
Chapter 3
Many-parti
le Quantum Systems
Many physi
al systems 
onsist of a very large number of parti
les. Often, theparti
le number is even variable:

• The relativisti
 formulation of quantum me
hani
s had led us to the 
on
eptof parti
les and antiparti
les. It had shown that the quantum me
hani
s ofa single parti
le is in
onsistent in itself, be
ause parti
le - antiparti
le pairs
an be 
reated in s
attering pro
esses.
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e−Figure 3.1: Klein paradoxon
• Systems with extremely large parti
le numbers exist in 
ondensed mattersystems, e.g. the ele
tron system in metals (∼ 1023 parti
les!).
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112 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMSFigure 3.2:The parti
le number 
an be variable through the 
oupling to a reservoirwith parti
le ex
hange.This 
alls for an e�
ient method to des
ribe many-parti
le systems as well asthe 
reation and destru
tion of parti
les. This method will be provided by the"Se
ond quantization".Remark:The 
ombination of the many-parti
le formulation and of the relativisti
 formula-tion of quantum me
hani
s will also lead to the understanding of the 
onne
tionbetween the spin of a parti
le spe
ies and the symmetry of the wave fun
tionunder parti
le ex
hange.3.1 Se
ond quantization3.1.1 Many-parti
le states (wave fun
tions)The quantum state of a many-parti
le system (parti
le number N) is given byspe
ifying a 
omplete set of quantum numbers (≡ set of eigenvalues of 
om-muting observables) for all parti
les, e.g., in position representation the wavefun
tion depending on the 
oordinates ~x1, ~x2, . . . , ~xN (and spin σ1, σ2, . . . , σN) ofall N parti
les:
ψ(x1, . . . , xN) N ≈ 1023 (3.1)

xi = (~xi, ti, σi, . . .) 
olle
tive 
oordinate (3.2)Constru
ting a basis set for many-parti
le states:
• For an intera
ting system the Hamiltonian reads

H(x1 . . . xN) =
N∑

i=1

H(1)(xi) +
∑

(i,j),i6=j
H(2)(xi, xj) (3.3)



3.1. SECOND QUANTIZATION 113single-parti
le H:
H(1)(xi) = T (xi) = −i ~

2

2m

∂2

~x2
i

+ U(~xi) (3.4)(e.g. kineti
 energy, single-parti
le potential)two-parti
le H:
H(2)(xi, xj) = V (~xi − ~xj) =

e2

|~xi − ~xj |
(3.5)(e.g. intera
tion potential between two parti
les)If H(2) 6= 0 the eigenstates do, in general, not fa
torize into a produ
tof single-parti
le eigenstates. In this 
ase, it is not possible to spe
ify thestate of a single parti
le in the system alone.

• Only if the system is non-intera
ting
H(x1 . . . xN) ≡ H0(x1 . . . xN ) =

N∑

i=1

H(1)(xi) (3.6)the eigenstates 
an be written as a produ
t of single-parti
le states:
H0|α(k1)

1 , . . . , α
(kN )
N 〉 = E|α(k1)

1 , . . . , α
(kN )
N 〉, where (3.7)

|α(k1)
1 , . . . , α

(kN )
N 〉 = |α(k1)

1 〉|α(k2)
2 〉 . . . |α(kN )

N 〉 (3.8)(non-intera
ting) many-parti
le eigenstate with
H(1)(xi)|α(ki)

i 〉 = E|α(ki)
i 〉, E =

N∑

i=1

Ei (3.9)
|α(ki)
i 〉 is the single-parti
le eigenstate of the i-th parti
le with quantumnumbers α(ki)

i and eigenenergy Ei.Proof:
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H0|α1 . . . αN〉 =

[
∑

i

H(1)(xi)

]
|α1〉 . . . |αN〉 (3.10)

=
(
H(1)(x1)|α1〉

)
|α2〉 . . . |αn〉 + |α1〉 (3.11)

×
(
H(1)(x2)|α2〉

)
|α3〉 . . . |αN〉 + . . .

+|α1〉 . . . |αN−1〉
(
H(1)(xN )|αN〉

)

=
N∑

i=1

{
|α1〉 . . .

(
H(1)(xi)|αi〉

)
. . . |αN〉

} (3.12)
=

N∑

i=1

{|α1〉 . . . (Ei|αi〉) . . . |αn〉} (3.13)
=

(
N∑

i=1

Ei

)

︸ ︷︷ ︸
E

|α1〉 . . . |αN〉 (3.14)
2For a non-intera
ting system, the single-parti
le energies are additive. Thisis in general not true for intera
ting systems.Identi
al parti
les:Quantum me
hani
al parti
les (of the same spe
ies) are indistinguishable. Thisintrodu
es another 
onstraint on the form of the state (wave fun
tion):It must have de�nite parity P = ±1 with respe
t to the inter
hange of 2 parti
les:

|α(k1)
1 . . . α

(ki)
i . . . α

(kj)
j . . . α(kN )

n 〉 = ±|α(k1)
1 . . . α

(kj)
j . . . α

(ki)
i . . . α(kN )

n 〉 ∀i, j(3.15)
α

(ki)
i is the quantum number of the i-th parti
leThe state of a non-intera
ting many-parti
le system 
an be written as

|ψ〉 = |α(k1)
1 . . . α

(kN )
n 〉 =

(
nk1 !nk1 !...

N !

)1/2∑
P (±1)P |α(k1)

P (1)〉 . . . |α
(kN )
P (N)〉 (3.16)



3.1. SECOND QUANTIZATION 115The sum runs over all permutations of 1, 2, 3, . . . , N . + is for bosons and -for fermions. For fermions the totally antisymmetry sum of produ
ts of single-parti
le states 
an be written as a determinant (Slater determinant):
|ψ〉 =

1

N !

∣∣∣∣∣∣∣

|α(k1)
1 〉 |α(k2)

1 〉 . . . |α(kN )
1 〉... ... ...

|α(K1)
N 〉 |α(k2)

N 〉 . . . |α(kN )
N 〉

∣∣∣∣∣∣∣
(3.17)Fermions: Total antisymmetry of state ⇒Any single-parti
le state α(k)
an be at most singly o

upied.Proof:

|ψ〉|α(k1)
1 . . . α

(k)
i . . . α

(k)
j . . . α(kN )

n 〉 (∗)
= −|α(k1)

1 . . . α
(k)
j . . . α

(k)
i . . . α(kN )

n 〉
(∗∗)
= |α(k1)

1 . . . α
(k)
i . . . α

(k)
j . . . α(kN )

n 〉
⇒ |ψ〉 = 0

2The i-th and j-th parti
le have the same upper index be
ause they are in the samestate α(k). In (∗) we have used the antisymmetry of fermions and in (∗∗) we 
ouldex
hange i↔ j be
ause they map onto the same state.Basis set of the many-parti
le Hilbert spa
e:Sin
e B(1) = |α(k)〉
∣∣∣k = 1, 2, . . . is a 
omplete basis of the single-parti
le Hilbertspa
e, the set of states with de�nite parity

B(N) = |α(k1)
1 . . . α

(kN )
N 〉

∣∣∣ki = 1, 2, . . . ; i = 1, . . . , N (3.18)is a 
omplete basis of the N-parti
le Hilbert spa
e.
→ Any N-parti
le state (e.g. eigenstate of an intera
ting system) 
an be writtenas a linear 
ombination of the |α(k1)

1 . . . α
(kN )
N 〉′s.In real systems, the total parti
le number N 
an be variable.De�nition:



116 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMSThe Hilbert spa
e of all states with parti
le number N = 0, 1, 2, . . . spannedby the basis set
|α(k1)

1 . . . α
(kN )
N 〉

∣∣∣ki = 1, 2, . . . ; i = 1, . . . , N ;N = 0, 1, 2, . . . (3.19)is 
alled Fo
k spa
e.3.1.2 Parti
le number representation: Creation and de-stru
tion operatorsIn |α(k1)
1 . . . α

(kN )
N 〉 ea
h basis state is spe
i�ed by spe
ifying for ea
h parti
le

i = 1, . . . , N the state α(ki) it is in. Alternatively, ea
h basis state 
an be spe
i-�ed by giving, for ea
h single-parti
le state αk the o

upation number nk of thatstate, i.e. the number of parti
les whi
h are in that state.Parti
le number representation:1. Choose a basis of single-parti
le states, e.g. momentum eigenstates |~k〉.2. A basis state (not ne
essarily eigenstate of an intera
ting system) if theN-parti
le system is spe
i�ed uniquely by giving the o

upation numbers
nk, k = 1, 2, . . . for ea
h single-parti
le state.3. In this way the o

upation numbers nk and the total parti
le number N =∑

k nk are introdu
ed as new quantum numbers of the system. They spe
ifya many-parti
le basis state uniquely, on
e the underlying single-parti
lebasis has been 
hosen.
|α(k1)

1 . . . α
(kN )
N 〉 ≡ |nk1, nk2 , . . . , nki, . . .〉 (3.20)The orthonormality of the N-parti
le basis sates follows from the orthonormalityof the single-parti
le basis states:

〈m1m2 . . .mk . . . |n1n2 . . . nk . . .〉 = δm1n1 · δm2n2 . . . =

∞∏

k=1

δmknk (3.21)Shorthand notation:
k = 1, 2, 3, . . . labels the single-parti
le eigenstates.



3.1. SECOND QUANTIZATION 117Creation and destru
tion operatorsIt is useful to introdu
e operators whi
h redu
e or in
rease the new quantumnumbers nk by one unit.1. Bosons:(a) De�nition:
ak| . . . nk . . .〉 =

√
nk| . . . (nk − 1) . . .〉 (3.22)De�nition of the destru
tion operator ak.The prefa
tor fk in the a
tion of ak has to ful�ll the 
ondition that

ak| . . . nk ≡ 0 . . .〉 = 0. Hen
e, it is de�ned as fk :=
√
nk. The squareroot is 
hosen for 
onvenien
e (see below) and in analogy to the de-stru
tion operator for the harmoni
 os
illator.Creation and parti
le number operators:To �nd the a
tion of the the hermitean 
onjugate operator a†k, we
onsider (nk not bounded from above)

|ψk〉 := ak| . . . nk . . .〉 =
√
nk| . . . (nk − 1) . . .〉 (3.23)

〈ψk|ψk〉 = 〈. . . nk . . . |a†kak| . . . nk . . .〉 (3.24)
=

√
nk

2
= nk (3.25)(b) Orthonormality ⇒

a†kak| . . . nk . . .〉 ∝ | . . . nk . . .〉 (3.26)with eigenvalue nk:
a†kak| . . . nk . . .〉 = nk| . . . nk . . .〉
n̂k = a†kak parti
le number operator in single-parti
le state k
nk ≥ 0, integer



118 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMSIt follows, in parti
ular, that the eigenvalue spe
trum of a†kak is posi-tive semide�nite, N.(
)
a†kak| . . . nk . . .〉 =

√
nka

†
k| . . . (nk − 1) . . .〉 (3.27)

= nk| . . . nk . . .〉 (3.28)
⇒ a†k| . . . (nk − 1) . . .〉 =

√
nk| . . . nk . . .〉 or nk − 1 → nk(3.29)The square root of nk is spe
i�
 for bosons.

a†k| . . . nk . . .〉 =
√
nk + 1| . . . (nk+1) . . .〉

a†k is the 
reation operator for a parti
le in single-parti
le state k.(d) Commutation relations for ak, a†k:
aka

†
k| . . . nk . . .〉 =

√
nk + 1ak| . . . (nk + 1) . . .〉 (3.30)

= (nk + 1)| . . . nk . . .〉 (3.31)
a†kak| . . . nk . . .〉 = nk| . . . nk . . .〉 ∀nk (3.32)
⇔ aka

†
k − a†kak = 1 (3.33)Similarly:
[
ak, a

†
k

]
= 1

[
ak, a

†
k′

]
= 0 k′ = k

[ak, ak′] = 0 ∀k, k′
(3.34)

2. Fermions:In addition, the o

upation number is limited to not more than 1. Thishas profound 
onsequen
es for the a
tion of a† (not for ak) and hen
e forthe 
ommutation relations.(a) De�nition:
ck|n1 . . . nk . . .〉 = nk|n1 . . . (nk − 1) . . .〉
nk = 0, 1 (at most single o

upation of state k) (3.35)



3.1. SECOND QUANTIZATION 119As for bosons, the prefa
tor nk is 
hosen su
h that ak annihilatesthe states with nk = 0. Sin
e nk = 0, 1 only, the square root 
an beomitted here.A
tion of c†k:
|φk〉 := ck| . . . nk . . .〉 (3.36)

= nk| . . . (nk − 1) . . .〉 (3.37)
〈φk|φk〉 = 〈. . . nk . . . |c†kck| . . . nk . . .〉 (3.38)

= n2
k = nk (nk = 0, 1) (3.39)(b)

c†kck| . . . nk . . .〉 = nk| . . . nk . . .〉
n̂k = c†kckparti
le number operator with positivesemide�nite eigenvalue spe
trum (0,1)(
) Orthonormality

c†kck| . . . nk . . .〉 = nk · c†k| . . . (nk − 1) . . .〉 (3.40)
∝ nk| . . . nk . . .〉 (3.41)

⇒ c†k| . . . n′
k . . .〉 = fk| . . . n′

k + 1 . . .〉 (3.42)where
fk =

{
1 n′

k = 0

0 n′
k = 1 (no double o

upan
y!) (3.43)

c†k| . . . nk . . .〉 = (1 − nk)| . . . (nk + 1) . . .〉, nk = 0, 1 (3.44)
c†k is 
reation operator for parti
le in state k.



