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Exercise 7.1: Riemann Tensor (14 credits)
The Christoffel symbols are not tensor, and thus are not suitable to describe the physics of
curved geometry in a coordinate-invariant way. The only tensor can be constructed from
the metric and its first and second derivatives is the Riemann tensor:

RAMV/@ = 8VF>\[U€ - 8I€F>\Ml/ + Fn;mFAnV - Fn/ﬂlrk’rm

Through self-contractions we get the Ricci tensor R, = R? ww and the curvature scalar
R=g"R,..

(a) Prove the following identity:
[Dw Dn]an = R)\nwca)\
(3 credits)
(b) Using the metric, the Riemann tensor can be written in the form:
R)\},LVH = g)\nR/\uwf
Check its symmetry properties:
R)\}U/H = _R)\;uﬂ/

R/\ul/n = +RVI§>\;,L
(3 credits)

(c) Calculate the components of Rl , Rnr and the curvature scalar R for a space
(6, ¢) and metric g,,, = diag(a?, a? sin®f) ie. a 2-sphere. (3 credits)

(d) Show that for a general two dimensional space, the Riemann tensor takes the form:
Raped = R YGa[cYd)b
(3 credits)

Hint: You may use the fact that the number of independent components of a Riemann
tensor in D-dimensions is D?(D? —1)/12

(e) What is the curvature of a circle with fixed radius R? (2 credits)



Exercise 7.2: Bianchi identities (6 credits)
(a) Verify the Bianchi identities:
R}\MV’{;’I] + R)\unu;n + R)\/um;u =0

where, the covariant derivative of a generic tensor is given by (extending the results
of ex-5.1(b)):
XMWV...;,O = apXHmV... + FupO'XUmV... + .- FUup)(umo:.. e

(3 credits)
Hint: You may use locally inertial (Riemann normal) coordinates

(b) Contract indices in the above identities to arrive at:

1
<R#V — EQ#VR) =0
g

)

(3 credits)



