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Exercise 8.1: Noether’s theorem (14 credits)

(a) Consider the action:

S =

∫
ddxL(Φ, ∂µΦ)

with the following large “active” transformation of, both, the position and of the field:
x → x′ ; Φ(x) → Φ′(x′) = F(Φ(x)). Verify the following form of the transformed
action: (2 credits)

S ′ ≡
∫
ddx L(Φ′(x), ∂µΦ′(x))

verify
=

∫
ddx

∣∣∣∣∂x′∂x

∣∣∣∣ L(F(Φ(x)),
∂xν

∂x′µ
∂νF(Φ(x))

)
(b) Consider a (active) large Lorentz transformation: x′µ = Λµ

νx
ν and Φ′(Λx) = LΛΦ(x).

(where, Λ is the Lorentz transformation matrix and LΛ is an appropriate representa-
tion of the Lorentz group on the field). Show that the transformed action of 8.1(a)
takes the following form: (2 credits)

S ′ =

∫
ddx(LΛΦ, (Λ−1 · ∂(LΛΦ))µ)

(c) Now consider an infinitesimal (small) active transformation:

x′µ = xµ + ωa
δxµ

δωa
; Φ′(x′) = Φ(x) + ωa

δF
δωa

(x)

where, {ωa} is a set of infinitesimal parameters. If the generator Ga is defined as
follows:

δωΦ(x) ≡ Φ′(x)− Φ(x) ≡ −iωaGaΦ(x)

Show that it is explicitly given by: (2 credits)

iGaΦ =
δxµ

δωa
∂µΦ− δF

δωa

(d) Consider an (active) infinitesimal Lorentz transformation:

x′µ = xµ + ωµνx
ν ; F(Φ) ≡ LΛΦ ≈

(
1− 1

2
iωρνS

ρν

)
Φ

Show that the generators of the Lorentz transformations are: (2 credits)

Lρν = i(xρ∂ν − xν∂ρ) + Sρν
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(e) Plug in the infinitesimal transformations of 8.1(c), with varying ωa, in 8.1(a) and ex-
pand Lagrangian to obtain the following classically conserved current: (4 credits)

jµa =

[
∂L

∂(∂µΦ)
∂νΦ− δµνL

]
δxν

δωa
− ∂L
∂(∂µΦ)

δF
δωa

Hint: Use det(1+E) ≈ 1 + Tr(E) for small E. Also, assume that the action is
invariant under rigid (ie. constant ωa) transformations

(f) Show that the above current for the Lorentz transformation of 8.1(d) is: (2 credits)

jµνρ = T µνc xρ − T µρc xν +
1

2
i

∂L
∂(∂µΦ)

SνρΦ

where, Tc, is the canonical energy-momentum tensor derived in class.

Exercise 8.2: Various definitions of energy-momentum tensor (6 credits)
In general, the canonical tensor, T µνc , is not symmetric. But, since the following modifi-
cation does not change the classical conservation property:

T µνB = T µνc + ∂ρB
ρµν ; Bρµν = −Bµρν

we can hope to get a classically (ie. only for field configurations obeying e.o.m) symmetric
T µνB , called the Belinfante tensor. The tensor Bρµν is, by no means, unique.

(a) Show that one possible choice of Bρµν is: (2 credits)

Bρµν =
1

4
i

[
∂L

∂(∂µΦ)
SνρΦ +

∂L
∂(∂ρΦ)

SµνΦ +
∂L

∂(∂νΦ)
SµρΦ

]
Hint: Use the fact that Sµν = −Sνµ and use ∂µj

µνρ = 0 of ex-8.1(f) above.

(b) Consider the following Lagrangian for a massive vector field Aµ (in Euclidian space-
time): (2 credits)

L =
1

4
FαβFαβ +

1

2
m2AαAα

where, Fαβ = ∂αAβ − ∂AβAα. Write down its Belinfante tensor for Bαµν = FαµAν

(c) As was said above, the tensor of 8.2(b) will be symmetric only classically. But, there
exists another common (cf. exercise 0.3(c) for m = 0) expression for an identically
(ie. classical and otherwise) symmetric energy-momentum tensor of a vector field:

T̂ µνB = F µαF ν
α −

1

4
ηµνFαβFαβ +m2

[
AµAν − 1

2
ηµνAαAα

]
Show that it coincides with the Belinfante tensor for classical configurations. (2 credits)

Remark: The Hilbert tensor, derived in class, is an identically symmetric energy-momentum
tensor. Note that these are all non-gravitational (ie. matter) energy-momentum tensors.
The list of gravitational tensor candidates is longer and contentious.

2