120 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMS(d) Commutation relations
c†kck| . . . nk . . .〉 = nk| . . . nk . . .〉 (3.45)
ckc

†
k| . . . nk . . .〉 = (1 + nk)(1 − nk)| . . . nk . . .〉 (3.46)

= (1 − n2
k)| . . . nk . . .〉 (3.47)

nk=0,1
= (1 − nk)| . . . nk . . .〉, ∀ni = 0, 1 (3.48)

ckc
†
k + c†kck = 1 (3.49)

ckck = 0 (3.50)
c†kc

†
k = 0 (sin
enk = 0, 1 only) (3.51)Antisymmetry of state wrt. inter
hange of parti
les

ckck′ = −ck′ck (3.52)
ckc

†
k′ = −c†k′ck (3.53)

{ck, c†k} = 1

{ck, ck′} = {c†k, c
†
k′} = 0 ∀k, k′

{ck, c†k′} = 0 k 6= k′

(3.54)
3.1.3 Momentum and position representation: �eld opera-torsLet {|~k〉} be the single-parti
le momentum basis 〈~x|~k〉 = ei

~k~x

(2π)3/2
.

a~k, a
†
~k

c~k, c
†
~k

} destru
tion/ 
reation operators for { bosonsfermionsWe de�ne the Fourier transform of a~k as
ψ̂(~x) =

∫
d3k

(2π)3/2
a~ke

i~k~x (3.55)
ψ̂†(~x) =

∫
d3k

(2π)3/2
a†~ke

−i~k~x (3.56)



3.1. SECOND QUANTIZATION 121A
tion of ψ̂(~x) on an N-parti
le position eigenstate
|~y1 . . . ~yN〉 =

∫
d3k1 . . .

∫
d3kN |~k1 . . .~kN〉︸ ︷︷ ︸

ki ea
h one singly o

upied (3.57)
× 〈~k1 . . .~kN |~y1 . . . ~yN〉︸ ︷︷ ︸

„
1

(2π)3/2

«N
e−i

~k1~y1 ...e−i
~kN~yN

ψ̂(~x)|~y1 . . . ~yN〉 =

∫
d3k

(2π)3/2

∫
d3k1

(2π)3/2
. . .

∫
d3kN

(2π)3/2
ei
~k~xe−i

~k1~y1 (3.58)
× . . . e−i

~kN~yN a~k|~k1 . . .~kN〉︸ ︷︷ ︸
=

PN
j=1 δ

3(~k−~kj)|~k1...��~kj ...~kN 〉

=

N∑

j=1

1

(2π)3/2

∫
d3k1

(2π)3/2
. . .

∫
d3kj

(2π)3/2
. . . (3.59)

×
∫

d3kN
(2π)3/2

e−i
~k1~y1 . . .������

e−i
~kj(~yj−~x) . . . e−i

~kN~yN |~k1 . . .�
�~kj . . .~kN〉

=

N∑

j=1

|~y1 . . .��~yj . . . ~yN〉δ
3(~x− ~yj) (3.60)Hen
e, ψ̂(~x) is the destru
tion operator for a parti
le at position ~x. "Field oper-ator"Sin
e ψ̂(~x) is analogous to the wave fun
tion but appears in parti
le numberrepresentation as an operator, this representation is also 
alled 2nd quantization.From the de�nition of ψ, ψ† (linear relation to a, a†) it follows that ψ, ψ† obeythe same 
ommutation relations as a, a†.3.1.4 2nd quantized representation of operatorsAn operator 
an be given in the o

upation number representation by 
al
ulatingits matrix elements in the o

upation number basis {|n1, . . . , nk, . . .〉}.1. Single-parti
le operators:

H(1) =

N∑

i=1

H(1)(xi) (3.61)
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H(1) a
ting on |n1, . . . , nk, . . .〉 
an at most 
hange the state |α(ki)〉 of anyone of the N parti
les (but not the states of two or more parti
les), sin
eea
h term in H(1) depends only on a single 
oordinate.Hen
e, the matrix elements ofH(1) in the o

upation number representationare of the form
[
H(1)

]ni−δ,nj+δ
ni,nj

:= 〈n1, . . . , ni−δ, . . . , nj + δ, . . . |H(1)|n1, . . . , ni, . . . , nj, . . .〉(3.62)where δ =

{
0 for diagonal elements (no 
hange of o

upation numbers)
δ = ±1 for o�-diagonal elementsand i, j arbitrary. ni is the o

upation number of a single-parti
le in thestate i.

[
H(1)

]ni−δ,nj+δ
ni,nj

(3.63)
=

N∑

l=1

〈α(k1)
1 , . . . , α

(j)
l , . . . , α

(kN )
N |H(1)(xl) (3.64)

×|α(k1)
1 , . . . , α

(i)
l , . . . , α

(kN )
n 〉

= 〈α(j)|H(1)(x)|α(i)〉√nj
√
ni (3.65)

=

∫
d3xφ(j)(~x)∗H(1)(~x)φ(i)(~x)

︸ ︷︷ ︸
H

(1)
ji

√
nj
√
ni (3.66)

= H
(1)
ji

√
nj
√
ni (3.67)with φ(i)(~x) = 〈~x|α(i)〉.With the de�nition of ai, a†i or ci, c†i , H(1) 
an, hen
e, be written in o
-
upation number representation

H(1) =
∑

ij

H
(1)
ji a

†
jai

H
(1)
ji =

∫
d3xφ(j)(~x)∗H(1)(~x)φ(i)(~x)

(3.68)
and similar for fermions: ai → ci, a†i → c†i



3.1. SECOND QUANTIZATION 1232. Two-parti
le operators:
H(2) =

∑

(i,j),i6=j
H(2)(~xi, ~xj) (3.69)

H(2) a
ting on a many-parti
le produ
t state 
an 
hange the states of atmost 2 parti
les, i.e. in o

upation number representation, it 
an 
hange,at most, the o

upation numbers of 2 di�erent single-parti
le states.One obtains, in analogy to H(1):
H(2) =

∑

iklm

H
(2)
ik,lma

†
ia

†
kalam

H
(2)
ik,lm =

∫
d3x

∫
d3x′ φ(i)(~x)∗φ(k)(~x′)∗H(2)(~x, ~x′)φ(l)(~x′)φ(m)(~x)(3.70)

3. Parti
le density operator:
ρ̂(~x) = ψ†(~x)ψ(~x) (3.71)Proof: Total parti
le number:
N̂ =

∫
d3xψ†(~x)ψ(~x) (3.72)

=

∫
d3x

∫
d3k

(2π)3

∫
d3k′

(2π)3
a†~ka~k′e

−i(~k−~k′)~x (3.73)
=

∫
d3k

(2π)3
a†~ka~k′ (3.74)

=

∫
d3k

(2π)3
n̂~k (3.75)where we have used ∫ d3x e−i(

~k−~k′)~x = δ3(~k − ~k′) · (2π)3.General rule to 
al
ulate operator Â in 2nd quantization representation:
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• Take expe
tation value of operator

〈A〉 =

∫
d3xψ†(~x)Âψ(~x) (3.76)

• Repla
e ψ(~x) → ψ̂(~x) and ψ∗(~x) → ψ†(~x)

• Equations of motion of 
reation/ destru
tion operator in Heisenbergpi
ture:
H =

∑

~k

ε~ka
†
~k
a~k (3.77)

i~
∂

∂t
a~k = [a~k, H ] = ε~ka~k (3.78)
a~k = a~k(0)e−i

ε~k
~
t (3.79)

a†~k = a†~k(0)ei
ε~k
~
t (3.80)3.2 The spin-statisti
s theoremIn 
hapter 1 we had seen that the relativisti
 formulation of quantum me
hani
sne
essarily leads to1. an eigenvalue spe
trum of the energy whi
h is not bounded from below(negative energy eigenvalues E for free parti
les). The E < 0 solutions 
an-not be dis
arded, be
ause they appear ne
essarily as parts of the solutionsof physi
al problems:

• relativisti
 s
attering (Klein paradoxon)
• (Gaussian) wave pa
ket of �nite temporal extension
• → no stable ground state2. a many-parti
le theory through the 
reation of parti
le-antiparti
le pairs.Therefore, relativisti
 single-parti
le quantum me
hani
s is in
onsistent in itself.(The stability problem was partially solved by the 
on
ept of the Dira
 sea forspin-1

2
parti
les, but not for parti
les with integer spin.) In se
tion 3.1 we haddeveloped e�
ient te
hniques to treat many-parti
le systems with even variable
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les: �eld theoryThe fa
t that quantum me
hani
al parti
les are indistinguishable had implieda de�nite parity ±1 of the state wrt. inter
hange of parti
les, i.e. 
ommuta-tion/anti
ommutation rules for 
reation/destru
tion operators.In this se
tion we will see that both of the in
onsisten
ies above are remedied by
ombining the relativisti
 theory with the many-body des
ription, i.e. by a �eldtheoreti
 des
ription of relativisti
 quantum me
hani
s.This will at the same time lead to a de�nite relation between the spin of a parti-
le (integer or half-integer) and the parity of its many-body wave fun
tion underparti
le inter
hange (→ statisti
s).We will restri
t ourselves to the expli
it treatment of spin-0 and spin-1/2 parti
les,although a general group theoreti
 treatment, based on the di�erent behavior ofinteger/half-integer spin parti
les under Lorentz transformations is possible.1. Spin-0 parti
lesThe Klein-Gordon equation
((i~c)2 ∂µ∂

µ

︸︷︷︸
∂2

∂(ct)2
−~∇2

−(mc2)2)ψ(x) = 0 (3.81)implies the 
ontinuity equation
∂µj

µ = 0,
∂

∂t

1

c
j0 + ~∇ · ~ = 0 (3.82)with

j0 =
i~

2c

(
ψ∗
(
∂

∂t
ψ

)
−
(
∂

∂t
ψ∗
)
ψ

)
= j0 (3.83)

~ =
i~

2

(
ψ∗
(
~∇ψ
)
−
(
~∇ψ∗

)
ψ
)

= (~µ) = − (~µ) (3.84)or jµ =
i~

2

(
ψ∗
(

∂

∂xµ
ψ

)
−
(

∂

∂xµ
ψ∗
)
ψ

) (3.85)Sin
e i~ ∂
∂t

is the energy operator, j0 had been interpreted in a prelimi-nary way as an energy density. This assumes impli
itly that ψ∗(x)ψ(x)has the dimension of a parti
le density, as in the non-relativisti
 
ase (i.e.∫
d3xψ∗ψ =parti
le number, dimensionless). However, this interpretationis in
onsistent, be
ause:
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• j0 is not positive de�nite: negative energies?
• The interpretation of ψ∗(x)ψ(x) as a parti
le density is not relativis-ti
ally 
ovariant, be
ause, by this interpretation, the parti
le number
N =

∫
d3xψ∗(x)ψ(x) is not relativisti
ally invariant (as it should!)(only the 3-dimensional integral).

