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11.1 Reduction to moduli of the string partition function

The string partition function for a worldsheet with the topology of a compact Riemann surface
with genus g is given by

Z=N / DhayD X exp [— / 2ovh GhabaaX“a,,XM + ;ARH , (1)
™

with A/ some normalization, (o1, 02) are coordinates on the worldsheet, X*(o!, 0?) the map-

ping from the worldsheet to the target space, A the string coupling, R the Ricci scalar of the
worldsheet, h = det h,, and h,, a metric on the wordsheet.

a) Show that the partition function in (1) is equivalent to (0,5 Points)
1
Zy = Ner29=2) / DhapyDX exp <— / d®ovVh 2h“b8aX“8bXM> . (2)

The integral in (2) is highly divergent because one integrates infinitely many times over con-
formally equivalent surfaces. We need to extract the divergent part and only integrate over
physically inequivalent metrics. Let G, denote the space of admissible metrics on a compact
Riemann surface with genus g. Then

(0n<Y), 5n2)) = / &2V 5n?)

defines a scalar (-,-) product of two infinitesimal variations 6hg? and 5}%(1%) of the metric hgyp.

More precise, (5h2)) and 6hg,) are elements of the tangent space T}, (G4) at the the point hq, € G-

b) Recall that Weyl transformations and diffeomorphisms of the metric do not change the
physical results and are therefore symmetries of the worldsheet. Show that under the
combined action of

o a Weyl scaling hqp, — e®hap

e and a diffeomorphism generated by a vector field
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the infinitesimal variation of hy is given by
Ohap = 0dhap + Vaup + Vipvg .

Split dhyp into a trace part 6hZZ and a symmetric traceless part 5han and show that the
the norm of dhyy, is given by

1811 = [|8R™ |1 + [|5A"]* -

Write down the explicit form of 5hz\g and 5han.

Hint: Define an operator P which maps vectors ¥ to second-rank symmetric traceless
tensors v, — (PU)gp. (8 Points)

c¢) Conformal killing vectors (CKV) ticky fulfill the condition
Vaup + Vyvg = Ahgpy  with A€ R
Show that CKV are elements of ker(P) and can be replaced by Weyl scalings. (1 Point)

We are interested in the subspace M, C G4, containing all conformal equivalence classes of
metrics, called the moduli space. Denoting the set of Weyl scalings as Weyl and the set of
diffeomorphisms as Dif f, the moduli space is represented as'

Yy

Mp ~ Weyl x Diff

In general an infinitesimal variation of a metric h(t;) € G, is given by

Shay = OhYY + 0D, + 6ti£hab ,

where t; are the moduli parameter.

d) Split the term 5tiaitihab into a trace and a traceless symmetric part and define an operator

T', which acts on 6t; and maps it to the traceless symmetric term of 5ti%hab. (2 Points)

In order to integrate in (2) only over physically inequivalent metrics we need to find an appro-
priate gauge slice in G,. Therefore, we first need to find a slice ég which contains all equivalence
classes of metrics related by Weyl transformations. Then the wanted gauge slice lies in Qg and
is chosen in such a way that a transformation exp(Pv) on a point gq, € {gauge slice} leads to
a point hgp still in Qg but no longer in the wanted gauge slice.

e) Consider a point hap € Qg. Argue whether it is possible to act on hap With diffeomorphism
in such a way, that it leaves the slice G,. (1 Point)

f) Let us denote an infinitesimal variation changing the conformal equivalence class by 5hjb.
It is therefore a tangent vector in the tangent space of M,. Argue why 5hé‘b must be
traceless. Show that §h; € ker(PT).

Hint: Compute the angle between the tangent vector (Pv),, and 6h2;. (1,5 Points)

! Actually, it is the semidirect product of Weyl and Diff.
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g) Let v, a = 1,...,dim(ker(P")) be an orthonormal basis for ker(P"). Decompose T%,5t;
into a linear combination of basis vectors of ker(P") and vectors of range(P). This yields

PUT) by ot

Ti0t: = (Y, THYS 6t + ~—
ab <¢ >¢ab + HP77H2

Show that the norm of dhgp is given by
16R]1% = 16> + [|P3]|* + (4, T") (v, T7)dt:dt;

> P, T6t;
66 =8¢+ Ve + 5 D (netst, Dngg) and 5= (14 LRI 5
Ot P32

with

(2 Points)

In order to change the path integral variables from hyp to ¢, U and t; we use the relation

1= [ Dhuy exp(-[jonl/2)
(3)
_ J/Dgsm’adtl wdtmexp (= (1106112 + |PFI2 + (v, T we, T)otsot; | /2)

to calculate the Jacobian J. Notice that ¢ denotes elements from range(P). Since elements
from ker(P) are orthogonal to we can decompose the volume of the diffeomorphism group
Vpify into V[J)—Z-ff xV zf}/ Let x*, ¢ = 1,...,dim(ker(P)) be a basis for ker(P), then one can
show that 1
Vﬁiff = Vpiss (det(x", x)) .

