple zero V(z) « (z — z) /¢ with real c leads to conical brane with
deficit angle

2 (1 Pl wh (Wi - Wﬁ)) for c<0

e Simple pole V(z) & 1/ (z — z0) leads to brane with fixed deficit angle —27
e Behaviour at infinity: For V o« z" with n > 2, there will another brane with
fixed deficit angle 27 (2 — n) at z = o0
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Simple ansatz:

z .
V(z) = -2, ¢ real and positive

Globally well-defined change of coordinates

1
¢(=-%cin|zf 0:—Ecln§

Conical branes at z = 0 and z = oo with warp factors W, = warped rugby
Warp factor (dn = ¢ W—*d()

W) = L (Wi + W) + L (W) — W*) tanh [(W] — W*) +2cn]

interpolates between W, and W_

Warp factor does not depend on 6 ~~ axial symmetry in extra dimensions
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Four-dimensional Planck mass

2
s f s T 4 4 4
MPZEVC 1_<fgv> M6:ZC(W+_W—) M6
For compact extra dimensions, flux is quantised, in this case

Wi —w*  8ne %
wiwt g

This leads to a fine-tuning condition between brane tensions:
(27 —Ay) (27 — A_) = (27n)?

The parameter ¢ can be absorbed by a rescaling of €, two parameters are fixed
by matching of brane tensions to deficit angles ~ One undetermined modulus
remains.
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e In the unwarped limit, V — 0, so { coordinate is not well-defined, but limit
is possible:
e For this limit, take ¢ to infinity while keeping

k=c(Wi—w?)
finite ~> unwarped rugby, two branes with same deficit angle
B=~vW*k

and equal tensions.
e This is consistent with brane conditions, and Planck mass stays finite.

=

B e B ey ) ey GRS 1) i



For a multi-brane solution, take a similar ansatz:
N
1
c
I=l

o For single-valued warp factor, ¢ and all z; have to be real
e N branes with warp factor W or W_, depending on the sign of

a=ell;
Zi— %

J#

o Additional brane at z = oo with fixed brane tension A® =27 (2 — N)

o After flux quantisation and brane tension matching, still one undetermined
modulus
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o We have presented the general warped solution of 6d supergravity with 4d
maximal symmetry

Important properties depend on a free holomorphic function
e Linear function: Recover known two-brane solutions
e Function with many zeros gives multi-brane solutions. Howver, fixed-tension
brane required in this case

One undetermined modulus in simple cases, one fine-tuning relation
between brane tensions

e To do:

e Systematic study of different functions

o In particular: Elliptic (doubly periodic) functions for torus geometry in extra
dimensions
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