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1 Propagator of the quantised bosonic string (10 points)

In the lecture you encountered special coordinates (z, z̄), that were expressed as follows in terms
of worldsheet coordinates (τ, σ):

(z, z̄) =
(

exp
(2πı(τ − σ)

l

)
, exp

(2πı(τ + σ)

l

))
.

Note in particular that z̄ 6= z∗, unless a Wick rotation is performed: τ = ıt (t ∈ R).

(a) A quantum field theory requires an ordering prescription for the quantum operators. Phys-
ically interpret what happens to the time-ordering on the cylindrical worldsheet for the closed
string for the new coordinates (z, z̄). (1 point)

(b) Extend the propagator for the left-left sector that you saw in the class:

〈Xµ
L(z̄)Xν

L(w̄)〉 =
1

4
α

′
ηµν lnz̄ − 1

2
α

′
ηµν ln(z̄ − w̄) ,

to rest of the permutations:

〈Xµ
R(z)Xν

R(w)〉 =
1

4
α

′
ηµν lnz − 1

2
α

′
ηµν ln(z − w) ,

〈Xµ
R(z)Xν

L(w̄)〉 = −1

4
α

′
ηµν lnz ,

〈Xµ
L(z̄)Xν

R(w)〉 = −1

4
α

′
ηµν lnz̄ ,

and finally the full propagator:

〈Xµ(z, z̄)Xν(w, w̄)〉 = −1

2
α

′
ηµν ln((z − w)(z̄ − w̄)) .

The information that might come in handy:
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• Normal ordering for the zero modes is typically defined as:

: pνxµ : = xµpν

whereas that for creation, annihilation operators (m,n > 0),

: ανmα
µ
−n : = αµ−nα

ν
m ,

and similarly for the ᾱ’s.

• The Taylor expansion:

ln(1− x) = −
∞∑
n=1

xn

n

(6 points)
(c) Compare the full propagator to the Coulomb potential φ at position w of a charge q at z in
2d.
Prove that:

~∇2 〈X(z)X(w)〉 ∼ δ(2)(z − w) .

Note that the Laplacian of the Coulomb potential of a point charge behaves similarly, as is
obvious from the (electrostatic) Maxwell’s equation: ~∇2φ ∼ ρ. (3 points)
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