→ How should we de�ne the �eld amplitude to obtain a relativisti
ally in-variant parti
le number?The quantity N =
∫
d4xψ∗(x)ψ(x) is expli
itly invariant, where

ψ(x) =

∫
d4k

(2π)3
ψ(k)eikx

√
N(k) (3.86)and √N(k) is a normalization fa
tor for plane wave states determinedbelow. N =

∫
d4xψ∗ψ is written as a 3-dimensional integral over a densityby observing that the plane wave states must obey the relativisti
 dispersion

E2 = ~p2c2 + (mc2)2 or (3.87)
(k0)2 = ~k2 +

(mc
~

)2

︸ ︷︷ ︸
ε2
~k

(3.88)
k =

(
ω
c

~k

) (3.89)
p = ~k (3.90)Hen
e:

N =

∫
d4x

∫
d4k

(2π)4

∫
d4k′

(2π)4
ψ∗(k)ψ(k′)e−i(

~k~x−k0t)ei(
~k′~x−k0′t) (3.91)

=

∫
d3x

∫
d4k

(2π)4

∫
d3k′

(2π)3
ψ∗(~k, k0)ψ(~k′, k0′)δ(k02 − ε2

~k
) (3.92)

×δ(k0′2 − ε2
~k′

)δ(|~k| − |~k′|)e−i~k~xei~k′~x δ(k02 − ε2
~k
)

︸ ︷︷ ︸
= 1

2|ε~k
|
(δ(k0−ε~k)+δ(k0+ε~k))

=

∫
d3x

∫
d3k

(2π)3

∫
d3k′

(2π)3
e−i

~k~xei
~k′~xδ(|~k| − ~k′|) 1

(2π)

1

2|ε~k|
(3.93)

×[ψ∗(~k, ε~k)ψ(~k′, ε~k′) + ψ∗(~k,−ε~k)ψ(~k′,−ε~k′)] (3.94)
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⇒ A relativisti
ally 
ovariant density is obtained, if we de�ne the planewave amplitudes with the normalization fa
tor 1√

2ε~k

1√
V
.

ψk(x) =
1√
V

1√
2ε~k

eikx (3.95)

However, then |ψk(x)|2 does not have dimension of a parti
le density anylonger, and j0 does not have dimension of an energy density.Therefore, a rigorous de�nition of the energy density is needed. It will alsolead to the 
orre
t interpretation of jµ.In 
lassi
al me
hani
s the energy is obtained as the Hamilton fun
tion fromthe Lagrange and Hamilton formalism. These need to be generalized to �eldtheory now.Lagrange and Hamilton formalism in relativisti
 �eld theory: generalizationto in�nite number of degrees of freedom.
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al me
hani
s Field theoryLagrange formalism
• parameter of the motiontime t 
oordinates x =

(
ct

~x

)

• variables
~x(t), ~̇x(t), traje
tory ψ(x) �eld amplitude, 
omplex(=
oordinate of the �eld ψ at ea
hparameter value x)

• Lagrange fun
tion Lagrange density
L = T (~x, ~̇x) − V (~x, ~̇x) L

(
ψ, ∂

∂xµ
ψ
)

= T
(
ψ, ∂

∂xµ
ψ
)
− V

(
ψ, ∂

∂xµ
ψ
)The relativisti
 
ovarian
e requires that

L is fun
tion of derivatives wrt.all 4 
oordinates
• A
tion prin
iple

S =
∫ t2
t1
dt L(~x(t), ~̇x(t)) S =

∫ +∞
−∞ d4xL

(
ψ(x), ∂

∂xµ
ψ(x)

)

δS = 0 δS = 0

• Euler-Lagrange equation for ψ
d
dt
∂L
d~̇x

− ∂L
∂~x

= 0 ∂
∂xµ

∂L
∂( ∂ψ

∗

∂xµ )
− ∂L

∂ψ∗ = 0(and similar for ψ∗)Hamiltonian formalism
• variables
oordinates and 
anoni
al momenta

~x, ~p = ∂L

∂~̇x
ψ(x),Πµ(x) = ∂L

∂( ∂ψ
∗

∂xµ )

• Hamilton fun
tion Energy momentum tensor
H = ~̇x · ~p− L T µν = ∂ψ∗

∂xν
Πµ − δµνL

(
ψ, ∂ψ

∂xµ

)The T 0
0 
omponent is the energy densityWe now apply the Lagrange formalism to the Klein-Gordon theory in orderto obtain the rigorous expression for the energy density:The free Klein-Gordon equation is obtained as the Euler-Lagrange equa-



3.2. THE SPIN-STATISTICS THEOREM 129tion of motion from the Lagrange density de�ned as
L
(
ψ,

∂

∂xµ
ψ

)
= ∂µψ

∗∂µψ −m2ψ∗ψ (3.96)(sum 
onvention and c = 1)Proof:
∂L
∂ψ∗ = −m2 (3.97)
∂L

∂
(
∂ψ∗

∂xµ

) = ∂µψ (3.98)
∂

∂xµ
∂L

∂
(
∂ψ∗

∂xµ

) = ∂µ∂
µψ (3.99)In Euler-Lagrange:

⇒ ∂µ∂
µψ +m2ψ = 0 Klein-Gordon equation (3.100)From L we obtain now the 
orre
t energy density as:Canoni
al momentum: Πµ(x) = ∂L

∂(∂µψ∗)
= ∂µψ

T µν = 2∂νψ
∗∂µψ − δµν((∂αψ

∗)(∂αψ) −m2ψ∗ψ) (3.101)
Tµν = 2∂µψ

∗∂µψ − gµν(∂αψ
∗∂αψ −m2ψ∗ψ) (3.102)

T00 = T 00 = T 0
0 (3.103)

=

(
∂

∂(ct)
ψ∗
)(

∂

∂(ct)
ψ

)
+ (~∇ψ∗)(~∇ψ) +m2ψ∗ψ (3.104)

=

∣∣∣∣
∂ψ

∂t

∣∣∣∣
2

+ |~∇ψ|2 +m2|ψ|2 (3.105)positive de�nite
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ψ =

1√
V

1√
2ε~k

ei(
~k~x−ε~kt) (3.106)

ε~k = (~k2 +m2)1/2, c = ~ = 1 (3.107)
T00 =

1

2ε~kV

[
ε2
~k

+ ~k2 +m2

︸ ︷︷ ︸
ε2
~k

] (3.108)
=

ε~k
V

(3.109)Formulation of the Klein-Gordon theory for many-parti
le sys-temsAny (single-parti
le) wave fun
tion ψ(x) 
an be developed into momentumeigenstates
ψ(x) =

∫
d3k

(2π)3

1√
2ε~k

[
ã

(+)
~k

(t)e+i
~k~x + ã

(−)
~k

(t)e+i
~k~x
] (3.110)where the 
oe�
ients ã(±)

~k
(t) have time dependen
e a

ording to E > 0 and

E < 0 solutions, respe
tively:
ã

(±)
~k

(t) = a
(±)
~k
e∓iε~kt (~ = c = 1) (3.111)with ε~k = ~ω~k = +
√
~p2 +m2,

ψ(x) =

∫
d3k

(2π)3

1√
2ε~k

[
a

(+)
~k
ei(

~k~x−ε~kt) + a
(−)
~k
e+i(

~k~x+ε~kt)
]
. (3.112)The se
ond term has t-dependen
e like a state with negative energy.The stability problem is ultimately 
ured by the interpretation that ea
hwave fun
tion ∼ e−i(

~k~x−ε~kt) with negative energy −ε~k = −~ω~k 
orrespondsto this ~k-state being uno

upied, and thus having more energy than in theo

upied state (whi
h is no wave fun
tion present, i.e. the va
uum state).The 
on
ept of o

upan
y of a state is 
onveniently formulated in termsof 
reation/annihilation operators:From the rules of 2nd quantization, the energy operator of the Klein-Gordon
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tation value 〈E〉 =
∫
d3xT00 byrepla
ing the wave fun
tion ψ(x) with the �eld operator ψ̂(x)

ψ(x) → ψ̂(x) (3.113)
ψ∗(x) → ψ̂†(x) (3.114)(in the following, the tilde will be omitted).
Ĥ =

∫
d3x T̂00 (3.115)

=

∫
d3x

[
|∂tψ|2 + |~∇ψ|2 +m2|ψ|2

] (3.116)has the dimension of energy with
ψ(x) =

∫
d3k

(2π)3

1√
2ε~k

[
a

(+)
~k

exp
(
i(~k~x− ε~kt)

)
+ a

(−)
~k

exp
(
−i(−~k~x− ε~kt)

)](3.117). The destru
tion of a parti
le in state (+~k,−ε~k) is interpreted as the
reation of a parti
le in state −~k with positive energy: (−~k,+ε~k), relativeto the va
uum (where the ε~k state is o

upied).destru
tion (+~k,−ε~k) ≡ 
reation (−~k, ε~k) = antiparti
le 
reation
reation (+~k,−ε~k) ≡ destru
tion (−~k, ε~k)Therefore, we repla
e the annihilator of a E < 0 (free) parti
le a(−)
~k

by a
reation operator a(−)
~k

≡ b
(+)

−~k (and drop the (+) in a(+)
~k

).
ψ(x) =

∫
d3k

(2π)3

[
a~ke

i(~k~x−ε~kt) + b
(+)

−~k e
i(−~k~x+ε~kt)

]
, (3.118)so that all terms in ψ(x) have the 
orre
t time dependen
e for 
reation/annihilation of a E > 0 parti
le, respe
tively.Destru
tion of parti
le at x has 
omponent of destru
tion and antiparti
le
reation (as seen before for strongly lo
alized wave fun
tions ∆x . λC =

~

mc
).



132 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMSWith this de�nition of the �eld operators ψ(x), ψ†(x) 
al
ulate the energyoperator:
Ĥ =

∫
d3x

∫
d3k

(2π)3

∫
d3k′

(2π)3

1

2
√
ε~k
√
ε~k′

[
iε~ka

(+)
~k
e−i(

~k~x−ε~kt) − iε~kb−~ke
−i(−~k~x+ε~kt)

](3.119)
×
[
−iε~k′a~k′e+i(

~k′~x−ε~k′ t) + iε~k′b
(+)

−~k′e
i(−~k′~x+ε~k′ t)

] (3.120)
+
[
−i~ka(+)

~k
e−i(

~k~x−ε~kt) + i~kb−~ke
−i(−~k~x+ε~kt)

] (3.121)
×
[
i~k′a~k′e

+i(~k′~x−ε~k′t) − i~k′b
(+)

−~k′e
i(−~k′~x+ε~k′t)

] (3.122)
+m2

[
a

(+)
~k
e−i(

~k~x−ε~kt) + b−~ke
−i(−~k~x+ε~kt)

] (3.123)
×
[
a~k′e

+i(~k′~x−ε~k′ t) + b
(+)

−~k′e
i(−~k′~x+ε~k′ t)

] (3.124)
=

∫
d3k

(2π)3

∫
d3k′

(2π)3

1

2

1
√
ε~k
√
εvk′

[[
ε2
~k

+ ~k2 +m2

︸ ︷︷ ︸
ε~k

]{
a

(+)
~k
a~k′e

i(ε~k−ε~k′)tδ3(~k − ~k′)(2π)3

+b−~kb
(+)

−~k′e
−i(ε~k−ε~k′)tδ3(~k − ~k′)(2π)3

}

−
[
ε2
~k
− ~k2 +m2

]{
a

(+)
~k
b
(+)

−~k′e
i(ε~k+ε~k′)tδ3(~k + ~k′)(2π)3

+a~kb~ke
−i(ε~k+ε~k′)tδ3(~k + ~k′)(2π)3

}]