From (3) one can show that the Jacobian for the path integral should be given by J =
det'/2(PTP _det(@T7)

(det(y?,37))2

h) Show that

t 1/2 PR
/ Dhab = Vifs / Dodtt - At < det(PTP >>) (detw 1)

det(x*, x det (i, i)z
(0,5 Points)
i) Express the number of real moduli n by the genus g for a compact Riemann surface with
no crosscaps and g > 2.
Hint: There are no CKV for compact Riemann surfaces with g > 2. (1 Point)
In the critical dimension (D = 26 for the bosonic string) the integrand becomes independent

from ¢ and the integral [ D¢ = Viony can be absorbed into the normalization. It can be shown
that the integral over the mappings X* is given by

1 fdQU\/E s
/ DXFexp (- / 20vh Qh‘lbé)aX“aqu) V(L5250 @eran ™
Y

with V the volume of space time and A, = —ﬁ@a\/ﬁhabab. Putting the previous results
together we find that the partition function in (1) can be expressed by

T 1/2 i j —13
dAtt...de" ( det(P1P) ) det{y?, T7) 2T getA, .
det(x*, x7) det/2(pi,p7) \ [ d2ov/h

Zy = Ver(29-2) /
My
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j) Now we have the general expression for the partition function of a compact Riemann
surface. We want to analyze more carefully the torus partition function Z; meaning that
the worldsheet has the topology of a torus.

(i) Show that x* = (1,0)T and x? = (0,1)" are a possible choice for ker(P). (0,5 Points)
(ii) Show that T}, are given by

0 1 1 /-1 —T
1 _ 2 _ = 1
Tay = (1 271> and Ty, = To <—7’1 T4 — 7'12> ’

where 71 and 75 are the moduli of the torus with the hy, = |do! + (11 + im2)do?|?.
Explain why T, T2 form a possible basis for ker(PT).

a

Hint: Since the metric is flat we have (PTT?), = —20°T,. (1,5 Points)

(iii) Next calculate det{x?, x/) and % and show that det(PTP) = (det(2A1))2.
Hint: First show (PTP)g0° = 20,A50°. (1 Point)
(iv) Use det(2A)) = 1 det(2) det(Ap,) and compute Z;. You should arrive at

10
_ 2 T —12
Z1 =Y » d 7'(271_)13 (det(Ap)) det(2) .

(1 Point)

The term det(2) can be absorbed into a counterterm by modifying the action. The com-
putation of det(Ap) would lead to

o
4
det Ay, = TQQe_”TQ/S) H 1 — e%im7
n=1
Plugging it into Z; we arrive at the final result for the torus partition function

3]
H 1 eZiwnT
n=1
0o
H 1— eQi?TnT

n=1

d2
Zl _ / 7'2 (27r7_2)—12e471'7'2
M, 27T

—48

1 d?r _
= 2/ 5 (2mry) 12t
FpsL(2,z) 21Ty

where Fpgr,(2,z) is the fundamental domain of the modular group PSL(2,Z). Notice that
integrating over Fpgr,(27) leaves an unfixed residual gauge freedom given by the diffeo-

I —ol, 02 — —02. Therefore a factor of % is necessary to remove the

morphism o
overcounting.
From exercise 9.2 it follows that the torus partition function is invariant under modular

transformations.
11.2 Physical interpretation of the torus partition function

The effective action for a massive free scalar field ¢ is defined by

1

T / Dpe %l with S[g] = 3 / dlzp(—0+ m?)¢ .
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The exponent I' is proportional to the vacuum energy FEy,c
[I'=VEyc )

where V is the volume of spacetime.

a) Compute e~ L.

Hint: The result is e = (det(—0+ mg))_l/z. (2 Points)
b) Show that
1 [ d% 5 9
Evac:_Q/(Qﬂ_)dIOg(k +m)7
where k* is the momentum in the u-th direction.
Hint: Use 1 = [ d%|k)(k|. (1 Point)

¢) In string theory a string has many excitations generating many massive fields. Therefore,
the vacuum energy for a bosonic string must be the sum over all excitations

1 dek
Evac - 3 —1 2 2 .
3 / gy OB )

Use the properties log A = —lim._,q %A*E = —lime_,g % [ef tldfse*%m} to show that

the vacuum energy can be writen as a trace over the Hilbert space H
dt
Eyac o /tTr'H [e ] :

(0,5 Points)



