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6.1 Lorentz symmetry of the quantum string

In exercise 1.3 you found the currents j#¥ associated to Lorentz invariance. Moreover, you
analyzed the conserved charges
JH = / do "

in exercise 2.3 together with their mode expansion in exercise 3.1. Now in the quantum theory
they become (normal-ordered) operators.
Show that

[Lyp, JH] =0 .

Describe the implications of this for the spectrum, in particular, in the context of representations
of the Lorentz group. (5 Points)

6.2 and 7.1 Lorentz invariance in light-cone quantization

In the lecture you have seen the light-cone quantization where the Virasoro constraints are ex-
plicitly solved. To achieve this one makes a non-covariant gauge. Therefore, Lorentz invariance
is not manifest and one hast to check that it is still a symmetry. In this exercise and the follow-
ing one we will explicitly check that Lorentz invariance is present in light-cone quantization.
Throughout this exercise we will use space-time light-cone coordinates

X* = (X0 xTY)

V2

For the remaining transversal coordinates we use Greek letters ¢ = 1,...,d — 2. The non-
vanishing components of the metric are given by

Ny =n""=-1 and 9y =10 .
In space-time light-cone coordinates the light-cone gauge is given by

Xt =2t 4ptr,
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which means that all modes «; for n # 0 vanish. For the mode expansion of the other com-
ponents we us a different convention as in exercise 3.1 which simplifies our expressions. We
consider for open strings the mode expansion

1 :
XH =at + phr —|—iz —ake """ cosno  for p# + .
n
n#0

Moreover, we set afy = pH.

a) Show that the Virasoro constraints can be written as

U

2
(X + X)) = 2;+ (X7 4+ X")2 . (1)

@
Il
—_

(1 Point)
b) Solve explicitly the Virasoro constraint (1) for the modes a;,. You should obtain
1 1 d—2 oo . ‘
a, = — (2 Z Z Cag_an —a6n> , (2)
p i=1 m=—o0

where we have introduced an unknown normal-ordering constant a; similar as for the
Virasoro generator L. (2 Points)

¢) Deduce the mass-shell condition from (2). (1 Point)
Recall the Lorentz algebra
[JH | JPO) = (0 JVT 4 VT JHP — VP JHT — pho JUP) |
where the generators J*” can be expressed through the modes o* by

JH =" + EFY with
" = ztp” — 2¥p" and
|
EM — Z - (ot ay —a” k) .

n=1

For the rest of this exercise we will focus on the commutator [J~, J7~] which gets a potential
anomaly in light-cone gauge.

d) Show that from the Lorentz algebra [J¢~, J7~] has to vanish. (1 Point).

Now we will start computing the commutator [J*~, J7~] from the mode expansion such that
the constraint (2) is respected. We begin which a bunch of commutators.

e) Proof the following relation
[AB,CD] = A[B,C|D + AC|B,D] + [A,C]DB + C[A, D]B .

(1 Point)



f) Verify the following commutation relations
[, /"] =i(p*) 72,
[0, 0] = M,y /pT and (3)
[, @] = —iay, /pT .
(3 Points)

g) Argue by reference to exercise 5.2 that the commutator relation

ptan,,ptay] = (m—n)pta, ., + | —=—m(m? — 1)+ 2am/| dpmin -

12
holds. (1 Point)
h) We define E/ = pTE’~. Show that
[¢', F] = —iEY |

(2 Points)

Begin of exercise 7.1 which has to be handed in on 29.11.2019.

i) Show that the commutator [J*~, J7~] can be expressed as

[Ji=, 077 = — L o with
e (4)
CY =2iptp  EY — [E',E?] —iE'p +iE’p" .

(2 Points)

One can argue that the commutator [J°~, .J7~] can only contain contributions quadratic in the
oscillators. More precisely, one expects the following form

[Ji=, 077 = _(}9‘1*)2 z_:l AN (ai_ma% — aj_mafn> ) (5)

where the coefficitens A,, are complex numbers.

j) Compare equation (5) with (4) and argue that the matrix elements of C%/ can be used to
determine the coefficients A,,. (1 Point)

We want to compute the matrix elements of C% in two steps.
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k) Show that the matrix elements of C* are given by

(Ojak,Cidal 10y = (0] <2m25ik5jl + mp/pta — mplp 5™ ) 0)

+prmdt Z Olarma? sl ,uJ0) = ()26™ 8" (0],07,,10)
Y (6)
2 L j 1
+m ng:l - 0lak _ada® ol |0)
+p méﬂz (0l 050" ,|0) — (i ¢ 5) -
(5 Points)
1) Compute the four matrix elements in (6). You should get the following
i) (p7)2 (0lag,az,|0) = G2m(m? — 1) + 2am
) * Zs 13s <O’ama—sals m’0> pjpl + 5jlm(m — 1)/2
111) * Es 13s <0’am sasafm’[» = pipk + 5ka(m — 1)/2
) S L (0ak,_adal al_,J0) — (i & §) = —(m — 1§ — silgiH)
(4 Points)

m) Put now all together and compute the total matrix elements of C*/. From this you should

find 26 —d 1 /d—26

(2 Points)
From this analysis we see that in light-cone gauge the Lorentz algebra gets a potential anomaly

described by A,,. To guarantee Lorentz invariance in light-cone gauge we have to require that
the anomaly vanishes. This requires that

as also see from the (-function regularization in the lecture. Notice that we have chosen for the
normal-ordering constant a the negative of the one in the lecture.