=

∫
d3k

(2π)3
ε~k

(
a

(+)
~k
a~k + b−~kb

(+)

−~k

)
+ ε~k=0

[
a

(+)
0 b

(+)
0 e2iε~k=0

t + a0b0e
−2iε~k=0

t
]

⇒ Ĥ =

∫
d3k

(2π)3
ε~k

(
a

(+)
~k
a~k + b~kb

(+)
~k

)The fa
tors e±i(ε~k+ε~k′)tδ3(~k + ~k′) vanish after ∫ dt ex
ept for ~k = ~k′ = 0(Bose-Einstein 
ondensation only).
Ĥ is positive de�nite exa
tly if b, b(+) obey 
ommutation rules of bosons:

[b~k, b
(+)
~k

] = 1 (3.125)
Ĥ =

∫
d3k

(2π)3
~ω~k

(
a

(+)
~k
a~k + b

(+)
~k
b~k + �1

) (3.126)



3.2. THE SPIN-STATISTICS THEOREM 133The 1 
an be negle
ted be
ause ∞ energy of o

upied E < 0 states in theva
uum. The term a
(+)
~k
a~k is the parti
le and the term b

(+)
~k
b~k is the antipar-ti
le number in state ~k (= 
onstant shift of energy zero point).Stability demands:Spin-0 parti
les obey Bose 
ommutation rules

[~a~k,~a~k′] = δ~k,~k′, et
. (3.127)Analogous:
j0 =

∫
d3k

(2π)3

(
a

(+)
~k
a~k − b

(+)

−~k b~k − 1︸︷︷︸
(∗)

) (3.128)
(∗) ∞ parti
le number from o

upied states2. Spin-1

2
parti
lesWe have the same de
omposition of the �eld operators:

ψσ(x) =

∫
d3k

(2π)3

[
c~k,σu(

~k, σ)ei(
~k~x−ε~kt) + d

(+)

−~k,−σv(
~k, σ)e+i(−

~k~x+ε~kt)
] (3.129)

ψ†
σ(x) analogous.However, the energy is 
al
ulated from the Dira
 Hamilton operator:

H = c ~α · ~̂p+ βmc2 =

(
mc2 c ~σ · ~̂p
c ~σ · ~̂p −mc2

) (3.130)
〈E〉 =

∫
d3x

∑

σ

ψ†
σ(x)︸ ︷︷ ︸Dira
 spinorsHψσ(x), ~̂p = −i~ ∂

∂~x
(3.131)
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u(~k, ↑) =

√
E~p +m

2m




1

0
pz

E~p+m
px+ipy
E~p+m




u(~k, ↓) =

√
E~p +m

2m




0

1
pz

E~p+m
px+ipy
E~p+m




E > 0 spinors
v(~k, ↑) =

√
E~p +m

2m




pz
E~p+m
px+ipy
E~p+m

1

0




v(~k, ↓) =

√
E~p +m

2m




pz
E~p+m
px+ipy
E~p+m

0

1




E < 0 spinors
H
[
u(~k, σ)ei

~k~x
]

= ε~p

[
u(~k, σ)ei

~k~x
]

H
[
v(~k, σ)ei

~k~x
]

= −ε~p
[
v(~k, σ)ei

~k~x
]

ε~p =
√
~p2c2 + (mc2)2, ~p = ~~kHen
e, we obtain for spin-1

2
parti
les in 2nd quantization:

Ĥ =

∫
d3k

(2π)3

∑

σ

E~p

(
c
(+)
~k,σ
c~k,σ − d~k,σd

(+)
~k,σ

)
+ O

(
c(+)d(+), dc

) (3.132)(The terms c(+)
~k,σ
d

(+)
~k,σ

and d~k,σc~k,σ will vanish, sin
e no double o

upan
y.)
Ĥ positive de�nite exa
tly if d, d(+) obey anti
ommutation rules:

{
d~k,σ, d

(+)
~k,σ

}
= 1 (3.133)

Ĥ =

∫
d3k

(2π)3

∑

σ

E~p

(
c
(+)
~k,σ
c~k,σ + d

(+)
~k,σ
d~k,σ − �1

) (3.134)
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2
parti
les obey Fermi anti
ommutation rules{

c~k,σ, c
(+)
~k′,σ′

}
= δ~k~k′δσσ′ et
. (3.135)General:integer spin: bosonshalf-integer spin: fermions Spin-statisti
s theorem (3.136)Follows, be
ause any integer spin parti
le 
an be 
omposed of spin-0 and aneven number of spin-1

2
parti
les, and be
ause any half-integer spin parti
le
an be 
omposed of spin-0 and an odd number of spin-1

2
parti
les.3.3 U(1) gauge symmetry and parti
le number 
on-servationIn the QM I 
ourse if had been dis
ussed that the invarian
e under (global) U(1)phase transformations implies the parti
le number 
onservation. Spe
i�
ally, ithad been shown that the 
ontinuity equation is valid, if ψ and ψ∗ obey equationsof motion (S
hrödinger equations) whi
h are 
omplex 
onjugate to ea
h other(whi
h is only true for a U(1) symmetri
 system).The relation between parti
le number and phase 
an be made more expli
it bymeans of the 2nd quantized formalism.We 
onsider the many-body state in "produ
t state representation" (i.e. spe
ify-ing the state of ea
h parti
le):

|φ(αk1, αk2, . . . , αkN )〉N =

(
nk1!nk2 ! . . .

N !

)1/2∑

P

(±1)P |α(k1)
P (1)〉 . . . |α

(kN )
P (N)〉 (3.137)

U(1) gauge transformation transforms ea
h single-parti
le state as
U(ϕ) : |α(ki)

i 7−→ e+iϕ|α(ki)
i 〉 (3.138)Sin
e the N parti
les are indistinguishable, ea
h single-parti
le state in |φ〉 trans-forms under U with the same phase fa
tor.This means

U(ϕ) : |φ〉N 7−→ e+iNϕ|φ〉N (3.139)



136 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMSor for an arbitrary number of parti
les:
U(ϕ) : |φ(0)〉 7−→ e−iϕ

bN |φ〉 = |φ(ϕ)〉 (∗) (3.140)where N̂ is the parti
le number operator.
N̂ is the generator of U(1) (3.141)Commutation relation:Expressing N̂ in "produ
t state representation":
|φ(∆ϕ)〉 Taylor expansion

=
∑

k

1

k!

dk|φ〉
dϕk

∣∣∣∣
ϕ=0

(∆ϕ)k (3.142)
= e∆ϕ

d
dϕ |φ(ϕ = 0)〉 (3.143)

= ei∆ϕ(−i
d
dϕ)|φ(ϕ = 0)〉 (3.144)Comparing with (∗) implies:

N̂ = −i d
dϕ
, ϕ =phase (3.145)Phase and parti
le number are 
onjugate operators, analogous to position ~̂x andmomentum −i~ ∂
∂~x
. It follows, in analogy:

[ϕ, N̂ ] = i (3.146)Proof:
[ϕ, N̂ ] = −i

(
ϕ
d

dϕ
− d

dϕ
ϕ

)

= −i
(
ϕ
d

dϕ
− dϕ

dϕ
− ϕ

d

dϕ

)

= i

2Parti
le number 
onservation:



3.3. U(1)GAUGE SYMMETRY AND PARTICLE NUMBER CONSERVATION137Sin
e N̂ is the generator of the Lie group U(1) it is 
onserved, if the Hamil-tonian is U(1) invariant.Proof:
U(1)-invarian
e:

eiϕ
bNHe−iϕ

bN = H (3.147)For in�nitesimal ϕ:
H = eiϕ

bNHe−iϕ
bN

= (1 + iϕN̂)H(1 − iϕN̂)

= H + iϕ[N̂ ,H ]

⇔ [N̂ ,H ] = 0Heisenberg equation of motion:
i~
∂

∂t
N̂ = [N̂,H ] = 0, N̂ 
onserved (3.148)Measurability of phase and parti
le number:Sin
e ϕ̂, and N̂ do not 
ommute, they 
annot be measured simultaneously witharbitrary pre
ision. We have the un
ertainty relation (analogous to ~x− ~p un
er-tainty):

∆ϕ∆N . 1
2

(3.149)Consequen
es of the dis
reteness of the spe
trum of N̂ :In 
ontrast to ~p, the spe
trum of N̂ is dis
rete, N = 1, 2, 3, . . ..Although the 
ommutation relation (3.56) has been proven in "produ
t state rep-resentation", it must be valid in any representation.In parti
ular, in parti
le number representation, N̂ is diagonal with dis
rete eigen-values N = 1, 2, 3 . . .. In order to obey the 
ommutation relation (3.56), the phaseoperator must be in parti
le number representation:
ϕ̂ = +i

d

dN
, N = parti
le number (3.150)
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dN

is meaningful only when N ≫ 1:
df

dN
−→
N→∞

f(N + 1) − f(N)

(N + 1) −N
=

[f(N + 1) − f(N)]/N

1/N
(3.151)For a state with small parti
le number N ≈ 1, the phase ϕ̂ = i d

dN
not only 
annotbe measured pre
isely, but is not even de�ned.Interpretation:A plane wave state 1√

2π
ei(

~k~x−ωt) with �xed phase is normalized to ∞ (or a �-nite density), i.e. 
ontains always an in�nite parti
le number.A state with a �nite parti
le number, normalized to a �nite number, must belo
alized in spa
e and for time, i.e., by Fourier de
omposition, does not have awell-de�ned phase.

x,tFigure 3.3:
These properties play a role in systems with many 
oherent parti
les in one state(lasers, Bose 
ondensates).
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le systems:Green's fun
tions and Feynman diagram te
h-niques3.4.1 S
hrödinger, Heisenberg and intera
tion pi
tures (re-minder)S
hrödinger pi
ture
• Operators Â, H time independent
• State |ψ(t)〉 time dependent
• i~ d

dt
|φ(t)〉 = H|φ(t)〉Formal solution: |φ(t)〉 = e−

i
~
Ht|φ(0)〉

• Expe
tation value:
〈Â〉 = 〈φ(t)|Â|φ(t)〉 = 〈φ(0)| e i~HtÂe− i

~
Ht

︸ ︷︷ ︸
bAH(t)

|φ(0)〉Heisenberg pi
ture The time dependen
e of an expe
tation value 〈A〉 
an be 
astfrom |φ(t)〉 into a time dependen
e of the operator A:
• ÂH(t) = e

i
~
HtÂe−

i
~
Ht Heisenberg operator

• |φ〉H = |φ(t = 0)〉 Heisenberg state, time independent
• From its de�nition, the Heisenberg operator obeys the equation of motion
i~ d

dt
ÂH(t) = −He i~HtÂe− i

~
Ht + e

i
~
HtÂe−

i
~
HtH + i~e

i
~
Ht ∂ bA

∂t
e−

i
~
HtThe derivative ∂ bA

∂t
o

urs only if Â has expli
it time dependen
e in S
hrödingerpi
ture, i.e. t-dependent potential.

i~ d
dt
ÂH(t) = [ÂH(t), H ] + i~∂

bAH(t)
∂t

(3.152)In parti
ular:
d

dt
HH =

∂

∂t

in general
= 0 (3.153)Same t-dependen
e of H in S
hrödinger and Heisenberg pi
ture.
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tion pi
ture
H = H0 +Hint (solution of H0 known) (3.154)We propagate the S
hrödinger state |φ(t)〉 ba
k in time to t = 0 a

ording to thenon-intera
ting Hamiltonian.

