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~HOME EXERCISES—

H 12.1 Complexifications (8 points)

(a) What is the Lie algebra s[(2,C)?

(b) Show that s[(2,C) is the complexification of su(2), i.e. s[(2,C) = su(2) ®x C.

H 12.2 Roots and the Cartan algebra (7 points)
We consider a Lie algebra g with Cartan subalgebra b spanned by the Cartan generators
H;. The remaining generators E, € g/h satisfy [H;, E,] = o;FE,. We use the scalar product
(A, B) = ktr(ATB). Note that the action considered is always the adjoint, ad(A) - B =
[A, B].

(a) Show that for Hermitean Cartan elements, H = H', we find that H is self-adjoint with
respect to the scalar product (-, ).

(b) Show that [H;, [Ea, Egl] = (i + 5:)[Ea, Es).
(c) Show that [E,, E_,] is in the Cartan algebra. Show further that [E,, E_,] = ), o; H,.

(d) Show that for a fixed root a the generators
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Ei=—Fi,, Es = W Z%Hi
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form a closed and properly normalized su(2) subalgebra.

H 12.3 Conjugate representations (4 points)

Let p be a representation of g with generators 7.

(a) Show that p := —p* is also a representation, called the complex conjugate representa-
tion.

(b) What are the weights of p?



(c) We call a representation real if p = UpU~" for some automorphism U of the represen-
tation space. What does that mean for the weights? Based on this, argue that the
adjoint representation is real.

H 12.3 su(3) root system (5 points)
The Lie algebra su(3) consists of the traceless Hermitean 3 x 3 matrices. A customary
basis is T, = A,/2, where the Gell-Mann matrices A\, are

010 0 —i 0 1 0 0
M=1[10 0], =1 0 of, =10 -1 0],
000 0 0 0 0 0 0
00 1 00 —i 000
M=1(00 0], =00 0], =100 1],
100 i 0 0 010
00 0 L (100
=00 -], =—[01 0
0i 0 V3o 0 —2

They are normalized to trT,T, = %5(11). If we choose the normalization constant in the
Killing form to be k = 2 we get ¢;; = J;; and we do not have to care about upper and

lower indices on the structure constants, i.e. fo. = f5. The independent nonvanishing
structure constants are

F123 _ 9 flAT _ o p26 _ 9§25 _ 9345 _ 9 156
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This algebra has rank two and it is easy to see that we can choose H; = T3 and Hy = Ty
as the Cartan generators.
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(a) Show that the root operators are given by

1 . 1 )
Eigop = /2 (Ih £iT) , Ei(%,f) =75 (T, £iT5)
1 )
Ei(*%,é) = ﬁ (T@ + 1T7) .

(3 points)

(b) The T, naturally act on €. The corresponding representation is called the fundamental
representation. Deduce the weights of this representation. (1 point)

(c) Calculate the weights of the representation complex conjugate to the fundamental
representation. (1 point)



