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The general angular decay distribution

The decay t(↑)→ b + W +(`+ν):

dΓ

dx`,ν d cos θ dφ
=

1

4π

[ dΓA

dx`,ν
+ P(

dΓB

dx`,ν
cos θ +

dΓC

dx`,ν
sin θ cosφ)

]

Xb

P

l+( )

νl

νl

l+
θ

t

φ

l

( )

z

~P = (sin θ cosφ, sin θ sinφ, cos θ)

x`,ν =
2E`,ν

mt

A and B results agree with Kühn, Jezabek and Czarnecki.

C result is new.
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Born term results

t

b

W+
l+

νl

The matrix element : M → i
GF Vtb√

2
HµLµ

with leptonic and hadronic currents

Hµ = ūbγµ (1− γ5) ut , hadronic current,

Lµ = ūνγµ (1− γ5) v`, leptonic current.
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The decay rate

|M|2 =
∑

sb ,s`,sν

|M|2 =
∑

sb ,s`,sν

MM† → G 2
F |Vtb|2

2
HµνLµν

with hadron and lepton tensors

Hµν =
∑

sb

HµH†ν , Lµν =
∑

s`,sν

LµL†ν .

? narrow resonance approximation
? zero bottom quark mass
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LO differential rate in lepton energy

dΓA

dx`
=

dΓB

dx`
= ΓF 2π

mW

ΓW
6x`(1− x`)y ;

dΓC

dx`
= 0.

(the lepton momentum defines the z–axis)

ΓF =
G 2

F m5
t

192π3 |Vtb |2, y =
m2

W

m2
t

, x` = 2E`
mt

, xν = 2Eν
mt

LO differential rate in neutrino energy

dΓA

dxν
= ΓF 2π

mW

ΓW
6(xν − y)(1− xν + y),

dΓB

dxν
= ΓF 2π

mW

ΓW
6(xν − y)(1− xν + y − 2y

xν
),

dΓC

dxν
= ΓF 2π

mW

ΓW
12(xν − y)

√
y(1− xν)(xν − y)

(the neutrino momentum defines the z–axis)
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The LO integrated rate (y ≤ x ≤ 1)

ΓA = ΓB = ΓF 2π
mW

ΓW
y(1− y)2(1 + 2y), ΓC = 0 .

(the lepton momentum defines the z–axis)

The LO integrated rate (y ≤ x ≤ 1)

ΓA = ΓF 2π
mW

ΓW
y(1− y)2(1 + 2y)

ΓB = ΓF 2π
mW

ΓW
(1− 12 y + 9 y 2 + 2 y 3 − 12 y 2 log(y)),

ΓC = ΓF 2π
mW

ΓW

3

2
π
√

y
(
1− 6 y + 8 y

√
y − 3 y 2

)
.

( the neutrino momentum defines the z–axis )

• The next step : NLO corrections
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Next–to–leading order corrections

The virtual corrections

The real corrections
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The virtual corrections

t

b

W+
l+

νl

+ 

g

t

b

W+
l+

νl

+

g

t

b

W+
l+

νl
g

The renormalized hadron current of O(αs ) can be written as:

H(1)
µ = ūb(JV

µ − JA
µ )ut .

The covariant expansion of JV
µ and JA

µ is:

JV
µ = γµF V

1 + pt,µF V
2 + pb,µF V

3 ,

JA
µ = (γµF A

1 + pt,µF A
2 + pb,µF A

3 )γ5.
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At the one-loop level the form factors are given by

F V
1 = F A

1 = 1−αs (q2)

4π
CF

(
4+

1

y
ln(1−y)+ln

( y

1−y

Λ4

(1−y)2

)
+

2 ln
(Λ2

y

1

1−y

)
ln
( y

1−y

)
+2Li(y)

)
,

F V
2 = −F A

2 =
1

mt

αs (q2)

4π
CF

2

y

(
+ 1 +

1− y

y
ln(1− y)

)
,

F V
3 = −F A

3 =
1

mt

αs (q2)

4π
CF

2

y

(
− 1 +

2 y−1

y
ln(1−y)

)
,

where a gluon mass regulator Λ = mg/mt is used to regularize the
gluon IR singularity.
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The hadron tensor for the virtual correction is

Hµν =
∑

sb
HµH†ν =

∑
sb

(
H

(0)
µ + H

(1)
µ

)(
H

(0)
ν + H

(1)
ν

)†

=
∑

sb
H

(0)
µ H

(0)†
ν +

∑
sb

(
H

(0)
µ H

(1)†
ν + H

(1)
µ H

(0)†
ν

)
+O(α2

s )

= H
(0)
µν + H

(1)
µν +O(α2

s )

The O(αs) virtual correction to the decay rate

|M(1)|2 =
∑

sb ,s`,sν

|M(1)|2 → G 2
F |Vtb|2

2
H(1)
µν Lµν
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The real corrections

t

b

W+
l+

νl

+ 

g

t

b

W+
l+

νl

g

Hµ = ūb

(
γµk/γα − 2ptαγµ

2pt · k
+
γαk/γµ + 2pbαγµ

2pb · k

)
(1− γ5) εα∗λ ut .
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The hadron tensor for the real correction is

Hµν = −4παs CF
8

(k ·pt )(k ·pb )

(
− k ·pt

k ·pb

h

i
“
εαβµν (pb−k)·p̄t − εαβγν(pb−k)µ p̄t,γ + εαβγµ(pb−k)ν p̄t,γ

”
kα pb,β

i
+

k ·pb

k ·pt

h
(p̄t ·pt )

“
kµ pνb + kν pµb − k ·pb gµν − i εαβµνkα pb,β

”