• Intera
tion state:
|φ(t)〉I = e+

i
~
H0t|φ(t)〉

• |φ(t)〉I obeys the equation of motion
i~
d

dt
|φ(t)〉I = −H0�

��|φ〉I + e
i
~
H0t(��H0 +Hint)|φ(t)〉 (3.155)

i~ d
dt
|φ(t)〉I = e

i
~
H0tHinte− i

~
H0t|φI〉 (3.156)

• Expe
tation value of any operator Â:
〈Â〉 = 〈φ(t)|Â|φ(t)〉 = I〈φ(t)| e i~H0tÂe−

i
~
H0t︸ ︷︷ ︸

bAI

|φ(t)〉

• ÂI(t) = e
i
~
H0tÂe−

i
~
H0tIntera
tion pi
ture:1. Operators have time dependen
e like Heisenberg operators with respe
t tothe non-intera
ting system H0, i.e. their time dependen
e is assumed to beknown.In parti
ular: Hint,I(t) = e

i
~
H0tHinte− i

~
H0t2. The states obey a S
hrödinger equation wrt. the intera
tion Hamiltonian(in intera
tion pi
ture) Hint, I(t) only (assumed: no expli
it t-dependen
eof Hint):

i~ d
dt
|φ〉I = Hint,I(t)|φI〉The advantage of the intera
tion pi
ture is that e�e
ts of H0 and Hint are seper-ated, and that, hen
e, the motion of the operators is known. These pi
tures arereadily applied to the operators of 2nd quantization, where the known motion of

ψI(~x, t) will be extensively exploited for many-body perturbation theory.
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tion (de�nition)We de�ne the retarded (R) and advan
ed (A) Green's fun
tion as the expe
tationvalues (using the Heisenberg pi
ture for the operators and the states):
GR
σσ′(x, x

′) = −iθ(t − t′)〈[ψσ(x), ψ+
σ′(x

′)]∓〉 (3.157)
GA
σσ′(x, x

′) = +iθ(t− t′)〈[ψσ, ψ+
σ′(x

′)]∓〉 (3.158)where the 
ommutator [. . . , . . .]− is for bosons and the anti
ommutator [. . . , . . .]+is for fermions. From now on, we will only 
onsider fermions: [. . . , . . .]+ ≡
{. . . , . . .}

• The expe
tation value 〈. . .〉 ≡ H〈ψ0| . . . |ψ0〉H is understood to be takenwrt. the Heisenberg ground state. Sin
e all the time dependen
e is in theoperators, we 
an use the short-hand notation 〈. . .〉.
• σ, σ′ denote the spin proje
tion σz = ±1 or any other, additional quantumnumber of a parti
le.Note:In the Heisenberg pi
ture, the �eld operators ψ, ψ† do not, in general, obey
anoni
al permutation relations be
ause of the fa
tors e± i

~
Ht, e±

i
~
Ht′ . Canoni
alrelations hold only for t = t′.For the purpose perturbation theory, we also de�ne the time-ordered Green'sfun
tion:

Gσσ′(x, x
′) = −i〈Tψσ(x)ψ†

σ′(x
′)〉 (3.159)with

Tψσ(x)ψ
†
σ′(x

′) :=

{
ψσ(x)ψ

†
σ′(x

′), t > t′

±ψ†
σ′(x

′)ψσ(x), t < t′
(3.160)+ is for bosons and - for fermions. The 
ase t = t′ requires spe
ial treatment, seebelow.
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e of G(x, x′):From G the ground state expe
tation value of any single-parti
le operator F (1)
an be 
al
ulated:
F (1) =

∫
d3xψ†(x)f (1)(~x)ψ(x) (3.161)(Heisenberg pi
ture: ψ(x) = e

i
~
Htψ(~x)e−

i
~
Ht et
.)

〈F (1)〉σσ′ =

∫
d3x〈ψ†

σ(x)f
(1)(~x)ψσ′(x)〉

=

∫
d3x[f (1)(~x)]〈ψ†

σ′(x)ψσ(x)〉

[f (1)(~x)] is the diagonal matrix element of f (1)(~x) in ~x representation.
〈F (1)〉σσ′ = ±i

∫
d3x lim ~x′→~x

t′→t+0

[f (1)(~x)]G(x, x′) (3.162)Examples:Parti
le density: f (1)(~x) ≡ 1

nσ(x) = ±i lim ~x′→~x
t′→t+0

G(x, x′) (3.163)Parti
le 
urrent density:
~ = f (1) =

~

2mi
(~∇~x − ~∇~x′)

~∇~x a
ting to the right, ~∇~x′ a
ting to the left∫
d3x〈~〉σσ′ =

~

2mi
δσσ′

∫
d3x〈ψ†

σ(x
′)~∇~xψ(x) − ψ†

σ(x
′)~∇~x′ψ(x′)〉

= ± ~

2m

∫
d3x lim

~x′→~x
t′→t+0

(~∇~x − ~∇~x′)Gσσ(x, x
′)δσσ′

〈jσ〉 = ± ~

2m
lim ~x′→~x

t′→t+0

(~∇~x − ~∇~x′)Gσσ(x, x
′) (3.164)
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tion: equations of motionWe �rst derive the equations of motion for the free Green's fun
tion in momen-tum spa
e. This will establish the 
onne
tion between the (free) Green's fun
tionde�ned for many-parti
le systems and the Green's fun
tion de�ned as a resolventoperator of a di�erential equation."Free" Hamilton operator (=single-parti
le operator):
H0 =

∑

~k,σ

ε~kc
(+)
~k,σ
c~k,σ (3.165)Remark:

~k is understood to be the momentum index here, but 
ould be any quantumnumber in whi
h the single-parti
le system is diagonal, e.g. l,m for an ele
tronin a H-atom (→ e-e intera
tion as perturbation).Fermions:Many-body ground state: Fermi sea
|0〉 = |n~k1↑, n~k1↓, n~k2↑, n~k2↓, . . .〉 (3.166)with n~k,σ =

{
1, |~k| ≤ kf

0, |~k| > kF
kF =Fermi momentumShort-hand notation:

|0〉 = |n~k≤kF ,σ, n~k>kF ,σ = 0〉 (3.167)(Note: E�
ien
y of writing many-body state in o

upation number representa-tion.)Equations of motion for the 
reation/ destru
tion operators:
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i~
∂

∂t
c~k,σ = [c~k,σ, H0]fermions: [c~k,σ, H0] =

∑

~k′,σ′

ε~k′
(
c~k,σc

(+)
~k,σ′

c~k′,σ′ − c
(+)
~k′,σ′

c~k′,σ′c~k′,σ′
)

=
∑

~k′,σ′

ε~k′
(
± c

(+)
~k,σ′

c~k,σc~k′,σ′︸ ︷︷ ︸
±c~k′σ′c~k,σ

+δ~k~k′δσσ′c~k′,σ′ − c
(+)
~k′,σ′

c~k′,σ′c~k,σ

)

c~k,σ(t) = e−
i
~
ε~kt

c
(+)
~k,σ

(t) = e+
i
~
ε~kt

i~
∂

∂t
c~k,σ = ε~kc~k,σ

−i~ ∂
∂t
c
(+)
~k,σ

= ε
(+)
~k,σ

(~ = 1 below)Equations of motion for GR/A, G:
i
∂

∂t
GR
~kσ

(t, t′) = i
∂

∂t

{
−iθ(t − t′)

〈(
c~kσ(t)c

†
~kσ

(t′) ∓ c†~kσ(t
′)c~kσ(t)

)〉}

= δ(t− t′) + ε~kG
R
~kσ

(t, t′)

i
∂

∂t
GA
~kσ

(t, t′) = i
∂

∂t

{
+iθ(t′ − t)

〈(
c~kσ(t)c

†
~kσ

(t′) ∓ c†~kσ(t
′)c~kσ(t)

)〉}

= δ(t− t′) + ε~kG
A
~kσ

(t, t′)

i
∂

∂t
G~kσ(t, t

′) = i
∂

∂t

{
(−i)θ(t− t′)

〈
c~kσ(t)c

†
~kσ

(t′)
〉
± (−i)θ(t′ − t)

〈
c†~kσ(t

′)c~kσ(t)
〉}

=
{
δ(t− t′)

〈
c~kσ(t)c

†
~kσ

(t′)
〉
∓ δ(t− t′)

〈
c†~kσ(t

′)c~kσ(t)
〉}

+ ε~kG~kσ(t, t
′)

= δ(t− t′) + ε~kG~kσ(t− t′)

[
i ∂
∂t
− ε~k

]
G
R/A
~kσ

(t− t′) = δ(t− t′) (3.168)
• Retarded, advan
ed, and t-ordered Green's fun
tions have all the sameequation of motion.
• The solutions for R,A, t-ordered fun
tions are determined by the di�erentboundary 
onditions for t→ ±∞.
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• For the free system (H0 is single-parti
le operator) the equation of motion,and hen
e the Green's fun
tion, 
oin
ide with the those familiar as theresolvent fun
tions of a single-parti
le di�erential equation (or from ele
-trodynami
s). For many-parti
le systems our de�nition of G will give ageneralization with de
isive advantages.Free Green's fun
tions in frequen
y spa
e:In Fourier transforming wrt. time we have to observe the di�erent boundary
onditions for GR, GA, G:

t−t’Figure 3.4:
[
i
∂

∂t
− ε~k

]
GR
~kσ

(t− t′)
︸ ︷︷ ︸

∼θ(t−t′)

= δ(t− t′) (3.169)Now we multiply this equation by ∫ +∞
−∞ dt e+i(ω+iη)t. The in�nitesimal fa
tor η > 0makes the integral 
onverge for t → ∞. The partial integration over the �rstfa
tor on the left hand side (∂/∂t) leads to ω.

• (ω − ε k + iη)GR
~kσ

(ω) = 1
[
i
∂

∂t
− ε~k

]
GA
~kσ

(t− t′)
︸ ︷︷ ︸

∼θ(t′−t)

= δ(t− t′)Again we multiply this equation by ∫ +∞
−∞ dt e+i(ω−iη)t and for η > 0 thisintegral also 
onverges for t→ −∞.

t−t’Figure 3.5:
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• [ω − ε~k − iη]GR

~kσ
(ω) = 1

• t-ordered Green's fun
tion:[
i ∂
∂t
− ε~k

]
G~kσ(t− t′) = δ(t− t′)

∣∣∣∣∣∣





∫
dt e+i(ω+iη)t , |~k| > kF

(
ontribution: c~kσc†~kσ)∫
dt e+i(ω−iη)t , |~k| ≤ kF

(
ontribution: c†~kσc~kσ)
(
i
∂

∂t
− ε~k + iη

)
G~kσ(ω) = 1, |~k| > kF

(
i
∂

∂t
− ε~k − iη

)
G~kσ(ω) = 1, |~k| ≤ kF

G
R/A
~kσ

(ω) =
1

ω − ε~k ± iη

G~kσ(ω) =
θ(|~k| − kF )

ω − ε~k + iη
+
θ(kF − |~k|)
ω − ε~k − iη

=
1

ω − ε~k + i sgn(|~k| − kF )η

3.4.4 General form of the intera
ting Green's fun
tion: spe
-tral representation and analyti
 propertiesWe now derive and analyze the general form of the Green's fun
tion in frequen
yspa
e.The ground states of a system of fermions (=Fermi sea) and of bosons (=bose
ondensate) with �xed, large parti
le number are fundamentally di�erent, whi
himplies that also the 
al
ulations are di�erent. We will restri
t ourselves to the
ase of fermions with spin 1/2 (ele
trons) from now on.Fermi sea:We 
onsider an ele
tron system in a large but �nite volume V = L3.
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L

L

L

V

Figure 3.6:The momentum eigenvalues of the free system are the n quantized:
~p = ~

2π

L
(nxêx + ny êy + nz êz) , nx,y,z = 0,±1,±2, . . . (3.170)Ea
h momentum eigenstate o

upies a volume (2π~)3

V
in momentum spa
e.In the non-intera
ting ground state, these momentum eigenstates are doublyo

upied up to a maximum energy, the Fermi energy EF , de�ned su
h that thetotal number of o

upied single-parti
le states |~p, σ〉 is equal to the total numberof parti
les N. This antisymmetrized N-parti
le state is 
alled Fermi sea.
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Fermi sea
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Fermi surface
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(2   h)3/Vπ
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|φ0〉 = |np≤pF = 1, np>pF = 0〉 (3.171)The modulus of the maximum momentum of an o

upied single-parti
le state is
alled Fermi momentum:
EF =

p2
F

2m
(3.172)Sin
e the ~p are quantized, all momentum sums 
an be 
onsidered dis
rete wher-ever ne
essary to avoid singular integrals. The limit V → ∞ 
an be taken at theend of the 
al
ulation.General time dependen
e and spe
tral representation of G:We 
onsider a general, intera
ting many-body Hamiltonian H = H0 + V :To make the time dependen
e expli
it, we wrote the Heisenberg operators as

