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10.1 Spinors in various dimensions

Representations of the Clifford algebra in various dimensions are needed in supersymmetric
string theories. Therefore, we investigate the construction of such representations in more
detail.
A representation of the Clifford algebra in d dimensions is given by the Dirac matrices y* for
uw=0,1,...d — 1, which satisfy

{0y =20
In Euclidean signature we have (7#)7 = 4# and in Minkowskian signature we have (y#) =
7P,
The chirality operator is defined by

Yarr = ay’ -yt

The charge conjugation operator C'y is defined by
()" = FCeyCL"

Both C exist in even dimensions and a least one of them exists in odd dimensions. In particular,
one has for d =2n and n € Z )
C:{ — (_1)§n(n:|:1)0i

and ford=2n+1

o C, fornodd,
lO_ for n even .

Schur’s lemma states that an operator which commutes with all elements of an irreducible
representation must be a multiple of the identity element.
In addition, we introduce the notion of antisymmetrized products of matrices

1
yHLBr = — (M1 A HP + permutations)

p!
where the + is taken if the number of permutations is even and — is taken if the number of
permutations is odd. The matrices +1, +~+*, v*¥ ... generate a finite group.
a) Argue that for odd dimensions 7441 o 1. (1 Point)
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b) For d even determine o such that v7,; = 1 and show that (Yar1)T = Yasa. (1 Point)
¢) Use Schur’s lemme to show that CT = +C. (1 Point)
d) Show that the matrices ©# = —%[y# 4] satisfy the SO(d) or the SO(d — 1,1) algebra

i[SH S0P = VTS 4 gtPVT — UPSHT o Se

A representation for which there is a matris R such that
RYMWR™ = — (zm)*

is called (pseudo) real. It is complex otherwise. In particular, one can show that RT = +R. If
a representation has a ppsitive sign, it is called real, whereas a representation with a negative
sign is called pseudoreal.

e) In the d = 2n even-dimensional Euclidean case, show that

:F

—(CL)EE(CL)™! for nodd ,
—(CL)X(CL)™t for n even

where ¥/ = %Z“” (1 ++44+1) are generators associated to the respective chiral subspaces.

(1 Point)

f) Evaluate for which dimensions the representations of part d) are real, pseudoreal and
complex. Your result should depend on the dimension n mod 4. (1 Point)

g) Continuing with the cases of part d). We define

1 A A
b}:i( Zpy? ) i=0,...,n—1.

Show that

v5) =bF, {bE b7y =05 and {bf,b7}={b; b7} =0.
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(1 Point)
h) Let the hightest weight state Q) be defined by b |Q) = 0 such that |Q) = |3,...,3).
All other states are given by |:|:%, RN :l:%> Show that this representation is reducible
and decomposes into irreducible representations given by positive and negative chirality

spinors. (1 Point)

i) Show that d = 8 is special in the sense that the spinorial representation has the same
dimension as the vector representation. The symmetry behind this relation is called
triality symmetry. Argue why you could guessed such a symmetry by inspecting the
Dykin diagram of SO(8). (1 Point)



10.2 The Ramond-Neveu-Schwarz superstring

Superstring theory has different formulations. The three main formalisms are: The Ramond-
Neveu-Schwarz (RNS), the Green-Schwarz (GS) and the pure spinor formalism. In the RNS
formalism two-dimensional worldsheet supersymmetry is manifest. In the GS and in the pure
spinor formalism it is the d-dimensional spacetime which is supersymmetric.

In the Ramond-Neveu-Schwarz formalism the supersymmetric partners of the bosonic fields
XH(1,0) described by the Polyakov action Sp are d free fermions (spinors) on the worldsheet
with a target space vector index (7, o). Their corresponding action is called the Dirac action.
The sum of these actions in the superconformal gauge is given by

1 o
SRNS = —%/dQJ (8QXM8QXM —i—Mﬁ“p 804¢/L) R (1)

m
where p® with a = 0,1 form a representation of the 2d Clifford algebra, ¥* = (ﬁg) is a 2d
Majorana spinor (a 2d real spinor) in the vector representation of the Lorentz group SO(d—1,1)
and ¢ = Tp? = T p° is the Dirac conjugate of 1. Since a Majorana spinor in 2d is real we

have (yf)" =4 and (p*)" = ¢,

a) Check that
o (0 1 L (01
p‘(—loand”_lo

satisfy the 2d Clifford algebra and evaluate the signature on the worldsheet. (1 Point)

b) Show that the action (1) in light-cone coordinates is given by

Stvs = [ 0 (20, X0_X + i0_0,0 4 1020-) (2)
(2 Points)

c) Check that (1) is invariant (up to a total derivative) under the global worldsheet super-
symmetry variations given by

0XH =dept and PP = p*0, X e, (3)

where € = <Z+> is an infinitesimal constant Majorana spinor.
Hint: Work out separately terms proportional to e and €. (2 Points)

d) Show that the supersymmetry variation (3) induces the conserved worldsheet supercur-
rents
j+=¢Ho X, and j_=¢"0_X, .

(1 Point)

e) Show that the non-zero components of the energy-momentum tensor are given by
i
T_|_+ = 8+X“8+Xu + iwi(ﬁzmu and
T =0 X"0 X, + %w“a,;z},u .

(1 Point)
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Consider only the fermionic part of the action (2). Show that it is invariant under variation
of 1+ with equations of motion d;¢_ = 0 and d_v; = 0 from (2) describing left— and
right movers which are Weyl conditions in 2d. Therefore, 1+ are Majorana-Weyl spinors.
Moreover, show that there is a boundary term left which is given by

35y = [ dr (st = 660 loma = [ dr (0450 = 650 lomo

(2 Points)

In the case of open strings show that the boundary term vanishes for T/Ji = ¢ at
each end of the string where the overall relative sign is a matter of convention. We
choose without loss of generality ¢ |,—o = ¥"|,—0. Therefore, show that the vanishing of
the boundary term translates to two distinct sectors: The Ramond boundary conditions
¢i|gzl = |o=; which give rise to spacetime fermions and the Neveu-Schwarz boundary
conditions ¢! |,—o = =9 |,—; which give rise to spacetime bosons. (1 Point)

In the case of closed strings show that the boundary term vanishes for the periodicity
conditions ¢/ (o) = +¢! (o + ) where the positive sign (periodic boundary conditions)
correspond to Ramond boundary conditions and the negative sign (anti-periodc boundary
conditions) corresponds to Neveu-Schwarz boundary conditions. Furthermore, show that
these give rise to four distinct closed string sectors: (NS-NS), (R-R) which give rise to
spacetime bosons and (NS-R), (R-NS) which give rise to spacetime fermions. (1 Point)