− (p̄t ·k)
“

(pt−k)µ pνb + (pt−k)ν pµb − (pt−k)·pb gµν − i εαβµν(pt−k)α pb,β

”i

− (p̄t ·pb)
“

kµ pνb + kν pµb − k ·pb gµν − i εαβµνkα pb,β

”
+ (pt ·pb)

“
kµ p̄νt + kν p̄µt − k ·p̄t gµν

”

− (k ·pb)
“

pµt p̄νt + pνt p̄µt − pt ·p̄t gµν
”

+ (k ·pt )
“

(pb +k)µ p̄νt +(pb +k)ν p̄µt −(pb +k)·p̄t gµν
”

+ (k ·p̄t )
“

2pµb pνb − pb ·pbgµν
”

+ i
“
εαβµν (k ·p̄t ) + εαβγµ kν p̄t,γ − εαβγν kµp̄t,γ

”
pb,α pt,β

+ i
“
εαβµν (pt ·p̄t) + εαβγµ pνt p̄t,γ − εαβγν pµt p̄t,γ

”
kα pb,β

)
+ Bµν ·∆SGF
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p̄µt = pµt −mt sµt

k → gluon momentum

∆SGF → IR singular part

Bµν → the hadron tensor for the Born term.

Dalitz plot for the four-body phase space

dR4 (pt ; pb, `, ν, k) = dP2dR3 (pt ; P, `, ν) dR2 (P; pb , k)

= m2
t dz dR2 (P; pb, k) dR3 (pt ; P, `, ν)

where z = P2

m2
t

= (pb+k)2

m2
t

.
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O(αs ) differential rates in lepton energy

dΓ
(1)
i

dx`dz
= ΓF 2π

MW

ΓW
CF

αs

2π
6y
[

M i
4(x`, z)︸ ︷︷ ︸

real

+ M i
3(x`)︸ ︷︷ ︸

virtual

δ(z)
]
, (i = A,B,C )

(the lepton momentum defines the z–axis)

MC
4 (x`, z) =

p
y(1 − x`)(x` − y)− x`yz

„
y

x`λ3
j1 +

1

λ3
j2 +

x`
λ3

j3

+ 4YP

»
6yz

x`λ7/2
j4 +

1

λ7/2
j5 +

x`
λ7/2

j6

– «

MC
3 (x`) = −

p
y(1 − x`)(x` − y)

„
1 − x`

y

«
ln(1− y),

with λ = 1 + y 2 + z2 − 2(y + z + yz),YP = 1
2

log 1−y+z+
√
λ

1−y+z−
√
λ

and j ∼ f (y).
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O(αs ) differential rates in neutrino energy

dΓ
(1)
i

dxνdz
= ΓF 2π

MW

ΓW
CF

αs

2π
6y
[

M i
4(xν , z)︸ ︷︷ ︸

real

+ M i
3(xν)︸ ︷︷ ︸

virtual

δ(z)
]
, (i = A,B,C )

(the neutrino momentum defines the z–axis)
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Difficulties in obtaining closed form for
dΓ

(1)
C

dx

Z
dz

zn
p

y(1− x)(x − y)− xyz
m
p

1 + y2 + z2 − 2(y + z + yz)
log

1− y + z +
p

1 + y2 + z2 − 2(y + z + yz)

1− y + z −
p

1 + y2 + z2 − 2(y + z + yz)
.

The numerical integration gives:

0.2 0.4 0.6 0.8 1
-0.0004

-0.0003

-0.0002

-0.0001

0

d
Γ

(1
)

C
/

d
x `

x = 2E`/mt
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The closed form integrated rate Γ
(1)
C :

ΓC =

∫
dx`,ν

∫
dz

dΓC

dx`,νdz
=

∫
dz

∫
dx`,ν

dΓC

dx`,νdz
.

NLO integrated azimuthal correlation function

Γ
(1)
C = ΓF 2π

MW

ΓW
CF (−αs

2π
)
π

8
y
h

2
√

y(−4− 3y + 3y 2)(2Li2(
√

y)− Li2(y))

+2(1 − y)(8 − 7
√

y + 8y − 5y 3/2) ln(1 +
√

y )− (1− y)3

√
y

ln(1− y)

+
1

3

√
y (6(1−√y)2(1−√y − 2y) + π2(4 + 3y − 3y 2))

i
.

(the lepton momentum defines the z–axis)
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√
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√
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√
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Numerical results

Total rate with lepton momentum defined as the z–axis:

dΓ

d cos θ dφ
=

1

4π

h
ΓA + P(ΓB cos θ + ΓC sin θ cosφ)

i

=
Γ

(0)
A

4π

" 
1 +

Γ
(1)
A

Γ
(0)
A

!
+

 
1 +

Γ
(1)
B

Γ
(0)
A

!
Pcos θ +

Γ
(1)
C

Γ
(0)
A

Psin θ cosφ

#

=
Γ

(0)
A

4π

h
(1− 8.54 %) + (1 − 8.71 %) Pcos θ − 0.24% Psin θ cos φ

i

Roughly 9% corrections to the unpolarized and polarized rate.

only 0.24% correction to the azimuthal rate with lepton on the z–axis .

Total rate with neutrino momentum defined as the z–axis:

dΓ

d cos θ dφ
=

Γ
(0)
A

4π

h
(1− 8.54 %)+(−0.318 + 1.02 %) Pcos θ+(0.919 − 0.029 % ) Psin θ cos φ

i
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Conclusions

For the decay t(↑)→ b + W +(`+ν):

Very small NLO contribution to the azimuthal correlation
( in the lepton case).

Precision measurements for the azimuthal correlation can be
important in understanding the SM.
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