ψ(~r, t) = eiHtψ(~r)e−iHt (3.173)
ψ†(~r, t) = eiHtψ†(~r)e−iHt (3.174)where ψ(~r), ψ†(~r) are the �eld operators in the S
hrödinger pi
ture.We then have (spin index suppressed):

t > t′:
G(~r − ~r′, t− t′) = −i

∑

m

〈
φ0

∣∣eiHtψ(~r)e−iHt
∣∣φm

〉 (3.175)
×
〈
φm

∣∣∣eiHt′ψ†(~r)e−iHt
′
∣∣∣φ0

〉

= −i
∑

m

〈φ0 |ψ(~r)|φm〉
〈
φm
∣∣ψ†(~r′)

∣∣φ0

〉 (3.176)
×e−i(Em−E0)(t′−t)

|φm〉 〈φm| = 1 is the free (N+1)-parti
le basis (eigenstates of H).
t < t′ :

G(~r−~r′, t−t′) = +i
∑

m′

〈
φ0

∣∣ψ†(~r′)
∣∣φm′

〉
〈φm′ |ψ(~r)|φ0〉 e−i(Em−E0)(t′−t), (3.177)
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omplete basis of H eigenstates of the (N+1)-parti
lesystem ∑
m |φm〉 〈φm| and of the (N-1)-parti
le system ∑

m′ |φm′〉 〈φm′ | respe
-tively.
m,m′ runs over all possible states of the many-body system.

m : (N + 1) − parti
le system (3.178)
m′ : N − parti
le system (3.179)Position dependen
e of the matrix elements:The operators and matrix elements in G have the following position dependen
e:
ψσ(~r) = e−i~p~rψ(0)ei~p~r (3.180)sin
e exp(−i~p~r) is the spatial translation operator, and
〈φ0 |ψ(~r)|φm〉 = 〈φ0 |ψ(0)|φm〉 e+i(~pm−~p0)~r (3.181)with ~p0 = 0 (total momentum of the exa
t N-parti
le ground state for a transla-tionally invariant system), ~pm (total momentum of the (N+1)-parti
le eigenstate

|φm〉 of H for a translationally invariant system) et
.Hen
e, the Green's fun
tion has the ~r and t dependen
e:
G(~r − ~r′, t− t′) =





−i
∑

m |〈φ0 |ψ(0)|φm〉|2 ei~pm(~r−~r′)e−i(Em−E0)(t−t′)

+i
∑

m′ |〈φm′ |ψ(0)|φ0〉|2 e−i~pm′ (~r−~r′)ei(Em′−E0)(t−t′)
(3.182)The upper equations is valid if t > t′ and the lower one if t < t′.Fourier transformation:

∫
d3(~r − ~r′) e−i~p(~r−~r

′) (3.183)
∫
d(t− t′) e+iω(t−t′) (3.184)For 
onvergen
e of the t-integral:

ω → ω + iη, (t− t′) > 0 (3.185)
ω → ω − iη, (t− t′) < 0 (3.186)



150 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMSThe Fourier transform of G(~r − ~r′, t− t′) with respe
t to ~r − ~r′, t− t′ is:
G~p(ω) = (−i)

∑

m

|〈φ0 |ψ(0)|φm〉|2 (2π)3δ(3)(~p− ~pm) (3.187)
× 1

(−i)
1

ω − (Em −E0) + iη

+i
∑

m′

|〈φm′ |ψ(0)|φ0〉|2 (2π)3δ(3)(~p+ ~pm) (3.188)
×1

i

1

ω − (Em′ − E0) − iηIt is 
onvenient to write the energy di�eren
es Em−E0, Em′ −E0 in terms of theex
itation energies of the N-parti
le system.
E0 is the ground state energy of the N-parti
le system. Em, Em′ , E0 are the totalenergies of an (ex
ited) (N+1)-, (N-1)-parti
le state, respe
tively.We de�ne the Fermi energy of the intera
ting system generalizing the non-intera
ting 
ase , as

EF = E0(N + 1) − E0(N) ≈ dE0(N)

dN
= µ (3.189)i.e., as the 
hange of the ground state energy E0, as one parti
le is added to thesystem. EF is also 
alled "
hemi
al potential" µ (at T = 0).

E

EF

Figure 3.8:
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Fermi surface

Figure 3.9:The energy di�eren
es Em(N+1)−E0(N) and Em′(N−1)−E0(N) have the 
har-a
ter of a single-parti
le ex
itation energy, sin
e one parti
le is added/substra
ted.It is 
onvenient to measure these di�eren
es relative to EF :
Em(N + 1)−E0(N) = εm +EF , εm = Em(N + 1)−E0(N + 1), (3.190)where εm > 0 is by de�nition, the ex
itation energy of the (N+1)-parti
le systemin state m.For N ≫ 1 one has
EF = E0(N + 1) − E0(N) = E0(N) − E0(N − 1) + O

(
1

N

) (3.191)and
Em′(N −1)−E0(N) = εm′ −EF , εm′ = Em′(N −1)−E0(N −1) (3.192)with εm′ > 0 the ex
itation energy of the (N-1)-parti
le system in state m′.For N ≫ 1, the (N+1) and the (N-1)-parti
le system have the same ex
itationenergies:
εm′ ≈ εm, EF ≈ E ′

F (3.193)(Remark: even/odd e�e
ts in mesos
opi
 systems with intera
tion.)



152 CHAPTER 3. MANY-PARTICLE QUANTUM SYSTEMSThe Green's fun
tion then takes the form:
G~p(ω) =

∑

m

|〈φ0 |ψ(0)|φm〉|2 (2π)3δ(3)(~p− ~pm)
1

ω − εm − EF + iη
(3.194)

+
∑

m′

|〈φm′ |ψ(0)|φ0〉|2 (2π)3δ(3)(~p− ~pm′) (3.195)
× 1

ω + εm′ − EF − iη
,where εm > 0, εm′ > 0 by de�nition.It is 
onvenient to write the sums over the eigenstates ∑m,

∑
m′ as a sum overall eigenstates with energie in the interval [E,E + dE] and integrate over E ≥ 0:

∑

m

(. . .) =

∫
dE

∑

m
E≤εm<E+dE

(. . .) (3.196)With the de�nitions
A(~p, E)dE = (2π)3

∑

m
E≤εm<E+dE

|〈φ0 |ψ(0)|φm〉|2 δ(3)(~p− ~pm) (3.197)
B(~p, E)dE = (2π)3

∑

m′

E≤ε
m′<E+dE

|〈φm′ |ψ(0)|φ0〉|2 δ(3)(~p− ~pm′) (3.198)we have
G~p(ω) =

∫∞
0
dE
[ eA(~p,E)
ω−E−EF+iη

+
eB(~p,E)

ω+E−EF−iη

] (3.199)Lehmann representation
ReG~p(ω) = P

∫ ∞

0

dE

[
Ã(~p, E)

ω −E − EF
+

B̃(~p, E)

ω + E −EF

] (3.200)ImG~p(ω) =

{
−ΠÃ(~p, ω −EF ), ω > EF

+ΠB̃(~p,−ω + EF ), ω < EF
(3.201)
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Ã(~p, ω − EF ) = probability density for 
rating a parti
le with (3.202)momentum ~p, energy ω above EF from the ground state.

B̃(~p,−ω + EF ) = probability density for destroying a parti
le with (3.203)momentum ~p, energy ω below EF from the ground state.
→
∣∣∣∣∣

∣∣∣∣∣
A(~p, ω) := Ã(~p, ω −EF ) + B̃(~p,−ω + EF )spe
tral fun
tion(3.110), (3.111)⇒ReG~p(ω) = P

∫
dω′

π

ImG~p(ω)sgn (ω′ −EF )

ω′ − ω
(3.204)Kramers-Kroenig violated → G~p(ω) not analyti
 in upper or lower half plane.

A(~p, ω) =

{
Ã(~p, ω −EF ), ω > EF

B̃(~p,−(ω − EF )), ω < EF
(3.205)Spe
tral fun
tion with A ≥ 0 everywhere.Using (3.110) and (3.111) we obtain:ReG~p(ω) = P

∫ +∞

−∞

dω′

π

ImG~p(ω)sgn (ω′ − EF )

ω′ − ω
(3.206)Kramers-Kroening relation is violated, i.e. the time-ordered Green's fun
tion isneither analyti
 in the upper nor in the lower 
omplex half plane.For the retarded and advan
ed Green's fun
tions we obtain in a similar way:

G
R/A
~p (ω) =

∫ ∞

0

dE

[
Ã(~p, E)

ω − E − EF ± iη
+

B̃(~p, E)

ω + E − EF ± iη

]

=

∫ +∞

−∞
dE

A(~p, E)

ω − E − EF ± iη

(3.207)
Spe
tral representationIt follows thatImG

R/A
~p (ω) = ∓πA(~p, ω −EF ) (3.208)and G

R/A
~p (ω) are analyti
 in the upper/lower 
omplex half plane. This is - by
onstru
tion - in a

ord to the 
ausality/anti
ausality of GR/A.
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Re Gp
R,A,T(   )

EF

Im Gp(   )

0

bound edge

p
R(   ) = Im Gp

A(   )A(p,   )=−Im G

ω

ω ω

ω

ω

ω

ω

∼ 1/ω

∼ 1/ω

π

Figure 3.10:Relevant variable: energy wrt. EF : ω̃ = ω − EF → ω

GA
~p = GR

~p (ω)∗ (3.209)Relevan
e of GR/A and of G:
GR/A have the proper analyti
 and, therefore, 
ausal behavior. However, as weshall see, GR/A are not suitable for 
onstru
ting perturbation theory (PT).The time-ordered Green's fun
tion allows to 
ontru
t PT in a systemati
al wayand, in addition, 
ontains the information about the Fermi energy be
ause of itssign 
hange in ImG~p(ω).Strategy for 
al
ulating physi
al quantities:1. Cal
ulate G~p(ω) using, e.g., PT.2. Take |ImG~p(ω)| = πA(~p, ω) = ∓ImG

R/A
~p (ω).3. Cal
ulate the full GR/A using Kramers-Kroenig
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al relevan
e of the poles of GR/A
~p (z) and ofImG

R/A
~p (ω)ImG

R/A
~p (ω) = πA(~p, ω) (3.210)

= spe
tral density
= density of ex
itations of the system with energy ωabove/below EF and momentum ~p

−
∑

~p

ImGR
~p (ω) = N(ω) (3.211)

= density of states at energy ωThe poles of GR/A
~p (ω):The analyti
ity of GR/A

~p (z) 
an be expressed by de�ning another fun
tion Σ
R/A
~p (z)as

G
R/A
~p (z) =

1

z + EF − ε~p − Σ
R/A
~p (z)

(3.212)with ε~p =single-parti
le eigenenergies of the free system. Σ
R/A
~p (z) is analyti
 inthe upper/lower half plane and ImR/A

~p (ω) ≷R
A 0 on the real axis.

