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Exercise 9.1: Hydrodynamics (20 credits)

(a) Write the first law of thermodynamics for a relativistic fluid (ie. write the law of
conservation of mass-energy for a fluid element). Taking the baryon number to be
conserved, rewrite the first law in terms of baryon number density, n, and entropy
per baryon, s, by eliminating volume, as follows: (2 credits)
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(b) Consider the energy-momentum tensor of a perfect fluid (cf. ex-2.1(b)). Use the
equations of motion (T µν ;ν = 0) to show that the flow of a perfect fluid is isentropic
(ie. ds/dt = 0) (3 credits)
Hint: Here and in the following, use: gµν ;ν = 0, Uµ = {1, 0, 0, 0} in rest frame
and UαU

α
;ν = 1

2
(UαU

α);ν = 0. Also, use the conservation of number-flux vector of
baryons ie. (nU ν);ν = 0

(c) For a perfect fluid, show that the trace of the stress-energy tensor is negative if and
only if: (2 credits)

d(log ρ)

d(log n)
< 4/3

(d) An idealized description of heat flow in a fluid uses the heat flux four-vector, q, with
components in the fluid rest frame as q0 = 0 and qj =(energy per unit time crossing
a unit surface perpendicular to ej, in the positive j direction). The stress-energy
tensor associated with the heat flow is:

Tαβheat = Uαqβ − UβUα

Let s, n and q be the entropy per baryon, number density of baryons and heat flux
respectively - all measured in the proper frame of the fluid. The entropy density-flux
4-vector, S, is:

S = nsU +
q

T

1



where, U is the 4-velocity of the fluid rest frame. Consider a fluid that is “perfect”
except for admitting some heat conduction, described by the heat flow 4-vector, q,
above. Show that the local rate of entropy generation is:

∇ · S = −q · a
T
− ∇T

T 2
· q

where, a is the 4-acceleration of the fluid: aα = uα;βu
β (4 credits)

Hint: Use T̂ µν ;νUµ = 0, where, T̂ µν = Tαβfluid + Tαβheat. Also use qαUα = 0 (why?) and
(nU ν);ν = 0.

(e) In a uniformly accelerating system, show that the condition for thermal equilibrium
is not T=constant, but rather is:

T = T0 exp(−a · x)

where, x is the coordinate position in the accelerating frame. (2 credits)
Hint: At thermal equilibrium, ∇ · S = 0

(f) Now consider a viscous fluid. If u is the 4-velocity of the viscous fluid, show that ∇u
can be decomposed as:

uα;β = ωαβ + σαβ +
1

3
θPαβ − aαuβ

where, a is the 4-acceleration of the fluid: aα = uα;βu
β

θ is the expansion or divergence of the fluid worldlines:

θ = ∇ · u = uα;α

ωαβ is the rotation 2-form or vorticity of the fluid:

ωαβ =
1

2
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µ
β − uβ;µP

µ
α)

σαβ is the shear tensor:

σαβ =
1

2
(uα;µP

µ
β + uβ;µP

µ
α)− 1

3
θPαβ

Here, P is the projection tensor that projects a vector onto the 3-surface perpendic-
ular to u:

Pαβ = gαβ + uαuβ

(3 credits)

(g) The energy-momentum tensor of an imperfect fluid is:

Tαβ = ρuαuβ + pPαβ − 2ησαβ − ζθPαβ

Here, η and ζ are respectively the coefficients of shear and bulk viscosity. Show that
the viscous terms lead to the production of entropy at the rate: (4 credits)

Sα;α =
(
ζθ2 + 2ησαβσ

αβ
)
/T

Hint: Use (TαβUα);β , Uα;β from 9.1(f), (nU ν);ν = 0 and 1st law from 9.1(a).
Remark: The equations of motion (ie. Tαβ ;β = 0) reduce to the Navier-Stokes
equations in the non-relativistic limit.
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