Σ
R/A
~p is 
alled selfenergy (3.213)

G
R/A
~p (z) has a pole at z0:

z0 = ε~p − EF + Σ
R/A
~p (z0) (3.214)(whi
h is a nonlinear equation for z0 via Σ

R/A
~p (z0))Usually this equation has exa
tly one solution. The physi
al reason for thiswill be
ome 
lear below.By 
onstru
tion, for the non-intera
ting system Σ

R/A
~p (z) = 0.If the intera
tions are not too strong, then

z0(~p) ≈ ε~p −EF + Σ
R/A
~p (ε~p − EF ). (3.215)
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al meaning of z0 be
omes evident by Fourier transforming to timespa
e:
G
R/A
~p (z) =

1

z + EF − ε~p − Σ
R/A
~p (z)

(3.216)
(∗)
=

(
1 − ∂Σ

∂z

∣∣
z0

)−1

z − z0
(3.217)

(∗) Σ~p(z) ∼= Σ~p(z0) +
∂Σ

∂z

∣∣∣∣
z0

(z − z0) + . . . (3.218)with z0 ≈
(
ε~p + ReΣ

R/A
~p (ε~p − EF ) −EF

)
+ i ImΣ

R/A
~p (ε~p) (3.219)

GR
~p (t) = −iθ(t)

〈[
c~p(t), c

†
~p(0)

]
+

〉 (3.220)
=

∫
dω

2π
e−iωt

(
1 − ∂Σ

∂z

∣∣
z0

)−1

z − z0
(3.221)

= θ(t)

(
1 − ∂Σ

∂z

∣∣∣∣
z0

)−1

e−iz0 (3.222)Physi
al interpretation of the Green's fun
tion and its parameters:The retarded Green's fun
tion
GR
~pσ(t) = −iθ(t)

〈
φ0

∣∣∣∣
[
c~pσ(t), c

†
~pσ(0)

]

+

∣∣∣∣φ0

〉 (3.223)
= θ(t)

(
1 − ∂Σ

∂z

∣∣∣∣
z=z0

)−1{
exp(−i(ε~p + ReΣR

~p (ε~p −EF ) − EF )t)

exp(−(−ImΣR
~p (ε~p −EF ))t)is

• the amplitude for 
reating a parti
le with momentum~p and spin σ at time
t′ = 0 in the many-body ground state |φ0〉 and destroying it at a later time
t > 0;plus

• the amplitude for destroying a parti
le with momentum ~p and spin σ attime t > 0 and 
reating it again at an earlier time t′ = 0.
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~pσ(t) des
ribes the propagation of a parti
le (~p, σ) from t′ = 0 to t > 0 (inthe ground state) and the propagation of a hole (in the Fermi sea, or antiparti
le)with (−~p,−σ) ba
kward in time from t > 0 to t′ = 0.

EF t’

t>0t’=0

− i <c(t), c+(0)>

Figure 3.11:
EF r

t’=0 t>0

p   
+(0), cp   (t)>− i <c σ σ

Figure 3.12:Be
ause of this interpretation, the Green's fun
tion is also 
alled (retarded, ad-van
ed, time-ordered) propagator .Quasiparti
les:Sin
e for an intera
ting system the many-body state c†~pσ(0)|φ0〉 is not an eigen-state of the Hamiltonian, it de
ays in time, as also seen from the time-dependen
e
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~pσ(t). The 
orresponding single-parti
le ex
itation of the ground state does,therefore, not 
orrespond to a real parti
le (whi
h would have in�nite life time)and is, hen
e, 
alled quasiparti
le. In analogy, the state c~pσ(t)|φ0〉 
orresponds toa quasihole.From the time dependen
e of GR

~pσ(t) we 
an identify the parameters:
• Quasiparti
le energy (measured relative to EF )

ε̃~pσ = ε~p + ReΣ~pσ(ε~p − EF ) − EF (3.224)
• Quasiparti
le de
ay rate

1

τ
= −2 ImΣ~pσ(ε~p −EF ) (3.225)(The fa
tor 2 
omes from the fa
t that GR is an amplitude and 1

τ
is de�nedfor the probability |GR|.)

• Quasiparti
le weight
(

1 − ∂Σ

∂z

∣∣∣∣
z=z0

)−1

≈
(

1 − ∂ReΣ

∂ω

∣∣∣∣
ω=eε~p

)−1 (3.226)For parti
le propagation 〈c~pσ(t)c†~pσ(0)
〉

: ε̃~pσ > 0 (3.227)For hole propagation 〈
c†~pσ(0)c~pσ(t)

〉
: ε̃~pσ < 0 (3.228)In a relativisti
 theory a hole (in the Fermi sea) 
orresponds to an antiparti
le(in the Dira
 sea) and the propagation ba
kward in time of holes/antiparti
les isautomati
ally built into the retarded Green's fun
tion.From the quasiparti
le interpretation of c†~pσ|φ0〉 it is 
lear that for a "well-behaved"system GR

~pσ(z) should have exa
tly one pole in the lower half plane for ea
h (~p, σ).Ex
eptions from this rule are possible if the parti
le-parti
le intera
tion is su�-
iently singular.3.4.6 Perturbation theory for G: Wi
k's theorem, Feyn-man diagrams, linked 
luster theoremTime dependent perturbation theory for many-body states
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tion pi
ture we had in se
tion 3.4.1:
H = H0 + V many-body Hamiltonian (3.229)
H0 =

∑

~pσ

ε~pc
†
~pσc~pσ single-parti
le operator (3.230)

V =
1

2

∫
d3p

(2π)3

∫
d3p′

(2π)3

∫
d3q

(2π)3
V (q)c†~p+~q,σc

†
~p′−~q,σ′c~p′σ′c~pσ (3.231)

=
1

2

∫
d3x

∫
d3x′ ψ†

σ(x)ψ
†
σ′(x

′)V (x− x′)ψσ′(x
′)ψσ(x) (3.232)two-parti
le intera
tion (3.233)

i
d

dt
|φ〉I = VI(t)|φ〉I state (3.234)

i
d

dt
AI(t) = [AI(t), H0] (3.235)
AI(t) = eiH0tA(0)e−iH0t operator, known (3.236)Sin
e [VI(t), VI(t

′)] 6= 0, formal solution for |φ〉:
|φ(t)〉I = 〈φ(t0)〉I − i

∫ t

t0

VI(t
′) |φ(t′)〉 dt′ (3.237)We now assume that the intera
tion is swit
hed on adiabati
ally from t → −∞and swit
hed o� adiabati
ally for t→ +∞:

VI(t) −→
t→±∞

0 (3.238)Adiabati
ally means that this t-dependen
e is slower than any of the intrinsi
time s
ales of the system, i.e. 
an be negle
ted for solving the system. For
t→ ±∞ |φ(±∞)〉I is then known and is an eigenstate of the free system H0 (e.g.free Fermi sea).Thus, we have by iteration:
|φ(t)〉I = |φ(−∞)〉I︸ ︷︷ ︸

=|φ〉H0

−i
∫ t

−∞
dt′ VI(t

′)|φ(t′)〉I (3.239)
= |φ(−∞)〉 − i

∫ t

−∞
dt′ VI(t

′)|φ(−∞)〉 (3.240)
+(−i)2

∫ t

−∞
dt′
∫ t′

−∞
dt′′ VI(t

′)VI(t
′′)|φ(−∞)〉 (subs
ript I dropped)

(∗)
= T̂

{
exp

(
−i
∫ t

−∞
dt′ VI(t

′)

)}
|φ(−∞)〉 (3.241)
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S(t2, t1) = T̂

{
exp

(
−i
∫ t2
t1
dtVI(t

′)
)} (3.242)Time evolution operator in intera
ting pi
ture. Generally V (x, x′) 
an dependon two times.

(∗) Rewriting su

essive time-integrals as a time-ordered produ
t:
T̂

∫ t

−∞
dt′
∫ t

−∞
dt′′ VI(t

′)VI(t
′′) (3.243)

=

∫ t

−∞
dt′
∫ t′

−∞
dt′′ VI(t

′)VI(t
′′) +

↓
(∗∗)

∫ t

−∞
dt′
∫ t

t′
dt′′ VI(t

′′)VI(t
′) (3.244)

=

∫ t

−∞
dt′
∫ t′

−∞
dt′′ VI(t

′)VI(t
′′) +

∫ t

−∞
dt′′
∫ t

t′′
dt′ VI(t

′)VI(t
′′)

︸ ︷︷ ︸
t′↔t

(3.245)
= 2

∫ t

−∞
dt′
∫ t′

−∞
dt′′ VI(t

′)VI(t
′′) (3.246)

(∗∗) V 
ontains even number of operators so that the "+" is valid for bosons andfermions.
t’

t’’

t’’ < t’

Figure 3.13:
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t’

t’’

t’ > t’’

Figure 3.14:Same integration area and same integrand for both integrals.For an k!-fold time-ordered produ
t one obtains k! equal su

essive integralsa

ording to the k! orderings of the VI(tj)′s:
T̂

∫ t

−∞
dt1

∫ t

−∞
dt2 . . .

∫ t

−∞
dtk VI(t1) . . . VI(tk) = (3.247)

k!

∫ t

−∞
dt1

∫ t1

−∞
. . .

∫ tk−1

−∞
dtk VI(t1) . . . VI(tk)This proves the equality (∗).

S(t2, t1) hast the multipli
ation property, by de�nition:
S(t2, t3)S(t3, t1) = S(t2, t1)

S(t, t) = 1

[S(t2, t3)]
−1 = S(t3, t2) = S†(t2, t3) unitary (3.248)To 
al
ulate the Green's fun
tion, we need to evaluate expe
tation values of theform

H〈φ0|TAH(t1)BH(t2)CH(t3) . . .|φ0〉H (3.249)in the Heisenberg pi
ture. It is useful to write this in the intera
tion pi
ture,where the t-dependen
e of the operators is known. S establishes the 
onne
tionbetween the Heisenberg and the intera
tion pi
ture:
|φ(t)〉I = S(t,−∞)|φ〉H (3.250)
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tation value
H〈φ|AH(t)|φ〉H = H〈φ(t)|AI(t)|φ(t)〉I (3.251)

= 〈φH|[S(t,−∞)]−1AI(t)S(t,−∞)|φH〉 (3.252)it follows
AH(t) = [S(t,−∞)]−1AI(t)S(t,−∞). (3.253)Conne
tion between Heisenberg and intera
tion pi
ture operators.Thus we have

H〈φ0|T{AH(t1)BH(t2) . . .}|φ0〉H (3.254)
= H〈φ0|T{S−1(t1,−∞)︸ ︷︷ ︸

(1)

A(t1)S(t1,−∞)S−1(t2,−∞)︸ ︷︷ ︸
S(−∞,t2)︸ ︷︷ ︸

S(t1,t2)

B(t2) (3.255)
×S(t2,−∞) . . .}|φ0〉H

= H〈φ0|T{S−1(∞,−∞)S(∞, t1)A(t1)S(t1, t2)B(t2) (3.256)
×S(t2,−∞) . . .}|φ0〉H

= H〈φ0|S−1(∞,−∞)T̂{A(t1)B(t2) . . . S(∞,−∞)}|φ0〉H , (3.257)where the time ordering operator T̂ puts the appropriate fa
tors of S(∞,−∞) inbetween the A,B, . . ..
(1) S−1(t1,−∞) = S(−∞, t1) = S(−∞,∞)S(∞, t1) (3.258)

= S−1(∞,−∞)S(∞, t1) (3.259)
H〈φ0|S−1(∞,−∞) = [S(∞,−∞)|φ0〉H ]† (3.260)The state S(∞,−∞)|φ0〉H is the free ground state at t = −∞ evolved to t = +∞.Sin
e the intera
tion is adiabati
ally swit
hed on and o�, this must be again theground state, i.e. it 
an di�er from |φ0〉H only ba a phase fa
tor,

S(∞,−∞)|φ0〉H = eiα|φ0〉H , (3.261)where
eiα = H〈φ0|S(∞,−∞)|φ0〉H . (3.262)



3.4. PERTURBATION THEORY FOR MANY-PARTICLE SYSTEMS 163Therefore
H〈φ0|T̂{AH(t1)BH(t2) . . .}|φ0〉H =

H〈φ0|T̂{A(t1)B(t2) . . . S(∞,−∞)}|φ0〉H
H〈φ0|S(∞,−∞)|φ0〉H

,(3.263)where |φ0〉H is the (Heisenberg) ground state of the free system, and A(t1), B(t2), . . .are operators in the intera
tion pi
ture, whose t-dependen
e is known.In parti
ular, the t-ordered G fun
tion is:
G(x, x′) = −i H〈φ0|T̂{ψ(~r, t)ψ†(~r′, t′)S(∞,−∞)}|φ0〉H

H〈φ0|S(∞,−∞)|φ0〉H
(3.264)

• It is 
lear that the t-ordering is essential for obtaining this formula.
• The phase fa
tor in the denominator will be important.A perturbation series is generated in a natural way by expanding S in powersof the intera
tion V . This generates expe
tation values of produ
ts of more andmore �eld operators ψ, ψ†. These high-order expe
tation values 
an be fa
torizedinto produ
ts of free single-parti
le Green's fun
tions by means of the Wi
k the-orem.Wi
k's theoremLet ψ(~r, t) = exp (+iH0t)ψ(~r) exp (−iH0t) be �eld operators in the intera
tionpi
ture (or free Heisenberg operators), whi
h have 
anoni
al equal-time (anti-)
ommutation relations,
[
ψ(~r, t), ψ†(~r′, t)

]
= δ(3)(~r − ~r′) (3.265)(general: C-number)
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le Green's fun
tion 
an be written as
G(N),(0)(x1, . . . , XN ; x′1, . . . , x

′
N ) (3.266)

≡ (−i)N H〈φ0|T
{
ψ(x1) . . . ψ(xN)ψ†(x1) . . . ψ

†(xN)
}
|φ0〉H (3.267)

= (−i)N
∑permutations

P (x′
1
...x′

N
)

(±1)
ePG(0)(x1, x

′
P (1))G

(0)(x2, x
′
P (2)) . . . (3.268)

×G(0)(xN , x
′
P (N))"+" for bosons and "-" for fermions. P̃ is the number of 
ommutations to bringthe N pairs of operators next to ea
h other in the order ψ(x1)ψ

†(x′P (1)).Example:
G(z),(0)(x1, x2; x

′
1, x

′
2) =

[
G(0)(x1, x

′
1)G

(0)(x2, x
′
2) −G(0)(x1, x

′
2)G

(0)(x2, x
′
1)
](3.269)Proof: Complete indu
tionFrom the equation of motion

[
i
∂

∂t
−H0

]
G(0)(x, x′) = δ(t− t′)δ(3)(~r − ~r′) (3.270)the free 1-parti
le Green's fun
tion is the inverse operator:

G(0)(x, x′) =

[
i
∂

∂t
−H0

]−1 (3.271)
[
i
∂

∂t1
−H0(x1)

]
(−i)N H〈φ0|T{ψ(x1) . . . ψ(xN)ψ†(x1) . . . (3.272)

×ψ†(x′j) . . . ψ
†(xN)}|φ0〉H

=

[
i
∂

∂t1
−H0(x1)

]
(−i)N

N∑

j=1

(±1)Pj H〈φ0|T{T{ψ(x1)ψ
†(x′j)} (3.273)

×ψ(x2) . . . ψ(xN)ψ†(x1) . . .����ψ†(xj)︸ ︷︷ ︸missing . . . ψ†(xN)}|φ0〉H

= (−i)N
N∑

j=1

(−1)Pjδ(4)(x1 − x′j) H〈φ0|T{ψ(x2) . . . ψ(xN )ψ†(x′1) (3.274)
× . . .

����ψ†(x′j) . . . ψ
†(xN)}|φ0〉H
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Pj is the number of 
ommutations to bring ψ(x1), ψ

†(x′j) together.A
ting with inverse operator [i ∂
∂t1

−H0(x1)
]−1 on both sides:

G(N),(0)(x1, . . . , xN , x
′
1, . . . , x

′
N ) = (−1)N

N∑

j=1

(−1)PjG(0)(x1, x
′
j) (3.275)

×G(N−1),(0)(x2, . . . , xN , x
′
1, . . . ,��x

′
j , . . . , x

′
N)

The Wi
k theorem follows by repeated a
tion of [i ∂
∂ti

−H0(xi)
]−1

, i = 1, . . . , N−
1 on G(N),(0).Note: The essential ingredients for the Wi
k theorem to be valid are:- The �eld operators obey 
anoni
al equal-time 
ommutationrelations.- Their t-dependen
e is a

ording to the free Hamiltonian H0(i.e. operators must be in intera
ting pi
ture).- The free Hamiltonian H0 must be a single-parti
le operators,be
ause otherwise the equation of motion of G(0) would nothave the simple form ne
essary for the proof of the Wi
ktheorem.Perturbation series:The exa
t intera
ting Green's fun
tion 
an be expanded in powers of the in-tera
tion VI(t):

G(x, x′) = −i
〈T̂{ψ(x)ψ†(x′) exp

(
−i
∫ +∞
−∞ dt1

∫ +∞
−∞ dt2 VI(t1, t2)

)
}〉

〈T̂ exp
(
−i
∫ +∞
−∞ dt1

∫ +∞
−∞ dt2 VI(t1, t2)

)
〉

(3.276)
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∫ +∞

−∞
dt1

∫ +∞

−∞
dt2 VI(t1, t2) =

1

2

∫
d4x1 Ṽ (x1 − x2)ψ

†
σ1

(x1)ψ
†
σ2

(x2)(3.277)
×ψσ2(x2)ψσ1(x1)

x = (~r, t, σ) et
. (3.278)
ψ(x1) ≡ ψ1 et
. (3.279)often: Ṽ (x1 − x2) = δ(t1 − t2)

˜̃
V (~r1 − ~r2) (3.280)

G(x, x′) = −i 1

〈S(∞,−∞)〉 ·
[〈
T̂
{
ψ(x)ψ†(x′)

}〉 (3.281)
+(−i)

∫
d4x1

∫
d4x2

1

2
V (x1 − x2)

×
〈
T̂
{
ψ(x)ψ†(x′)ψ†ψ†

2ψ2ψ1

}〉

+
(−i)2

2!

∫
d4x1 . . .

∫
d4x4

1

2
V (x1 − x2)

1

2
V (x3 − x4)

×
〈
T̂
{
ψ(x)ψ†(x′)ψ†

1ψ
†
2ψ2ψ1ψ

†
3ψ

†
4ψ4ψ3

}〉
+ . . .

]Using Wi
k's theorem, ea
h order 
an be fa
torized into free, single-parti
leGreen's fun
tions G0:
G(x, x′) =

1

〈S(∞,−∞)〉 ·
[
G0(x, x′) (3.282)

+(−i)i3
∫
d4x1

∫
d4x2 V (x1 − x2)G

0(x, x1)G
0(x1, x

′)

×G0(x2, x3)

+(−i)i3
∫
d4x1

∫
d4x2 V (x1 − x2)G

0(x, x1)G
0(x1, x2)

×G0(x2, x) + . . .
]In the k-th order there appear k′ equal terms, be
ause a permutation of any two
oordinate pairs (x1, x2), (x3, x4) in the last expression leads to the same term.This 
an
els exa
tly the 1

k!
of the Taylor expansion in ea
h order.Feynman diagrams:The mathemati
al expressions in ea
h order have an extremely useful diagra-mati
 representation:
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x1 x2 x1

x2

∞
+ + + …1

S(+ −, x’ x x’ x x’ x
G(x,x’)=

)∞Figure 3.15: Green's fun
tion G(x, x′) in Feynman diagramsThe pres
riptions how to translate a diagram into a mathemati
al expression are
alled Feynman rules and 
an be read o� from the pre
eding derivation.Feynman rules:(1.) Ea
h solid line with end points xi, xj and with a dire
tion marked by thearrow 
orresponds to a (free) Green's fun
tion G0:
xjxi

(xi) (xj) = G0(xi, xj)
ψψ+Figure 3.16: Green's fun
tion G0 in Feynman diagramThe foot of the arrow represents a 
reation operator ψ†, the head of thearrow represents a des
tru
tion operator ψ.(2.) A wavy line 
orresponds to the intera
tion potential

xi xj
= V(xi−x j)^Figure 3.17: Intera
tion potential in Feynman diagram(3.) Internal spa
e-time and spin 
oordinates (not at an end point of a diagram)xi =

(~ri, ti, σi) are integrated (or summed) over:
xi

xi
=

∫
dti

∫
d3ri

∑

σi

"vertex" (3.283)(4.) The prefa
tor of a diagram:
i for ea
h Green's fun
tion in the diagram

(−i)k for a diagram of k-th order in V from the Taylor expansionof T̂ exp

(
−i
∫
dt V

)

(−1) for ea
h 
losed loop of 
onne
ted fermion Green's fun
tion lines
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ontributions to G at a given order O(V ) draw all topologi
allydi�erent Feynman diagrams.The phase fa
tor 〈S(+∞,−∞)〉 in G 
an be expanded in a similar way. Sin
eit has no external 
oordinates and all internal 
oordinates are integrated over,
〈S(+∞,−∞)〉 
ontains only 
losed diagrams:

〈
T̂ exp

(
−i
∫ +∞

−∞
dt1

∫
dt2 VI(t1, t2)

)〉 (3.284)
= 1 + (−i)

∫
d4x1

∫
d4x2 V (x1 − x2)

〈
t̂
{
ψ†

1ψ
†
2ψ2ψ1

}〉 (3.285)
+

(−i)2

2!

∫
d4x1 . . .

∫
d4x4 v(x1 − x2)V (x3 − x4)

×
〈
T̂
{
ψ†

1ψ
†
2ψ2ψ1ψ

†
3ψ

†
4ψ4ψ3

}〉
+ . . .

= 1 + (−i)i2
∫
d4x1

∫
d4x2 V (x1 − x2)G

0(x1, x2)G
0(x2, x1) (3.286)

−(−i)i2
∫
d4x1

∫
d4x2 V (x1 − x2)G

0(x1, x1)G
0(x2, x2)

+ . . .The last equation above 
an be expressed in Feynman diagrams so that we get:
x1 2x x1 2x+ +=̂ 1 + Figure 3.18:The linked 
luster theorem:The full Green's fun
tion, in
luding the phase fa
tor, 
an be written as:
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[1+   (all closed diagrams)]Σ
[ (all connected diagrams)]Σ Σ

++

+ +

++++

++

+

…
G(x,x’) =

1 + + + …

+ …++ 1 + + + …

+ + + …1

=
.

= Σ all connected diagrams

(3.198)

(3.199)

(3.200)

(3.201)

=

.

[1+   (all closed diagrams)]

Note the usefulness of diagrams to derive this result.Linked 
luster theoremOnly 
onne
ted diagrams 
ontribute to G(x, x′), and the phase fa
tor is 
an
elled.
[Feynman diagrams in momentum spa
e: k, ω 
onservation at ea
h vertex]
3.4.7 The Dyson equation and the selfenergyAssuming that the perturbation series for G 
onverges (!), the in�nite series 
anbe re-ordered:
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all terms of      containing
irreducible parts

x1 x2
= +

G(x,x’) =

+

+

1 2G 3 …

(3.202)

(3.203)+

+

Irredu
ible diagram:Diagram, whi
h 
annot be de
omposed into two dis
onne
ted parts by 
uttingone G-line.De�nition:Selfenergy Σ :=
∑ of all irredu
ible diagrams in
luding the prefa
tor from Feyn-man rules without external lines

(x,x’)=Σ

x x’

+ +x’x x x’ + + …

= (3.205)

(3.204)

Hen
e:
x1 x2

=

= + +…+

+ + + …

= + Dyson equation

x’ x
(3.206)

(3.207)

(3.208)or in terms of formulas:
G(x, x′) = G0(x, x′)+

∫
d4x1

∫
d4x2 G

0(x, x2)Σ(x2, x1)G
0(x1, x)+ . . . (3.287)
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G(x, x′) = G0(x, x′) +

∫
d4x1

∫
d4x2G

0(x, x2)Σ(x2, x1)G(x1, x) (3.288)Dyson equation for intera
ting parti
les
G0(x, x′) = G0(x− x′) (3.289)
Σ(x, x′) = Σ(x− x′) (3.290)
G(x, x′) = G(x− x′) translational invarian
e (3.291)In a translational invariant system:
G~p = G

(0)
~p (ω) +G

(0)
~p (ω)Σ~p(ω)G~p(ω) Dyson equation (3.292)

G~p(ω) =
1

ω − ε~p − EF − Σ~p(ω)
(3.293)
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